A Study on Hyperbolic Generalized Adrien Numbers

Abstract. In this study, we introduce and rigorously define a new class of number sequences known as
Hyperbolic Adrien numbers, with particular emphasis on two distinct cases: the Hyperbolic Adrien numbers
and the Hyperbolic Adrien-Lucas numbers. These sequences are constructed through hyperbolic analogues
of classical Adrien and Adrien-Lucas formulations, offering novel perspectives within the framework of hyper-
complex analysis. Following their definition, we conduct a comprehensive investigation into their structural
and algebraic properties. Specifically, we derive and analyze a range of identities, explore their matrix
representations, establish recurrence relations, and formulate explicit expressions via Binet-type formulas.
Furthermore, we develop their generating functions and exponential representations, and examine their be-
havior through Simson-type identities and summation formulas. These results not only enrich the theoretical
landscape of hyperbolic number sequences but also provide foundational tools for potential applications in
discrete mathematics and mathematical physics.

Keywords. Hyperbolic Adrien numbers, Hyperbolic Adrien-Lucas numbers.

1. Introduction

In this section, we present the necessary background on the definition and fundamental properties of

Adrien numbers.

1.1. Adrien Numbers. Numerous researchers have investigated the generalized (r, s, t, u) sequence,
which encompasses various notable numerical constructs. Among these is the sequence of generalized Adrien
numbers, formally introduced by Soykan [23]. Prior to presenting our original contributions, we briefly review
several fundamental properties of the generalized Adrien numbers, including their recurrence relations, Binet-

type formula, and generating function.
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A generalized Adrien sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order
recurrence relations

Wn = 3Wn,1 - Wn,Q - Wn,4, n 2 4, (11)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
W_pn=-W_n2)+3W_(n_3) = W_(n_a),

for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Soykan has investigated this specific
numerical sequence in a recent study, for more details, see [23].

Characteristic equation of {W,,} is
2324124 1=( -2 -2 - 1)(z—1) =0.

The roots of characteristic equation are

1/3 1/3
Woo 2 s, N7 fer f2
3 54 36 54 36 ’
1/3 1/3
5—g+wg+§ +w2gf§
3 54 36 54 36 ’
1/3 1/3
= g—|—w2 ng 2 +w a_./2
T T3 54 V36 54 6]
6 = 1
Where
—14iV3
w= %[ = exp(27i/3).
Note that
a+B+y+0 = 3,
aft+ay+ad+py+pi+v0 = 1,
afy+apfd+ayi+pyé = 0,
afyd = 1.
We see that
a+fB+y = 2
af+ay+py = -1,
afy = 1.

Using the roots and the recurrence relation of {W,,} the Binet’s formula for the generalized Adrien numbers

can be expressed for all integers n as follows
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Wo = 4a2+3a—1+4ﬂ2+35—1 4y +3y—1 3 (12)
= S1a™ 4 598" + S3y" + 540"
Where p1, p2, ps and p4 are given below
p1 = (aWs—aB—a)Ws+ (—a® + (3 - Da+ )W, — W),
p2 = (BWs—BB—B)Wa+ (=54 (3—-1)8+ 1)W1 — Wp),
ps = (Ws—=vB—=7)Wa+ (=7 + (3= 1)y + )Wy — W),
pr = —(Ws—2Wy — W) — Wp).
And
S = st 43
2
S = FiaT
S = i
Sy :_myﬂmgm—mg

Binet’s formula of Adrien and Adrien-Lucas sequences are

) _(2a2+a+1)an+(252+6+1)6”+(2v2+7+1)v"_1
"T 42 +3a— 1 4% £ 35— 1 4?2 +3y-1 3

and
Bn :a7l+6n+7n+17
respectively.

Now, we define two sequences related to third order Pell and third order Pell-Lucas numbers. Adrien

and Adrien-Lucas numbers are defined as
An :2An_1 +An_2+An_3+1, with AO :O7A1 = 1,A2 :3, TLZ3,

and
Bn = 2Bn—1 + Bn_g + Bn—3 — 3, with Bo = 4, B1 = 3, BQ = 7, n Z 3,

respectively.

The first few values of Adrien and Adrien-Lucas numbers are
0,1,3,8,21, 54,138, 352,897, 2285, 5820, 14823, 37752, 96148, ...

and

4,3,7,18, 43,108,274, 696, 1771, 4500, 11482, 29241, 74470, 189660, ...
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respectively.
There are close relations between Adrien, Adrien-Lucas and third order Pell, third order Pell-Lucas

numbers. For example, they satisfy the following interrelations:

Popyr = App1— Ay,

87P, = 11Byis—12B,.1 — 14B, + 15,
Qn = —-3An+3+8A,12+3A,41 —84,,

3Qn = Bniz—2Buy2 — Buy1 + 2B,

For more details about generalized Adrien numbers, see [23].

If we set Wo = 0,W; = 1,Wy = 3, W3 = 8 then {W,,} is the well-known Adrien sequence and if we set
Wo = 4, W, = 3, Wy = 7,W3 = 18 then {W,} is the well-known Lucas sequence. In other words, Adrien
sequence {Ay },>0 and Adrien-Lucas sequence {B,, },>¢ are defined by the fourth-order recurrence relations

as;

An = 3An_1 - An_Q - An_4 5 AO = 0, Al = 1, A2 = 3,A3 = 8, n Z 4, (14)

B, = 3By.1—Bno—DBn4, B=4,B; =3, By =783 =18, n> 4. (1.5)

The sequences {Ay, }n>0, {Bn}n>0, can be extended to negative subscripts by defining,

A—n = —Ai(n72) + 314.7(”73) - A*(n74)7

7B—(’n—2) + 3B—(n—3) - B—(n—4)a

for n = 1,2,3, ... respectively. As a result, recurrences (1.4), (1.5) hold for all integer n. Binet’s formulas as
follows.

Table 1 presents the initial generalized Adrien numbers corresponding to both positive and negative
subscripts.

Table 1. A few generalized Adrien numbers
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[

n W wW_,

0 Wo Wo

1 W Wy — Wy — W3

2 Wa 3Wy —Wo — Ws

3 Ws 3Wy — 3Ws 4+ W3

4 3W3 — Wy — W, 10Wy — 6W71 — 3W35

) 8W3 — Wy — 3Ws — 3W, 10Wy — 6Wy — 3W,

6 21W3 — 3W; — 9W, — 8W) 10Wy + 3W1 — 18Ws + 6W5

T 54W5 —8Wp —24Wsy — 21W,  3Wy — 28W7 + 36Ws — 10W3

8 138W3 — 21W; — 62Wo — 54W,  33W7 — 28Wy — Wy — 3W5
We next present the generating function that characterizes the generalized Adrien numbers.

