STABILITY OF ADDITIVE AND A GENERALIZED
QUADRATIC FUNCTIONAL EQUATIONS IN BANACH SPACES

ABSTRACT. In this research article, we investigate the Hyers-Ulam stability of
additive and generalized quadratic type functional equation

f@+ay) +af(z—y) =flz—ay) +af(z+y)
fora € Z\ {—1,0,1} and z,y € X x X, where f: X x X — Y, (X, ||-,-]]) is
a 2-normed space and (Y, | - ||) is a Banach space.

1. INTRODUCTION

The case of approximately additive functions was solved by D.H. Hyers [9] and
generalized by Th.M. Rassias [18]. During the last decades, the stability problems
of several functional equations for functions from normed space to Banach space
have been extensively investigated by a number of authors, [3, 2, 6, 7, 8, 11, 13, 18].
The terminology generalized Hyers-Ulam stability originates from these historical

backgrounds.

The functional equation

(1.1) fl@+y)+ flz—y) =2f(x) +2f(y)

is related to a symmetric biadditive function [1, 20] . It is well known that a

function f is a solution of (1.1) if and only if there exists a unique symmetric
biadditive function B such that f(z) = B(z,z), for each x (see [1]). The biadditive
function B is given by

(12) B(z,y) = {(f(e+1) — fx—)).

Thus, we call the Equation (1.1) quadratic functional equation and every solution
of the quadratic Equation (1.1) is said to be a quadratic function.

A stability problem for the quadratic functional equation (1.1) was solved by a
lot of authors [4, 10]. Further, Jun and Lee [14] proved the generalized Hyers-Ulam
stability of the pexiderized quadratic Equation (1.1).

In this paper, we investigate the Hyers-Ulam Stability of the following functional
equations,

(1.3) flx+2y) +2f(v —y) = flz —2y) + 2f(z + y),
(1.4) flx+ay) +af(x—y) = flz—ay) +af(z+y),
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for any fixed integer a with a # —1,0,1, introduced by Jun and Kim [12], for
f: X xX —Y, where (X, ||-,-]|) is a 2-normed space and (Y, ] - ||) is a Banach
space.

Theorem 1.1. [12] (i) A function f : Ey — Es satisfies the functional Equation
(1.3) if and only if (i1) f : By — Es satisfies the functional Equation (1.4).
Further more, every solution of functional Equations (1.3) and (1.4) has the form
f(x) = B(x,z) + A(z) + f(0), for each x € Ey, where B : E; X Es — Es is
symmetric biadditive, and A : E1 — FEs is additive.

In the 1960s, S. Géahler introduced the concept of linear 2-normed spaces.
Definition 1.2. Let X be a linear space over R with dim X > 1 and let
Il : X x X — R be a function satisfying the following properties:

(1) ||z, yl| = 0 if and only if x and y are linearly dependent,
(2) [z, yll = lly, [,
3)

(3) llaz,yll = lalll, yl|,
@) ey + 2] < [lz, yll + [l =]
for each x,y,z € X and a € R. Then the function ||-,-|| is called a 2-norm on X
and (X, ||-,-]|) is called a 2-normed space..
We introduce a basic property of 2-normed spaces as follows. Let (X, ||-,-]|) be

a linear 2-normed space, x € X and ||z,y|| = 0 for each y € X. Suppose x # 0,
since dim X > 1, choose y € X such that {z,y} is linearly independent so we have
||z, y|| # 0, which is a contradiction. Therefore, we have the following lemma.

Lemma 1.3. Let (X,]-,-||) be a 2-normed space. If x € X and ||z,y|| = 0, for
each y € X, then x = 0.

Remark 1.4. Let (X, ||-,-]|) be a 2-normed space. Note that the conditions (2) and
(4) imply that

e +y, 2l <z, 2] + [ly, 2]l

for each x,y,z € X. Putting w = x +y, we get |w,z| < ||z, z|| + ||w — z, z|| for
each x,y,z € X. So ||w,z| — ||z, z|| < ||w — z, 2| for each z,z,w € X. Replacing
w by x and x by w in the above inequality, we get ||z, z|| — ||w, z|| < ||l — w, 2| for
each x,z,w € X. Thus, we have

(1.5) Mz, 2l =y, 2lll < llz = v, 2|

for each x,y,z € X. Hence the function x — ||x,y|| is continuous from X into R
forye X.

