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DEGREE ANALYSIS AND SIMILARITY MEASURES IN PYTHAGOREAN FUZZY GRAPHS UNDER THRESHOLD CONDITIONS

 
ABSTRACT: 
This paper develops a unified mathematical framework to analyze and compare the structural properties of Pythagorean fuzzy graphs (PFGs) under threshold conditions, using vertex degree-based methods. A dual thresholding mechanism is introduced, based on membership and non-membership degrees, to construct reduced subgraphs that preserve structurally significant vertices and edges.In the first part,the concept of reduced degree in pythagorean fuzzy graphs is defined and analyzed,with a focus on how vertex degrees change under threshold filtering. Several theorems are established to characterize the behavior of reduced graphs,particularly in relation to monotonicity, boundedness, and structural simplification.
In the second part,degree-based similarity measures-including cosine, Euclidean, Gaussian, and Manhattan similarities are introduced to evaluate the closeness between filtered versions of PFGs. These  similarity indices are derived from degree vectors and are shown to satisfy key properties such as identity, symmetry, and boundedness.Comparative analysis,supported by examples and tabular evaluations, illustrates the effect of threshold variation on similarity scores.The proposed dual-concept approach enhances the understanding of PFG structure under filtering and offers a robust mathematical tool for structural comparison in fuzzy systems, with potential applications in image segmentation, decision support, and network reduction.
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1. INTRODUCTION: 
Pythagorean Fuzzy Graphs (PFGs) provide a powerful extension of fuzzy models for handling uncertainty in graph-based structures. In recent years, threshold-based filtering has become an essential technique for simplifying complex fuzzy graphs by selectively removing vertices and edges of low-significance. Vertex degree, as a fundamental structural feature, plays a key role in both understanding and simplifying such graphs.This paper presents a dual approach to studying PFGs under threshold conditions.
 In the first part, we analyze the behavior of vertex degrees when thresholding is applied to both the membership and non-membership degrees of vertices and edges. By defining reduced degrees and formulating new mathematical theorems, we examine how degree-based pruning affects graph topology and vertex significance. The resulting framework helps isolate the core structural components of the graph, making it useful for preprocessing tasks in image segmentation, knowledge graphs, and network analysis.
In the second part, we introduce degree-based similarity measures to compare different thresholded versions of PFGs. Similarity models such as cosine, Euclidean, Gaussian, and Manhattan are defined on degree vectors, and their mathematical properties such as boundedness, identity, and sensitivity are thoroughly analyzed. The effectiveness of these similarity models is demonstrated using structured examples and comparative evaluations.
Together, this integrated study provides a complete perspective on how threshold filtering impacts both the internal structure and external comparability of Pythagorean fuzzy graphs. It contributes to the development of efficient tools for fuzzy graph reduction and similarity analysis under uncertain environments.
2. PRELIMINARIES:
2.1 Definition: A Pythagorean fuzzy graph with the underlying set  is defined as a pair  where is a pythagorean fuzzy set on  w and  is a pythagorean fuzzy set on L  P x P satisfying the following conditions: 
 for all   ,
 , ,
and  for every .
Here,
·  and  represent the membership and non-membership degrees of a vertex .
·  represent the membership and non-membership degrees of a edge connecting  and .
2.2 Definition: Let be a simple undirected graph.
(i) be the membership and non-membership degrees for each vertex 
(ii)  
Let  be two fixed threshold values for membership and non-membership degrees.The Pythagorean Fuzzy Graph under threshold conditions  is defined as follows
Vertex set:



Additionally the pythagorean condition must be satisfy 
 , ,

Example:
Let us consider a Pythagorean fuzzy graph with 5 vertices:

	Vertex
	
	      