Z W, WO + (W1 3W0)33‘ + (WQ —3W7 + W0)332 + (Wg — 3Wy + W1)J33
1-3z+a2+a2t

Next, we give the exponential generating function of Z Wn ity " of the sequence W,,.
n=0

LeEMMA 1. [9]. Suppose that fw, () Z W, %5 is the exponential generating function of the general-
ized Adrien sequence {W, }.

Then Z W, %y is given by:

n=0

i W a” (aW3 — a(3 — a)Ws + (—a? + ( —Da+ )Wy — W)

" (-
n=0 ! n! ( 6)<
L(BWs = BB =)W+ (=57 + 3= DB+ )Wy = Wo) 4,
(B—a)(B—=7)(B~-9)
(W3 =7B =)Wa + (=" + B = 1)y + )W — W)
(v—a)(y = B)(v—9)
W3 — 2W2 — Wl 0
-3

eaa:

;gco

e’

+

+(

The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Adrien and Adrien-Lucas numbers are given by:

(20° +a+Da" (27 +8+ 1" (P +y+1)y" 12"
a): EA e (e re e v el Vn
n=0 n=0 4o +3a -1 46 +36—1 4’)’ +3’}/ 1 3" n!

_ (& +a+1>6m @7+ 541) g P44 D" oy Ly

402 +3a—1 482 +38 -1 49?2 +3y -1 3
b): ZBJ’” = z<a + B+ 1) 2
n=0 '

For more details about generalized Adrien numbers, see [23].

"
n!

= e 4 fT 1T 4 en,



6 FEYZA DEMIRCI, YUKSEL SOYKAN

1.2. The Importance and Applications of Number Theory. Number theory, often regarded as
one of the most foundational branches of pure mathematics, is primarily concerned with the properties and
relationships of integers. While traditionally viewed as abstract and theoretical, its influence extends deeply
into both modern technology and scientific research.

1.2.1. Real-Life Applications. Despite its theoretical nature, number theory plays a crucial role in many

aspects of daily life:

e Cryptography and Cybersecurity: Prime numbers and modular arithmetic form the backbone
of encryption algorithms such as RSA, ensuring secure communication in banking, e-commerce,
and data protection.

e Computer Science and Algorithms: Hashing functions, error detection codes, and pseudoran-
dom number generators rely heavily on number-theoretic principles.

e Telecommunications: Signal processing and compression techniques often use number-theoretic
transforms to optimize data transmission.

e Barcode and QR Code Systems: Check digit algorithms used in product identification systems

are based on modular arithmetic and divisibility rules.

1.2.2. Contributions to Research Fields. Number theory also supports a wide range of academic disci-

plines:

e Mathematical Physics: Diophantine equations and modular forms appear in quantum mechanics
and string theory.

e Algebra and Geometry: Concepts such as quadratic residues and continued fractions are foun-
dational in algebraic number theory and geometric constructions.

e Biological Modeling: Discrete structures derived from number-theoretic sequences (e.g., Fi-
bonacci, Pell) are used in modeling growth patterns, DNA sequencing, and biofluid dynamics.

e Artificial Intelligence and Machine Learning: Optimization algorithms and data encoding

schemes often incorporate number-theoretic logic for efficiency and robustness.

1.2.3. FEducational and Philosophical Value. Beyond applications, number theory cultivates logical rea-
soning, abstraction, and problem-solving skills. Its study encourages mathematical creativity and has his-
torically inspired major breakthroughs in mathematics.

Next section, we define the hyperbolic generalized Adrien numbers and some properties, generating
function and Binet’s formula, of these numbers.

In this section, we introduce several number systems relevant to our study, with particular emphasis
on the hypercomplex framework, which includes complex numbers, hyperbolic numbers, and dual numbers.
Among these, hyperbolic numbers are of particular significance and will play a central role in our analysis.
Notably, hyperbolic functions and numbers have found applications across various branches of engineering,

including electrical engineering (e.g., transmission line modeling), control theory (e.g., system dynamics),
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and signal processing (e.g., filter design). Furthermore, they are utilized in diverse areas of engineering
physics such as special relativity, wave propagation, fluid dynamics, optics, and heat conduction. While
hyperbolic numbers possess intriguing mathematical properties, their practical utility is context-dependent
and hinges on whether they offer computational or conceptual advantages over alternative number systems

for the problem under consideration.

2. Background on Hypercomplex Number Systems

We begin by exploring hypercomplex number systems, which generalize the real number line and provide
a broader algebraic framework for mathematical analysis. For a more detailed treatment, the reader is re-
ferred to [20]. Notably, several commutative special cases of hypercomplex system such as complex numbers,
hyperbolic numbers, and dual number are widely utilized across various domains of mathematics and physics
due to their unique algebraic structures and diverse applications. In the following sections, we present these
number systems in a systematic manner, highlighting their foundational properties and relevance to our

study.

e Complex numbers represent the simplest and most fundamental extension within the broader class
of hypercomplex number systems. A complex number is defined as z = a + b, where a and b are
real numbers, and ¢ denotes the imaginary unit satisfying the relation 2 = —1. The components a
and b are referred to as the real and imaginary parts of z, respectively, and are denoted by Re(2)

and Im(z) . Accordingly, the formal definition of complex numbers is given by:
C={z=a+ib:a,becR,i*=—1}.

e Hyperbolic (double, split-complex) numbers, for more detail see [32], Split complex numbers, com-
monly recognized as hyperbolic numbers, defined as h = a + jb where a and b real numbers and j
hyperbolic unit that satisfy j2 = 1. In addition that a and b named, respectively, R and H. Thus,
the definition of hyperbolic numbers given by,

H={h=a+jb:a,beR,j>=1,j# 1},

e Dual numbers, as discussed in [13], are defined in the form d = a + b, where a and b are real
numbers, and ¢ is the dual unit satisfying €2 = 0. The components a and b are referred to as the
real part and the dual part of d, respectively, and are denoted by R and and ). Accordingly, the

formal definition of dual numbers is given as follows:

D={d=a+ecb:a,bcR,e?=0,¢#0}.

e A dual hyperbolic number constitutes a distinct subclass of hypercomplex numbers, integrating the

structural characteristics of both dual and hyperbolic number systems. A dual hyperbolic number
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is defined by,
q = (ag + ja1) +e(az + jaz) = ag + jay + €az + €jas

where ag, a1, a2,a3 € R and the set of all dual hyperbolic numbers are defined by
Hp = {ap + jai + eas + €jaz : ap,a1,a2,a3 € R, j2 =1,5 # +£1,6% =0, # 0}.

The {1,j,e,e5} is linear independent and Hyp = sp{1,7,¢,e5} so that {1,4,¢,ej} is a basis of Hy. For
more detail, see [1].