In the 1960s, S. Gahler and A. White introduced the concept of 2-Banach space.
Definition 1.5. A sequence {y,} in a 2-normed space X is called a 2-Cauchy
sequence if

Im  ||yn — Ym,2|| =0
m,n— oo
for each z € X

Definition 1.6. A sequence {z,} in a 2-normed space X is called a 2-convergent
sequence if there is an z € X such that

lim |z, —z,w||=0
n—0o0
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for each w € X. If {z,} converges to z, we write lim,,_, o 2, = 2.

Definition 1.7. A 2-normed space (X, ||-,-||) is a 2-Banach space if every 2-Cauchy
sequence in X is 2-convergent in X.

Following shows that ||, || is continuous in each component.
Lemma 1.8. For a convergent sequence {z,} in a 2-normed space X,
lm ||z, y|| = || lim z,,y]|
n—oo n—oo
for each y € X.

Proof. Since {z,} is a 2-convergent sequence in the 2-normed space X, there is an
x € X such that lim, o ||z, — 2, y|| = 0 for each y € X. By (1.5), we have

m |||z, yl| = [lz, yll] < lim [z, —2,y] =0
n—oo n—oo
for each y € X. Hence
lim ||Zn7y|| = ||‘T7y|| = || lim ZmyH
n— o0 n—oo
for each y € X. |
2. STABILITY OF A FUNCTIONAL EQUATION FOR FUNCTIONS f: X x X — Y,
WHERE (X, ||-,-||) 1S A 2-NORMED SPACE AND (Y, || -||) 1S A BANACH SPACE.

Throughout this section, (X, ||-,-||) is a 2-normed space and (Y, || - ||) is a Banach
space. For a function f: X x X — Y, we consider the functional equation

f(z1 +ayr, 22 + ay2) + af(v1 — y1, 02 — y2) =f (21 — ay1, T2 — aya)
(2.1) +af(zi+y, 22 +y2)
Define Dy : X x X x X x X — Y by
Dy ((z1,22), (y1,y2)) =f (1 + ayr, 2 + ayz) + af (x1 — y1, 22 — y2)
— f(@1 —ay1, x2 — ayz) — af(z1 + y1, 22 + y2)
for each x1,x2,y1,y2 € X, a # —1,0,1.
Theorem 2.1. Lete >0, 0<p<land f: X xX — Y be a mapping satisfying

(2.2) D¢ (21, 22), (y1,92)) || < elllwr, 22l” + llyr, oll)

for each x,y,z € X. Then there exists a unique quadratic mapping @ : X — X
which satisfies (2.1) and
(2.3)
Hf(arl,mg) + f(—w1, —12)
2

for each x1,x2,y1,y2 € X.
Proof. Let fi : X x X — Y be a function defined by

(24) Fues,2) = 3 [f(en,a2) + f(—1,a2)] — £(0,0)

for each x1,22,y1,y2 € X. Then f1(0,0) = 0 and fi(z1,22) = fi(—x1,—x2), for
each x1,2,y1,y2 € X. Also

(2.5) | Dy, ((z1,22), (y1,92)) || < e(llzr, z2l” + lly1, v2I”)

la|?? + 2|a| + 1
227 (laf* — |af??)

- Q(ar,w2) — J(0,0)]| < elfar, a1
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for each x1, 22, y1,y2 € X. Letting (y1,y2) = (z1,z2) in (2.2), we get

(2.6)

[fi((a+ 1)1, (a+ 1)x2) — fi((a — D1, (a — Dx2) — afi(2z1, 222)[| < 2efzy, 22"

for each 1,2, y1,y2 € X. Replacing (z1,z2) by (ay1,ays) in (2.6), we get
(2.7)

£ (2ays, 2ays)+afi ((a=1)y1, (a—1)ya)—afi ((a+1)y1, (a+1)y2) | < e(|al*+1)||y1, va|”
for each y1,y2 € X. Replacing (y1,y2) by (z1,22) in (2.7), we get