	    
	0.8
	0.5

	
	0.6
	0.7

	
	0.9
	0.4

	
	0.5
	0.8

	
	0.7
	0.6


Edge Set L with  values:
(, ) = (0.6, 0.5),(, )=(0.7, 0.4),(, )=(0.6, 0.7),(,): (0.5, 0.9),
(, ): (0.4, 0.6),(, )=(0.6, 0.5)

         Vertex Filtering:





Vertex Set after thresholding: 
Edge Filtering:
(,
(, 
(,  
(, 
(,   
,  
Edge Set after Thresholding is .
2.3 Definition: Let  be two Pythagorean fuzzy graphs obtained from a base graph  under threshold conditions . Let  be the combined vertex set. Let  denote the degrees of in  and  respectively. Then the degree vectors are  .
2.4 Definition: The cosine similarity index between two Pythagorean fuzzy graphs  under threshold conditions . Let  be the combined vertex set for each  denote by  denote the degrees of in and  respectively (with  ).The cosine similarity index between and  is defined as  The similarity lies in the range [0,1] where  indicates maximum similarity and  indicates no similarity.
2.5 Definition: The Euclidean-based similarity between two Pythagorean fuzzy graphs  under threshold conditions . Let  be the combined vertex set for each  denote by  denote the degrees of in and  respectively (with  ).The Euclidean similarity index between and  is defined as .This value lies in the range (0, 1], where 1 indicates maximum similarity.
2.6 Definition: The Gaussian similarity between two Pythagorean fuzzy graphs  under threshold conditions .  denote the degrees of in and  respectively (with  ). The Gaussian similarity index between and  is defined as , where σ > 0 is a scale parameter.
2.7 Definition: The Manhattan similarity between two Pythagorean fuzzy graphs  under threshold conditions .  denote the degrees of in and  respectively (with  ). The Manhattan similarity index between and  is defined as .
3 PROVED THEOREMS

3.1 Theorem	
Let  be a Pythagorean Fuzzy Graph with membership function ρ and non-membership function ϱ .Let  be fixed threshold parameters.Then the graph ) formed by removing all vertices and edges that do not satisfy the dual threshold condition  is a subgraph of  which still satisfies the Pythagorean fuzzy graph conditions.
Proof:
        Let  be a Pythagorean Fuzzy Graph with membership function ρ and non-membership function ϱ. We define the thresholded vertex set and edge set 