The next properties are true for the base elements {1,j,e,¢j} (commutative multiplications):

le = glj=j e?=ce=(je)* =0, j°=jj=

ej = Jje, e(ef)=(gj)e=0, j(ej) =(ej)i=¢

where ¢ satisfy the pure dual unit (2 = 0,e # 0), j satisfy the hyperbolic unit (52 = 1), and &j satisfy the
dual hyperbolic unit ((j¢)? = 0).
Furthermore, we introduce additional hypercomplex number system namely, quaternions, octonions, and

sedenion each of which will be examined in detail in the subsequent sections.

e Quaternions, which represent a non-commutative subclass of hypercomplex number systems, con-
stitute a four-dimensional extension of complex numbers.

e They are expressed as ag+ia1+jas+kag, where ag, a1, a2,a3 € R, and i, 7, and k are the quaternion
units that satisfy specific multiplication rules. For more detail,;see [16]. Quaternion numbers are

defined by
Hg = {q = ao + ta1 + jas + kas : ag,a1,a2,a3 € R, = j% = k? = ijk = —1},

e The octonions, denoted by @, form an algebraic set in which each element is expressed as a linear
combination of the eight unit octonions {e; : i = 0,1.2,...,7}. Octonions are defined by,

7
0= { E a;€; > a; € R,egei = €;€0 = €4, €;€; = 761‘3‘60 + EijkEk }
=0

where e, = 1, 0;; is Kroneker delta (equal to 1 if and only if i = j), €;; is anti-symetric tensor. For
more detail see [18, 29]
e Sedenions is a set, every element of the set linear combinations of unit sedenions {e; : i =

0,1.2,...,15}, denoted by S. It can be seen from here that ever sedenion can be written as

15

Zaieia

i=0
where a; is real number. For more detail, see[22, 29].

Next we give some proporties on two hyperbolic numbers, h; = a + jb and he = ¢ + jd, as
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hi4+hy = (a+0b)+j(c+4d),
hi.he = (ac+ bd)+ j(ad + be),
hi = a —jb
hi_ (ac —bd) +j(cb — ad)
h2 - 62 — d2 ’
hi = hoifonlyifa=candb=d,
(h1,h2) = (ac+bd) + j(bc+ ad),

lhi]] = +/|a® —b?], called norm of hy,
if |[a>—b* > 0, hy is named spacelike vector,

if ‘aQ — b2| < 0, hj is named timelike vector,

if |a2 - b2| = 0, h;y is named null(light-like) vector.

Note that{R?, H, (,)} is called Lorentz plane and denoted as R?. There is an isomorphism relationship
between the Lorentz plane and hyperbolic numbers. For more detail, see [29].Hence, the algebras C (complex
numbers), Hg (quaternions), @ (octonions) and S (sedenions) are all real algebras derived from the field
of real numbers R through successive applications of a doubling procedure known as the Cayley—Dickson
process.This doubling process can be extended beyond the sedenions to generate higher-dimensional algebras
collectively referred to as the 2"-ions, where n denotes the number of doublings applied starting from the
real numbers (see for example [4, 16, 17, 21, 14].

Several authors have conducted research on dual numbers, hyperbolic numbers, dual hyperbolic numbers,
and other specialized numerical systems, exploring their algebraic structures, geometric interpretations, and
applications across various fields.We now present a selection of information from published papers in the

literature.

e Cockle [8] explored hyperbolic numbers with complex coefficients, contributing to the early devel-
opment of hypercomplex algebra.

e Eren and Soykan [12] studied the generalized Generalized Woodall Numbers.

e Cheng and Thompson [6] introduced dual numbers with complex coefficients, expanding the alge-
braic versatility of dual number systems for applications in polynomial equations and transformation
theory.

e Akar at al [1] introduced the concept of dual hyperbolic numbers, combining characteristics of dual

and hyperbolic systems into a unified algebraic structure.

Next, we present a selection of information from the literature concerning hyperbolic numbers, including

their algebraic properties, historical development, and applications.



10 FEYZA DEMIRCI, YUKSEL SOYKAN

e Aydm [2] ntroduced the concept of hyperbolic Fibonacci numbers, defined by the following expres-

sion:

F,=F, +hF, 1,
where Fibonacci numbers are given by F,, 1o = F,,+1 + F},, with the initial conditation Fy =0, Fy = 1.

e Soykan and Tagdemir [24] studied hyperbolic generalized Jacobsthal numbers given by

Voo = Vo + hVpi1,
where generalized Jacobsthal numbers are V;, ;o2 = V,, 41+ 2V,, with the initial conditation Vy = a, V1 = 0.

e Tag [31] introduced hyperbolic Jacobsthal-Lucas sequence written by

HJ,=J,+ hdpyi1,
where Jacobsthal-Lucas numbers given by J, 42 = J,+1 + 2.J,, with the inintial conditation Jy =2, J; = 1.

e Dikmen and Altinsoy, [11] introduced On Third Order Hyperbolic Jacobsthal Numbers are

T 3
TE = I+ ha
i = i+

where Jacobsthal numbers, respectively, given by I = Jf’,)l + J,(i)g + 2J7(137)3, Jé3) =0, Jl(?’) =1,
3 (3 (3 (3 (3) (3 (3 (3
I =150 =i 02+ 2505, 67 =2, 5 = 1,357 = 5.
Following this, we provide details on dual hyperbolic sequences as they are presented in literature.

e Soykan at al [25] introduced dual hyperbolic generalized Pell numbers are

Vn - Vn +jVn+1 + 5Vn+2 + jEVn+37

where generalized Pell numbers, with the initial values Vy, V; not all being zero, are given by V,, =2V,,_; +
Voo, Vo=a,Vi=b (n>2).

e Cihan at al [7] introduced dual hyperbolic Fibonacci and Lucas numbers are,

DHF, = Fn+an+1+€Fn+2 +j5Fn+37
DHL, = L, +jLn+1 + 5Ln+2 +j5Ln+37
where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,_2, Fy =0, I}, =1, L, =

Ly + Ln727 Lo = 2, L =1

e Soykan at al [24] introduced dual hyperbolic generalized Jacopsthal numbers are
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~

Jn = Jn +j<]n+1 + EJHJ,_Q Jrj€<]n+3,

where J, = J,_1+2J,_92, Jo =a, J1 =b.
e Brad et al [5] investigated dual hyperbolic generalized balancing numbers, examining their algebraic

formulation, recurrence relations, and potential applications within number theory and symbolic

computation

DHB, = B, +jBn+1 + EBn+2 +jEBn+37

where Bn = GBn—l - Bn_g, BO = 0, Bl =1

e Yilmaz and Soykan [33] introduced dual hyperbolic generalized Guglielmo numbers are

To = To + jTi + €T + jeTs,

where Tn = 3Tn—1 - 3Tn—2 + T,L_3,TO = O,Tl = I,TQ = 3.

e Kalga and Soykan [19] introduced dual hyperbolic generalized Pandita numbers are

Py = Py+ jP +ePs + jePs,

where P7L=2P,L_1—Pn_2+P,L_3—Pn_4,P0=OP1 :1,P2=2,P3=3.

e Demirci and Soykan [10] introduced dual hyperbolic generalized Adrien numbers are
Ay = Ao+ j A1 + ez + jeds,

where An = 3An71 - An72 - An74 y AQ = 07A1 = 1,142 = 3,A3 = 8.
e In [15], the outhers introduce the dual generalized Fibonacci matrices.
Next, the hyperbolic Fibonacci sequence and Pell numbers will be introduced, followed by an explanation
of their relationship with Adrien numbers. Subsequently, the practical applications and significance of Adrien

numbers in daily life will be discussed.

2.1. Hyperbolic Fibonacci and Pell Numbers. Hyperbolic extensions of classical number sequences

offer rich algebraic and geometric interpretations, particularly within the context of hypercomplex systems

and special functions.
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Hyperbolic Fibonacci Numbers. Hyperbolic Fibonacci numbers generalize the classical Fibonacci se-
quence using hyperbolic functions. One such formulation involves the hyperbolic sine function defined as:
¢J¢ _ w:c

o=

where ¢ = 1+T‘/5 and ¢ = 172\/5 are the golden ratio and its conjugate, respectively. This expression yields

sinhp(z) =

values closely related to the classical Fibonacci numbers for integer inputs:
sinhp(n) ~ F,

Further generalizations include hyperbolic cosine and tangent functions that encode Fibonacci-related ratios.
These constructions are useful in analytic number theory and combinatorial identities [30]
Hyperbolic Pell Numbers. Hyperbolic Pell numbers extend the classical Pell sequence into hyperbolic

number systems, such as Clifford algebras or Lorentzian geometry. The classical Pell recurrence is given by:
P,=2P,_ 1+ P, >

In hyperbolic settings, these numbers are interpreted through algebraic structures that allow Binet-type for-
mulas and generating functions to be adapted accordingly. Applications include Lorentz-Minkowski geometry

and theoretical physics, where hyperbolic rotations and metric spaces are involved [3]

2.2. Applications and Relevance of Adrien Numbers. Adrien numbers, introduced as a gen-
eralization of classical recursive sequences, possess rich algebraic structures that make them suitable for
both theoretical exploration and practical modeling. Although primarily studied within pure mathematics,
their properties—such as recurrence relations, matrix representations, and closed-form expressions—enable
interdisciplinary applications.

2.2.1. Potential Applications in Daily Life. While Adrien numbers are not yet widely known in applied
engineering or consumer technologies, their structural similarities to Fibonacci, Pell, and Lucas numbers

suggest promising future uses:

e Digital Signal Processing: Recursive sequences like Adrien numbers can be used to model
waveforms, filter designs, and compression algorithms, especially in systems requiring layered or
third-order recurrence behavior.

e Cryptography and Coding Theory: The algebraic and modular properties of Adrien numbers
may contribute to the design of secure key generation schemes and error-correcting codes.

e Pattern Recognition and Image Processing: Adrien-based matrices and transformations can
be adapted for feature extraction in visual data, particularly in systems with periodic or recursive
structures.

e Biological and Fluid Modeling: As shown in recent studies, generalized number systems—
including Adrien-Lucas variants—can model cilia-driven flow, microorganism propulsion, and mu-

cus dynamics in low Reynolds number environments.
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2.2.2. Contributions to Research Fields. Adrien numbers support advanced mathematical modeling in:

e Hypercomplex Systems: Their extension into Gaussian, hyperbolic, and Clifford algebras allows
for simulations in non-Euclidean geometries and relativistic frameworks.

e Special Functions and Combinatorics: Adrien sequences yield new identities, generating func-
tions, and summation formulas that enrich analytic number theory.

e Numerical Methods: Their recurrence structure is compatible with finite-difference and iterative

schemes used in computational fluid dynamics and bioengineering simulations.

These emerging applications demonstrate that Adrien numbers are not merely abstract constructs but
hold potential for integration into real-world systems where recursive logic, symmetry, and algebraic gener-

alization are essential.

3. Hyperbolic Generalized Adrien Numbers and their Generating Functions and Binet’s

Formulas

In this section, we introduce the concept of hyperbolic generalized Adrien numbers, formulated within
the framework of the hyperbolic algebra H. Based on this definition, we proceed to derive their corresponding
generating function and Binet type formula. We now examine the structure of these numbers in the algebra

H, where the nth hyperbolic generalized Adrien number is defined as follows:

HW, =W, + jWn+1 (31)

with the initial values HWy, HWy, HWy, HW3. (3.1). The hyperbolic Adrien numbers, as defined above,

can be extended to negative subscripts by introducing the following definition,

HW_, = W_p + jW_pis (3.2)

so identity (3.1) holds for all integers n.

We now define several special cases of the hyperbolic generalized Adrien numbers, highlighting particular
parameter choices that yield notable variations or simplifications. The nth hyperbolic Adrien numbers, the
nth hyperbolic Adrien-Lucas numbers, respectively, are given as the nth hyperbolic Adrien numbers is given

HA, = A, + jA, 41, with the initial values

HAy = Ag+jAi,
HAI = Al +jA27

HA;, = As+jAs,
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the nth hyperbolic Adrien-Lucas numbers is given HB,, = B;, + jB,,+1 with the initial values

HBy
HB,

HBy

= Bo+jB,
= DBy + jBo,

= BQ +jB37

Note that, hyperbolic Adrien numbers (by using W,, = A,,, 4g =0, 41 =1, A3 = 3) we get

HA,
HA,

HA,

-
= 1+3j,

= 3+8j,

for hyperbolic Adrien-Lucas numbers (bu using W,, = B,,, By = 4, B; = 3, Bs = 7) we obtain

HB,
HB,

HBy

= 4+3j,
= 3417

= 7+18j.

So, using (3.1), we can write the following identity for non negative integers n,

HW, =3HW,_1 — HW,_o — HW,,_4, (3.3)

and the sequence {HW),,},>¢ can be given as

HW_, = —HW,(H,Q) + 3HW,(n,3) — HW,(n,4),

for n =1,2,3,... by using (3.2). As a result, recurrence (3.3) holds for all integer n.

Table 2 displays the initial values of the hyperbolic generalized Adrien numbers HW,,, incorporating

both positive and negative indices to provide a comprehensive representation of the sequence’s symmetric

behavior.