	Now, we verify that  is a subgraph of :
Clearly,  ,because it only selects certain vertices from  that satisfy the threshold conditions.Also,, because it includes only those edges from  whose both endpoints are in  and whose edge membership and non-membership satisfy the thresholds.  Additionally, since  is a Pythagorean Fuzzy Graph, we know for all  and : Now, because and , and since , it follows that the Pythagorean condition is still satisfied for all vertices in  and edges in .Therefore, the subgraph ) preserves the Pythagorean fuzzy condition and satisfies the given threshold conditions, which completes the proof. Hence, is a valid Pythagorean fuzzy subgraph under threshold conditions of .
3.2 Theorem
Let  be a Pythagorean fuzzy graph. After applying vertex thresholding with parameters and, removing a vertex   such that  does not affect the adjacency between any other vertex pair of vertices provided both u and v satisfy the threshold condition.
Proof:
         Let v be a vertex in  such that it does not satisfy the vertex threshold conditions: i.e.,.Such a vertex is removed from the graph under thresholding. Now, consider any two vertices u and v in the resulting vertex set such that both u and v satisfy and .Since v is removed, any edge incident to v is also removed. However, the edge between u and v is unaffected, because both vertices are retained and the thresholding does not remove edges unless one of the incident vertices is removed.Hence, the adjacency relation among the remaining vertices is preserved.
3.3 Theorem
Let  be the Pythagorean fuzzy graph under threshold conditions derived from the original graph . If an edge  is such that u is not adjacent to the removed vertex ,which has been removed due to thresholding, then the degree of u remains unchanged in .
Proof:
	Let be the degree of vertex u in the original graph .Since u is not adjacent to the removed vertex v, the removal of v does not affect any of the edges incident to u.Therefore, all the neighbors of u in  remain its neighbors in .Hence, (u) = (u).Thus, the degree of u is preserved after vertex removal under thresholding conditions.
3.4 Theorem
Let  be a Pythagorean fuzzy graph and   be the Pythagorean fuzzy graph under dual thresholds  and ,where vertex  is removed due to not satisfying the threshold condition.Then, for any vertex  such that , the degree of  in  is strictly less than or equal to its degree in .
Proof:
Let vertex v is removed in  if (v) <  or  (v) > .By removal of vertex v, all edges incident to v (i.e., all edges of the form ) are also removed in the thresholded graph  as per the edge removal rule in definition. Hence, for any vertex u such that  one or more adjacent edges are deleted, reducing its degree. Therefore,.If no adjacent vertex is removed, then .If at least one adjacent vertex is removed, then .
3.5 Theorem
	Let  be a Pythagorean Fuzzy Graph under threshold conditions obtained by applying vertex and edge thresholds to an original Pythagorean fuzzy graph . For any vertex ,its neighborhood in the thresholded graph is a subset of its neighborhood in the original graph.(i.e).
Proof:
Let a vertex   and a vertex  implies that , which in turn means that:
(i) , and
(ii) the edge  satisfies both threshold conditions on membership and non-membership degrees.
Since both  and  are in  ,and  ,it follows that .
Therefore, every neighbor of  in the thresholded graph is also a neighbor in the original graph. Hence, we conclude .
3.6 Theorem
Let  be a Pythagorean Fuzzy Graph under threshold conditions and let  be a vertex such that . Then after removing  (and all its incident edges),the total degree of the reduced graph   = is strictly less than the total degree of.
Proof:
	Let  be a Pythagorean Fuzzy Graph under threshold conditions. Let  be a vertex with . Let  be the graph obtained after removing  and all its incident edges. By definition, the total Degree of .When vertex u is removed, its degree  is subtracted from the total. Furthermore, for each neighbor of ,the incident edge is removed, which reduces .Therefore, the total Degree of the reduced graph is  where  for all .Therefore,Total degree of   is less than total degree of . 
3.7 Theorem
	Let  be a Pythagorean fuzzy graph and  be a pythagorean fuzzy graph under threshold conditions. Suppose . If a vertex v is removed under thresholding such that there exists at least one shortest path between  and another vertex  that passes through , then the reduced graph , the centrality of u satisfies .
Proof:
	By the definition of closeness centrality is ,where  is the length of the shortest path between  and  in .Suppose vertex v is part of at least one shortest path from u to some . When v is removed the path disappears,so the new shortest path distance  is strictly larger than  or infinite if no path remains.Thus, and hence Therefore, the centrality of u decreases after the removal of .
Example:
Let the vertex set be
P = {u, v, w, x, y}
u : (0.8, 0.4) , v : (0.6, 0.5) , w : (0.9, 0.2) , x : (0.7, 0.2) , y : (0.8, 0.2)
The edge set is
E = {u-v:(0.6,0.4), v-w:(0.6,0.5), u-x:(0.6,0.3), x-y:(0.6,0.1), y-w:(0.7,0.2)}
Take vertex thresholds α = 0.7, β = 0.5.
Vertices u, w, x, y survive, since they satisfy , .
Vertex v is removed, since (v) = 0.6 < 0.7.
Thus the surviving vertex set is

Take edge thresholds α = 0.5, β = 0.5.
Thus the surviving edge set is

Step 1 : Distances before thresholding (graph)
We restrict to the surviving set  
 (through edge u-x)
 (through u-x-y)
 (through u-v-w)
So,  

Step 2 : Distances after thresholding (graph )
 
 
 
So,  

Step 3 : Comparison
<  The theorem verified.