Table 2. A few hyperbolic generalized Adrien numbers

n HW, HW_,

0 HW, HW,

1 HW, 3HWy — HW; — HW;

2 HWy 3HW, — HWy — HW,

3 HW; SHW, — 3HW, + HW3

4 3HWs3 — HWy — HW, 10HWy, —6HW; — 3HW3

5 8HWs3 — HW; — 3HWy — 3HW, 10HW, —6HW, — 3HW,

6 21HW3 —3HW; —9HW, — 8HW), 10HWy +3HW;, — 18HWs + 6HW;
7 b4HW3; —8HW; —24HW, —21HW, 3HW,—28HW; 4+ 36HW; — 10HW;
8 138HW3 —21HW; — 62HW, —54HW,y  33HW; —28HW, — HWy — 3HW;
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Note that

HWy = Wy + Wy,
HW1 = Wl +jW27
HWy = W+ jWs.

A selection of hyperbolic Adrien numbers and hyperbolic Adrien—Lucas numbers with both positive and

negative subscripts are presented in Table 3 and Table 4, respectively.

Table 3.Some hyperbolic Adrien numbers Table 4. Some hyperbolic Adrien-Lucas numbers

n  HA, HA_, n HB, HB_,
0 j j 0 44 3j 4435
1 1+3j 0 1 347j 4j

2 3+8j 0 2 T+18j —2

3 8+421j ~1 3 18+43j 9—2j
4 214545 —j 4 4341085 —2+9j
5 54+ 138j 1 5  108+274j —15—2j
6 1384352 -3+ 6 27446965 31— 15j
7 352+4897j —3j 7 696+ 1771j 315

8 897+2285 6 8 177144509  —74

Now, we will give some expressions that we will use in the rest of the paper and then we define Binet’s

formula for the hyperbolic generalized Adrien numbers. First, we define

a=1+ja,

B=1+3B,
y=1+77
A=1+/,

(3.4)

(3.7)
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note that using above equalities we can write the following identities:

&F = 1+42ja+a,

B o= 1+2i8+ 62

¥ o= 1+2j7+9%
Noo— 249

aB = 1+j(a+p)+ap,
ay = 1+jla+79)+ay,
B = 1+j(a+pB)+ap,
ay = 1+jl+a)+a.

THEOREM 3. (Binet’s Formula) For any integer n, the nth hyperbolic generalized Adrien number is
Wi = aS1a” + BS28" +7S57" + 654, (3.8)

where @&, 3, 7, 0 are given as (3.4), (3.5), (3.6), (3.7).

Proof. Using Binet’s formula of the generalized Adrien numbers given below
Wy = S1a™ + 828" + 937" + Sy,
where S, S5, So, Sy are given (1.3) we get

aw, = W, + iWui1,
= Sia" + 56" + S37" + S4
+j(S10" !+ S + Sy + S4)
= aSia" + BS2B" +7S537™ + 0S4,

This proves (3.8). O
As special cases, for any integer n, the Binet’s Formula of nth hyperbolic Adrien number is
(222 +a+1)a"a | 282+ B8+1)B8"B (292 +7+ 1)y

N 1
A, = -, 3.9
b2 +3a—1 462 +36 -1 * 4?2 +3y-1 3 58)

and the Binet’s Formula of nth hyperbolic Adrien-Lucas number is
B, = aa™ + BB"™ + 39" + 1. (3.10)

In the following section, we present the generating function associated with the hyperbolic generalized Adrien

numbers.
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THEOREM 4. The generating function for the hyperbolic generalized Adrien numbers is

i g = Ao+ (HW, — 3HWy)z + (HWy — 3HW, + HWy)a? + (HW3 — SHW, + HW; )23
n=0

1—-3z+ 2%+
(3.11)
Proof. Let
o
faw, (z) = Z HW,x"
n=0
be generating function of the hyperbolic generalized Adrien numbers. Then, using the definition of

the hyperbolic generalized Adrien numbers, and substracting = fgw, (¥) and @2 fgw, (z) from frw, (x), we

obtain (1 — 3z + 22 + ) frw, (x)

(1=3z+a% +2") fuw, (v) = i HWz" -3z i HWz" + 2? i HWz" + 2* i HWz",
n=0 n=0 n=0 n=0
= i HW&E” -3 i HW;U”+1 4 i HW.’IJ”+2 + i HW.’I?”+4,
n=0 n=0 n=0 n=0

= Y HWa2"—=3> HWg_ya"+ > HWq pa"+ Y HWq,_ga",

n=0 n=1 n=2 n=4

= (HWy+ HWyz + HWaa? + HWsa®) — 3(HWox + HWyz? + HWoa®)

+H(HWoa? + HW1a®) + Y (HW, — 3HWy_y + HWy_y + HW,_4)a",
n=4

= HWy+ (HW, — 3HWy)x + (HWy — 3HW, + HWy)z?
+(HW3 — 3HW, + HW,) .

Note that, using the recurrence relation A=3A, 1— A, o—A,_4 and rearranging above equation the
(3.11) has been obtained. OJ

Now we can write the generating functions of the hyperbolic Adrien and Adrien-Lucas numbers as:
oo ~ .
(@) f3,(2) = X Anz" = =5 e

n=0
(b)’ f~ (:L') = § ann — —4jx3+2w2+(—2j—9)x+3j+4
- B"L .
n=0

1—3x+z24x4

o0
LEMMA 5. Suppose that faw, (x) = Zo HW,, % is the exponential generating function of the hyperbolic
e

generalized Adrien sequence { HW, }.

Then > HW,Z: is given by

n!
n=0
STHW, T = 81676 + S26% B + S3¢™5 + Sie” 1.
o n!
where &,0, 7,0 are given as (3.4), (3.5), (3.6) ,(3.7).
Proof. Using Binet’ s formula

W, = S1a" 4+ S26" 4+ S3y™ + Sy,
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where S7, S, S3, S4 are given in (1.3) we get

xn n
Z‘BHWH = ZHW +g E:OHWnH
= D (S10™ + SB" + Sy + 54% +5 D (S1am S 4 Sayn T s4>—,
n=0 : n=>0

= (S1e* 4+ SoeBT 4 Sae?® 4 Sse”) 4+ j(S1ae™® + So3e5% + Syve)® + Se”)
S16*7 (1 + ja) + 82 (1 + jB) + S37 (1 + jiy) + Sae” (1 + j)
S1e*Ta + SgeﬂxB + 5367"6’3/ + S46£T. O

Proof: Note that we have

n

. X
ZHW Z(HWHJHWTLH);
' n=0

From the previous lemma, we derive the following outcomes as particular instances.

COROLLARY 6. Fxponential generating function of hiperbolic Adrien and hiperbolic Adrien-Lucas num-

bers are given by:

a):
ig ﬁ _ ((2042+Oé+1)6am (262+6+1)eﬁz (272+7+1)6’yz_16r)
— "l 402 4+ 30— 1 482 +38 -1 492 +3vy—1 3
el ratl) o @A) g 2P HYHD e L
N a2 1301 452 + 35— 1 42 +3y -1 3
- (2a2+a+1)aew (282 + B8+ 1)8 S (2+2 +7+1)7€7$_Iea:
402 +3a—1 48% +33—1 42 +3y-1
b):
oo
x .
Z T T e + PP €1 + e¥ + j(ae™ + BePT + ye?” + e”)

n=0

= e*a+ePB+ %y + e*1
4. Obtaining Binet Formula From Generating Function

Next, by the using generating function for HW,, find Binet formula of hyperbolic generalized Adrien
number {HW,, }.

THEOREM 7. (Binet formula of hyperbolic generalized Adrien numbers)

pra” p23" p3Y" P40”

W = B a— @0 T BB -0 (—a)(v—ﬁ)(w—&)+<6—a><6—6)<6—(ﬂ)

where
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p1 = HWoa?® + (HW, —3HWy)a? + (HWy + HWy + HWy)a + (HWs + HW, + HW,),

pe = HW B + (HW) —3HW,)B* + (HWy + HWy + HWy)B + (HW3 + HWy + HW,),

ps = HWoy + (HWy — 3SHWo ) + (HWy + HWy + HWy)y + (HW3 + HWy + HW,),

ps = HWy° + (HWy — 3HW)6® + (HWy + HW, + HWy)6 + (HW3 + HWy + HW).
Proof. Let

h(z) =1 — 3z + 2? + 2.
Then for some «, 3,y and § we write
h(z) = (1 —az)(1 — Bz)(1 —yx)(1 — ox),

ie.,

1-3z42%=(1-ax)(1 - Bz)(1 —yz)(1 - dz), (4.2)
Hence é, %, % and % are the roots of h(z). This gives «, 8,7 and § as the roots of
1 3 1 1
h(i=)=1—-—-—+4+—=+—=0.
(w) x + x2 + x4

This implies 2* — 323 + 22 + u = 0. Now, it follows that

i e — HWot (HWy = 3HWo)x + (HW, — 3HW: + HWo)a® + (HWs — 3HW, + HWy)z?
= - (1—az)(1— )1 —a)(1 — oz) :

Then we write

HWy + (HWl — 3HWO).’L‘—|— (HW2 —3HW; + HW0)$2 + (HW3 —3HW, + HW1)$3
0 a0 )0 —_70)(1 o0
By B> Bs By

T [-oz) (1-p2) (-na) (A-ox)

So

HWy + (HW, — 3HWy)x + (HWy — 3HW, + HWy)z? + (HWs — 3HWy + HW;)2?
= By(1-pz)(1 —~x)(1—dx)+ Ba(l — az)(1l —vyz)(1 — dx)
+Bs(1 — az)(1 — Bz)(1 — dz) + Bs(1 — ax)(1 — fz)(1 — yz).

If we consider z = é, we get HW0+(HW1—3HW0)é+(HW2—3HW1+HW0)$+(HW3—3HW2+HW1)$
=B~ 21 - D0 5)
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This gives

o3 (HWo + (HWy — 3HWy) L + (HW, — 3BHW, + HWy) & + (HW3 — 6HW, + HW;) 25)
(a=pB)(a—7)(a—-19)
HWoa? + (HW, — HWy)a? + (HWy — 3HW, + HWy)a + (HW3 — 3HW, + HW)
(a—=p)(a—7)(a—9)

B, =

Similarly, we obtain

HWy % + (HWy — 3HW,) 3% + (HWy — 3HW, + HWy)3 + (HWs — 3HW, + HW,)

b = CEDICEIED) ’
HWoy + (HWy — 3HWo)y2 + (HWo — 3HW, + HWy )y + (HWs — 3HW, + HW1)
Bg = )
(v=a)(y = B)(y—9)
B HWy6® + (HW, — 3HW)6* + (HWy — 3HWy + HW)6 + (HWs — 3HW, + HW)
b G—a)(E—B)(6—7) '

Thus (4.3) can be written as
> HWz" = By(1 — az)~' + Ba(1 - )" + Bs(1 — y2) ' + By(1 — dz) .
n=0

This gives

Z HWz" = B Z a"z" + Bs Z B"z"™ + Bs Z ~y"*x™ + By Z "
n=0 n=0 n=0 n=0 n=0
= Z(Bla” + Bgﬁn + Bg’yn + B4(5n)$n
n=0

Therefore, equating coefficients from both sides of the above expression yields the following formulation.

HW = Bia" + Bgﬁn + B3’7n + B4o™.

and then we get (4.1). O

We can get an identitiy related to hyperbolic Adrien numbers given below.

THEOREM 8. For all integers m,n the following identities hold:

HWern = Am72HWn+3 + (_Amf?) - Am75)HWn+2 + (_Amfél)HWn«kl — A3 HW,,.
Proof. First we assume that m,n > 0 then (8) can be proved by mathematical induction on m. If m =0

we get

HW, = A_oHW, 3+ (—A_3— A_5)HW, 10+ (—A_4)HW, 11 — A_3HW,,.
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which is true since A_ o =0, A_3=-1, A_4, =0, A_5 = 1. Assume that the equality holds for m < k. For

m=k+1, we get

HWk+1+n - 3HWn+k, - HWn+k—1 - HWn+k,—37
3(Ar—2HWyys + (—Ap—3 — Ap—s5)HWypo + (—Ap—a) HWy 1 — Ap_3HW,,)
—(Ap—3HWpi3 + (—Ak—s — Ap—¢)HWy 2 + (—A_5) HWy 1 — Ay HW,,)

—(Ap—sHWyis + (—Ak—6 — Ap—g) HW, 12 + (—Ap—6) HWyy1 — Ap_e HW,,).

Consequently, by mathematical induction on m, this proves Theorem (8).
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking HW, = HA,, or HW,, = HB,, in above Theorem, respectively, we get:

COROLLARY 9.

HAern = Am72HAn+3 + (_Amfl’; - Am75)HAn+2 + (_Am74)HAn+1 - Am73HAn7

HBm+n = A?rL—ZHBn+3 + (_Am—3 - Am—5)HBn+2 + (_Am—4)HBn+1 - A'rn—?)HBn-

5. Simson’s Formulas

This section introduces Simson’s formula as applied to the hyperbolic generalized Adrien numbers. This

is a special case of [26,Theorem 4.1].

THEOREM 10. For all integers n, we have
HWn+3 HWnJrQ HWn+1 HWn
HW, HW, HW, HW, _

e i " " = (HWo + HW +2HWs — HW;)(—HWS +5HWS + HW? +
HW,+1. HW, HW,_1 HW,_4

HW, HW,_1 HW,_» HW,_3
HWE — (HWy + 3HW, — THW,) HW?2

+(BHWo—AHW,—14HW3) HW2+(2HWo+ HWo—6 HW3) HW 2 —(HW, +2HW3) HW2+13HW, HW, HW;+

HWoHWyHWs + 5HWoHWHW5 — THWoHW, HW;).
Proof. Take r =3,s = -1,t =0,u=-1. O
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COROLLARY 11. For all integers n, the Simson’s formulas of hyperbolic generalized Adrien number and
hyperbolic generalized Adrien-Lucas numbers are given as:

An+3 A~n+2 An+1 An

Ansa A, A, A,

i +2 ~+1 i | 1 = 343,

A7L+1 An An—l An—2

An An—l An—Q An—B

BnJrS Bn+2 BnJrl Bn

Bn Bn Bn Bn—

Tz et o= 2349 - 23495,

respectively.