3.8 Theorem
Let  be two Pythagorean Fuzzy Graphs under threshold conditions of the same base graph  under threshold conditions respectively,such that  and .(i.e., higher thresholds).Then for any vertex , the reduced degree satisfies That is, the vertex degree does not increase under stricter thresholds.
Proof:
Let  denote the degree of vertex  in the graph under thresholds  and . As  increases  decreases, fewer edges satisfy the stricter condition   and .Therefore, for each , the adjacency set of  in  is a subset of its adjacency set in . Hence, 
3.9 Theorem
Let  be a Pythagorean fuzzy graph and let  be the Pythagorean fuzzy graphs under threshold conditions constructed using two thresholds.The membership threshold  and non-membership threshold Then an edge  is not included in  if either of the following holds  or .
Proof:
By the definition of the Pythagorean Fuzzy Graph under threshold conditions  an edge  is retained in  only if  and .Therefore,the contrapositive condition when the edge is not retained is or.Thus, if either the membership is too low or the non-membership is too high, the edge (u, v) will be excluded from the thresholded graph. Hence proved.


3.10 Theorem
Let  be two Pythagorean fuzzy graphs under threshold conditions obtained from the same base graph , using two different threshold conditions:
(i)  uses thresholds 
(ii)  uses stricter thresholds  where .Let  be the degree vectors of  and  respectively. Then the cosine similarity between  and  is defined as  .This value satisfies .Moreover, if the stricter thresholds  lead to removal of vertices or edges compared to ,then .
Proof:
Let the base graph  have fixed membership and non-membership values.
Construct ,  using thresholds  and  using stricter thresholds  with .Then, some vertices and edges may be removed in  compared to  i.e.,  and .Thus,  for all .Therefore, the dot product in the numerator of is less than or equal to the product of norms in the denominator.If any ,then .Hence, if stricter thresholds cause vertex or edge removal then .
3.11 Theorem
Let  be two Pythagorean fuzzy graphs under threshold conditions obtained from the same base graph , using two different threshold conditions:
(i)  uses thresholds 
(ii)  uses stricter thresholds  where .Let be the degree vectors of and respectively. Then the Euclidean-based similarity is defined as .This valuesatisfies . Moreover, if the stricter thresholds  lead to removal of  at least one vertex or edge compared to  ,then .   
Proof:
Let the base graph  have fixed membership and non-membership values.
Construct ,  using thresholds  and  using stricter thresholds with .Because  is stricter ,for every  we haveIn particular,some degrees may decrease (possibly to zero).Hence if removal occurs, there exists at least one  with  Therefore the denominator  is at least one and strictly greater than one if any difference is positive.consequently ,with strict inequality  whenever at least one degree strictly decreases.

3.12 Theorem 
Let  be two Pythagorean fuzzy graphs obtained from the same base graph , using two different threshold conditions:
(i)  uses thresholds 
(ii) uses stricter thresholds  where .Let be the degree vectors of and  respectively. For a fixed parameter  ,Gaussian similarity is defined by .
Then . Moreover, if the stricter thresholds  lead to removal of  at least one vertex or edge compared to  ,then .   
Proof:
Let the base graph  have fixed membership and non-membership values.
Construct ,  using thresholds  and  using stricter thresholds with .Because  is stricter ,for every  we haveIn particular,some degrees may decrease (possibly to zero).
If no structural reduction occurs (i.e. ), then  for all v and , hence .
If there is structural reduction (then Therefore there exists at least one  with , and since each squared difference is non-negative we obtain .Which implies .Thereore . Hence, the Gaussian similarity lies in [0,1]  and strictly decreases whenever threshold-induced structural reduction occurs.

3.13 Theorem
Let  be two Pythagorean fuzzy graphs obtained from the same base graph , using two different threshold conditions:
(i) uses thresholds 
(ii)  uses stricter thresholds  where .Let be the degree vectors of ₁ and ₂ respectively.Assume that thresholding reduces structure in .The Manhattan similarity is defined by  . Then .Moreover, if the stricter thresholds  lead to removal of  at least one vertex or edge compared to  ,then . 
Proof:
Let the base graph  have fixed membership and non-membership values.
Construct ,  using thresholds  and  using stricter thresholds  with .Because  is stricter ,for every  we haveIn particular,some degrees may decrease (possibly to zero).
If no structural reduction occurs (i.e.  ), then  for all v. Hence  and . If structural reduction occurs then there exists at least one  with .Since each summand is non-negative we obtain  which implies .Hence, the Manhattan similarity lies in [0,1]  and strictly decreases whenever threshold-induced structural reduction occurs.
3.14 Corollary
Let be two Pythagorean fuzzy graphs obtained from a base graph  under threshold conditions  respectively. Let  be the corresponding degree vectors of and  .Let  and  denote the cosine and Euclidean similarity measures between  and  and  denote the Gaussian and Euclidean similarity measures between .Then the following inequality holds  Equality holds if and only if 
Example:
Step 1: Base pythagorean fuzzy graph
Let be a Pythagorean fuzzy graph with 
Vertices: 
Edges: 
Vertex membership and non-membership values:

Edge membership and non-membership values:
 
 
Step 2: Apply Threshold Conditions
Apply dual thresholds to both vertices and edges:
 (loose threshold)
 (strict threshold)
Vertex filtering:
 keeps all vertices
 keeps only 
Edge filtering:
 keeps all edges since all edges meet ( ≥ 0.6,  ≤ 0.4)
 keeps only edges .
Step 3: Degree Vectors
[bookmark: _GoBack]Compute degrees after dual thresholding:
 D₁ = [3, 2, 3, 2, 2]
 D₂ = [2, 2, 2, 0, 0]
Step 4: Cosine Similarity Calculation
     
Step 5: Euclidean Similarity Calculation

Step 6: Gaussian Similarity Calculation
Compute squared differences:

Sum of squared differences: 
Apply Gaussian similarity formula:

.
Step 7: Manhattan Similarity Calculation
Compute absolute differences:

Sum of absolute differences: 
Apply Manhattan similarity formula

Thus, Manhattan Similarity is the lowest, confirming its strong sensitivity to degree reduction.
Table 1. Comparison Table 
	Similarity Measure
	Value
	Range
	Sensitivity

	Cosine Similarity
	0.842
	[0, 1]
	Low

	Euclidean Similarity
	0.240
	(0, 1]
	High

	Gaussian Similarity
	0.286
	(0, 1]
	Medium

	Manhattan Similarity
	0.143
	(0, 1]
	Very High


The comparison confirms that cosine and Gaussian similarities exhibit better stability under threshold-induced graph reduction, making them more suitable for structural comparison of Pythagorean fuzzy graphs. Euclidean and Manhattan similarities, though valid, are more sensitive to the magnitude of degree loss.

4 CONCLUSION:
In this study, we introduced a dual-concept mathematical framework for analyzing Pythagorean fuzzy graphs (PFGs) under threshold conditions. The first part focused on reduced degree structures, presenting new definitions and theorems on pruning, monotonicity, and vertex-edge removal. These results establish a theoretical foundation for simplifying complex fuzzy graph structures while preserving essential information.
In the second part, we evaluated degree-based similarity measures cosine, Euclidean, Gaussian, and Manhattan applied to thresholded PFGs. Their mathematical properties, including boundedness, identity, and sensitivity to reduction, were rigorously analyzed. Comparative results showed that cosine and Euclidean similarities are more sensitive to degree loss, while Gaussian provides balanced stability.
Overall, this work not only clarifies the structural effects of thresholding but also proposes robust similarity indices for fuzzy clustering, image segmentation, decision-support systems, and network reduction. The proposed framework enhances both the internal structure of PFGs and their comparability under filtering, providing a valuable mathematical tool for future studies.
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