6. Linear Sums

This section presents the summation formulas for the hyperbolic generalized Adrien numbers, encom-
passing both positive and negative subscripts. We then proceed to introduce the summation formulas for

the generalized Adrien numbers.

THEOREM 12. For the gemeralized Adrien numbers with positive and negative subscript, we have the

following formulas:

(a): fj Wi = 5(=(n+3)Wygs + 2n+ 1) Wyio + (n 4+ 2) Wiyt + (n + W,
+3Ws —k?OWQ —2W, — Wp).

(b): kﬁj Wak = L(=(n + 2)Wansa + (20 + 5)Wapss + (0 + 3)Wan + (14 2)Wan_
+2W;5 — ngg — 3W7).

(c): kz Waks1 = 5(—=(n+ 1D)Wapia + (2n + 5)Wan g1 + (n + 2)Way, + (n+ 2)Wapq
oW, 5T — 2.

(d): 3 W= H(—(n+ DWoys + @20+ DW_po + (0 DW o + (0 4+ 3)W_
W — W];:i 2W, — 3Wp).

(e): kﬁjl W_ok = 3(=(n+2)W_sgpia + 2n+ 3)W_gpi1 + (n+ 4)W_gp + (n + 2)W_3, 1
LWy — AW, — Wy — 4WV).

(f): él Woiss = (= (0 + 3)Wosmsz + 201+ 3)Woss + (1 + 2)W sy + (1 + 2)W_g_y
LWy — 3W, — 4T — 2W0).
Proof. For the proof, see Soykan [28]. O

As a first special case of the above theorem, we have the following summation formulas for hyperbolic

numbers.
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THEOREM 13. For the hyperbolic numbers, we have the following formulas:

(a): kfj HWy, = L(—(n+ 3)HW,s3 + (2n + TV HW,y o + (0 + 2)HW, 1 + (0 + ) HW,
+3HWs; :07HW2 — 2HW, — HW,).

(b): kf HWoj, = 3(—(n+ 2)HWapy2 + (2n 4+ 5)HWapy1 + (n+ 3)HWay, + (n+ 2) HWay,—y
+2HW; :04HW2 —3HW)).

(©): > HWapiy = 2(—(n+ 1) HWapso + (20 + 5) HWap i + (n + 2)HWap + (n+ 2) HWap_y
+2HW3k:O5HW2 — 2HW,).

(d): ki HW_p = 3(=(n+ 1)HW_pq5+ 2n+ 1)HW_i0+ (n+ 2)HW_, 1 + (n+ 3) HW_,
+HW; —?WQ — 2HW, — 3HW).

(e): ki HW_ g, = 2(—(n+2)HW_gp42 + (2n 4+ 3)HW_gp11 + (n+ ) HW_2, + (n + 2) HW_35,_1
+2HW; _—14HW2 — HW, — 4HW).

(£): kil HW_gpy1 = 2(—(n+3)HW_sp40 +2(n+ 3) HW_op1 + (n+ 2) HW o, + (n+ 2) HW_s,_;
2HW, — SHW, — AHW, — 2HWY).
Proof.

(a): Use Theorem [12] (a), (b), (c), (d), (e), (f) using (3.1), we get

n

> HWi=HWi + jHWiy1.
k=0

Theorem 12 then (a), (b), (c), (d), (e), (f) the proof is easily attainable, respectively. O
(b):
As a first special case of the above theorem, we have the following summation formulas for hyperbolic

Adrien numbers.
THEOREM 14. For n > 0, hyperbolic generalized Adrien numbers have the following properties:

(@): > Ap=3(-n+3)Ap3+ 2n+ 7 Api2+ (n+2)Api + (n +4)A, +1).

(c): A1 = 2(—=(n+ 1) Azppz + (20 + 5) Asnir + (R +2)Agy + (0 + 2) Aoppq +1).

~
Il
=}

e
NgE
b

=i+ DA s+ Cn+ DA+ (n+2) A0 + (n+3)A, + 45 +3).

£
Il
—

Cop = 2 (—(n+2)A a0+ (2n+3)Agny1 + (n+4) Ao, + (n+2)A0n_1 + 3 + 3).

M=
M

(e):

(f) Z 121_2]@_;'_1 = %(—(n + 3)121_2»,14_2 + 2(7’L + 3)A—2n+1 + (n + 2)121_2»” + (n + 2)121_2”_1 + 4] + 3)
k=1

b

S

=

In the following, we derive the ordinary generating functions corresponding to certain special cases of

the hyperbolic generalized Adrien numbers.
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THEOREM 15. The ordinary generating functions of the sequences Wgn, W2n+1 are given as follows:

32HW3 + (23 — 822 + ) HWo — 3z3HWy + (2 + 222 — Tx + 1) HW,

x4+ 223 + 322 —Tx + 1
(23 + 2% + ) HW3 — (323 4+ 322) HWs + (23 4+ 222 — Tz + 1)HW; — 322 HW,

(a): 02y HWpa" =

b): Y>> HWap 2™ =
(b): Xonzg nt1® xt + 223 + 322 - Tx + 1

From the last Theorem, we have the following Corollary which gives sum formula of hyperbolic Adrien
numbers (Take HW,, = A,, with

Ay=j, Ay =1+3j, Ay =3+8j, A3 =8+21j5)

COROLLARY 16. For n > 0 hyperbolic Adrien numbers have the following properties.

3 (a®+22° —Tz+1)—32°(35+1)+32> (215 +8)+(85+3) (2° — 82 +x)

(a): Z?’f;o A" = e 223 1322 — T+ 1 :
. (85+3) (323 +32%) —(35+1) (2> +22% —Tz+1) — (215 +8) (23 +a> +2 ) +352>
(b): ZZ‘LO Agpp1a” = — ( ) z(4+213+31277x)+1 ( ) :

7. Matrices related with Hyperbolic Generalized Adrien Numbers

This part of the study introduces matrix identities that arise in connection with the hyperbolic Adrien
numbers.

By using the {A,,} which is defined by the fourth-order recurrence relation as follows:
An = 3An—1 - An—2 - An—4 ’

with the initial conditions

Ag=0, A, =1, Ay =3, A3 =8. (7.1)

We define the square matrix M of order 4 as

3 -1 0 -1
1 0 0 O
M =
0 1 0 O
0 0 1 O
such that detM = 1. Then, we give the following Lemma.
LEMMA 17. For n > 0 the following identity is true
HW, 43 3 -1 0 -1 HW;
HW, 1 0 0 O HW,
= ? (7.2)

HW, 1 0 1 0 0 HW,
HW, 0 0 1 0 HW,y
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Proof. First, we prove the assertion for the case n > 0. Lemma 17 can be given by mathematical

induction on n. If n = 0 we get

0

HW, 3 _1 0 -1 HW,
HW: | |1 0 0 0 HW,
v, | o 1 0 o HW,
HW, 0 0 1 0 HW,

which is true. We assume that (7.2) is true for n = k. Thus the following identity is true.

k

HWi i3 3 -1 0 -1 HW;
HWie | |1 0 0 0 HW,
HWin | [0 1 0 o0 HW,
HW, 0 0 1 0 HWy
For n =k + 1, we get
k+1 k
3 -1 0 -1 HW, 3 -1 0 -1 3 -1 0 -1 HW,
1 0 0 0 B, | |1 0 0 o0 1 0 0 0 HW,
01 0 0 av, | o 1 0 o 01 0 0 HW,
0 0 1 0 HW, 0 0 1 0 0 0 1 0 HW,
3 -1 0 -1 HWi.s
10 0 o0 HWi 1
~lo 1 0 o0 HWiia
0 0 1 0 HW,
HWi 4
B HWis
| HWs
HWiia

Consequently, by mathematical induction on n, the proof is completed. [J

Note that
An+1 *An - An—Q *An—l *An

An _Anfl - An73 _An72 _Anfl
Anfl _An72 - An74 _An73 _An72
An—2 _An,—S - An—5 _An—4 _An—S

ATL —

For the proof see [27].
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THEOREM 18. Using Ngw and Epgw, we get

Proof. Note that we get

An+1

A"N+ =
v Anfl
An72

aiil
a21

a31

HW3  HW, HW, HW,
HWy, HW; HW, HW_;
Npw =
HWl HW() HW,1 HW,Q
HW, HW_{ HW_y HW_3
HWyys HW,io HW,y1 HW,
HW.o HW,y1 HW, HW,
Exgw =
HW, 11 HW, HW,_1 HW, _o
HWn HWn—l HW71,—2 HWn—3
Now, we have the following theorem for Ngw and Egw .
AHNHW:EHW
_An - An72 _Anfl _An HW3 HW2
_An—l - An—3 _An—2 _An—l HW2 HWl
_An72 - An74 _Anffi _An72 HWI HWO
A, 3—An s —Ap4 —A,_3 HWy HW_;
a2 a3 ai4
Q22 A23 0G24
az2 a3z 434
Gg2 Q43 Q44

a41

HW;

HW,
HW_,4
HW_,

HW,
HW_,
HW_,
HW_;

(7.3)

(7.4)
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where
a1 = A HWs+ (—A, — Ay o) HWy + (A, 1) HW, + (—A,) HWY,
a2 = A1 HWo+ (A, — Ay o) HWy + (—A, 1) HWy + (—A,) HW_4,
a3 = Ap  HWy+ (A, — Ay 2)HWo + (—A, 1) HW_ 1 + (—=A,)HW _,
aa = An HWo+ (= Ay — Ap_o)HW_y + (— A )HW o + (— A, ) HW_s,
agnn = A HWs+ (—An—1 — Ap_3)HWo + (—Apn_2) HW1 + (—An—1) HW,,
azpy = A HWo+ (—Ap_1 — Ap3)HW; + (=Ap_2) HWy + (= A1) HW_y,

ass = A HWi+ (—Ap_1—An3)HWo+ (—Ap_2)HW_1 + (—A,—1)HW_3,
azge = A HWo+ (—Ap_1 —Ap 3)HW_ 1+ (=An o) HW o + (= Ap_1)HW_3,
az1 = An 1 HWs+ (=Ap_g— Ay i) HW;y + (—Ap_3)HW, + (= A,_o) HW,

asy = Ap 1HWo+ (—Ap_o— Ay ) HWy + (A, 3)HWy + (—Ap_o) HW_q,
azz = A 1 HWi+ (—Ap—2 — Ay ) HWy + (—Ap—3)HW_1 + (—Ap_2) HW_g,
ass = Ap 1 HWo+ (=An_o— Ay 2)HW_ | + (—Ap_3)HW_o + (= A,_2) HW g,
ayg = Ap oHWs+ (=Ap_3— An 5)HWo + (—A,_4)HW1 + (—A,_3)HW,

agp = An_oHWo+ (=Ap_s— Ay ) HWi + (—Ap_s)HWy + (—An_s) HW_1,
ag3 = Ap oHWi+ (—Apn_3—Ap 5)HWo+ (—Ap_ g ) HW_1 + (—Ap_3)HW 3,

Qg4 = A7L—2HWO + (_An—3 - ATL—5)HW—1 + (_A7L—4)HW—2 + (_An—3)HW—3-

Using the theorem (8) the proof is done. [
By taking W,, =A,, with Ag, A1, A, A3 in (7.3) and (7.4)
and W,, =W B,, with WBy, WBy, WB,, WBs in (7.3) and (7.4)

respectively, we get:
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8+21j 348 1+3j j
348 1435 0
1435 0 0

j 0 0 -1

18+43j 7+18j 3+7j 4+3j
TH+18j 3475 4435 4
3475 4+35  4j —2
4435 45 —2  9-2j

From Theorem [18], we can write the following corollary.

COROLLARY 19. The following identities are hold:

a): AnNWA = EWA'

b): AHNWB = EWB'

In this paper, we introduced and analyzed the hyperbolic generalized Adrien numbers, which extend the
classical Adrien and Adrien—Lucas sequences to the hyperbolic number system. By redefining these sequences
within the algebra H = {h = a + jb : a,b € R, j2 = 1,5 # £1}, for more detail see [32], we derived their

Binet’ formulas,generating functions and recurrence relations, demonstrating that the fundamental structure

Conclusion

of Adrien numbers can be coherently generalized under hyperbolic arithmetic.

Moreover, we obtained several important results, including Simson’s formulas, summation identities
and matrix representations for the hyperbolic Adrien and Adrien-Lucas numbers. These findings not only
preserve the main algebraic characteristics of the original sequences but also reveal new relationships and

properties unique to the hyperbolic framework. Such results strengthen the connections between recurrence

sequences and hypercomplex number theory.
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Overall, this study contributes to the broader field of number theory by showing that the Adrien sequence

structure remains robust when extended to non-Euclidean algebras. The proposed framework opens new

directions for future research on dual, dual-hyperbolic and higher-dimensional generalizations, as well as

potential applications in physics, engineering, and computational mathematics.
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