1/1(2a21, 2a5) + afi((a — Dz, (@ = Vz) — afi((a+ Dz, (a + o)
(28) < e(lal” + )y, z2|?

for each x1, 22 € X. Multiplying |a| on both sides of (2.7) and adding to (2.8), we
get

(29) |lf1(2az1, 202) — a® fi (221, 225)|| < 2lale]|wr, wo||P + elal + 1[|z1, 2o ]P
for each z1, 22 € X. Replacing (z1,22) by (5, %) in (2.9), we get

I f1(awy, as) = a® fi (w1, w2), 2| < 227 Plale|lwr, @2 |[” + €27 [[a|*” + 1] a1, z2||?
for each x1, x5 € X. Therefore

ari,ax 2.272%p¢ 27p
(210) ‘ w —fl(ml,ajz)H S T”«rhflhnp“‘é‘w
a

for each x1, 22 € X. Replacing (z1, z2) by (az1, azxs) in (2.10), we get
(2.11)

[laf*” + 1] |1, 2 |”

a’ry, a’x 2.¢-272P|g|?P €-27%
|20 )| < 2SI o 2 g o o,
a |al |al
for each z1, 22 € X. By (2.10) and (2.11), we get
a’ry,a’x
[ )
azl’ 7a2I ali,ax ali1,al
i By s
1 [2.¢-272|qf? £ 27
< - _|z2iere 1% P 4p 2p p}
- |a\2[ |al o, 2" + a2 [lal*? + |a*P] ||z, z2]|
2.¢.9272p p L E 2—2p 2p v
+ |a‘ Hxlal?” + ‘a|2 Ua| + 1]Hxlvx2H
2.27%.¢ |a|?P
~ [1 |a|? }Hml’m”p
g-27% 1
+ S [ 1aP?) + (laf* 4 1aP?) o 2l
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for each z1,x2 € X. By using induction on n, we get

(2.12)
fi(a"wy,a"xs) 2272 - gllzy, mo||P = |af*
| = - i) | < = Y
7=0
e-272 ; ; 1
W Z [|a|2p3 + |a|2p(3+1)] W”gﬁlvaHP
j=0

_ ~1
_2-2 . g|lxy, maP nz: la[2Pi=2
7=0

lal
e 2N 2pj—2j+2
|af? Z [|a| PI750 + || ™77 p]Hxlv@Hp
=0

_ 22 el (L jaP0 0y

1 — |al2(P—1)
c.272p [1 — |a|?e—1n |a|2p(1 — |a|2(p—1)n)
@ (T faP@0 " T —aPeD

la]

Uiz, 2l

(2.13)
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for each x1,z5 € X. For m,n € N, we have

fila™z,a™xzs)  fi(a"x1,a™x9)
a27n - a2n

fl(am+nfnx17am+nfnx2) B fl(a"xl,a”xQ)
a2(m+n—n) a2n

1
" al?n

fl(amfn . anxl,amfn . anx2)

a2(m—n)

— fila"xq, a”xg)H

m—n—1

» Py
|a" @1, a" x| E |a|?(P— 1)
J=0

1 2.272.¢
< R
= o> al

m—n—1

_2 . . .
%%Ha%ha”xz!!” S [JaP@ 0 4 jof2o-Die20]

+
7=0

m—n—1

2.272p. ‘
:T€|a|2(17—1)n”x17$2“p 3 faf2e-Ds
a
j=0
2=2p . ¢ B m—n—1 o N
P 02D |2y, 2o P Z [|a‘2(p Vi 4 |q2® 1)j+2p]
=0

+

m—n—1

2.272p. ‘
= 25 e, wllP Y oD

lal

2*2p e m—n—1 B . - )
+ oy, P Z [|a|2(p D) 4 |q)2P 1)(n+y)+2p]

lal

2.272 . ¢
= THMJQHP

272 . ¢
+ WHQCMMHP
[|a\2(”*1)”(1 — |a‘2(p71)(m7n)) N |a|2(p—1)n+p(1 — |a|2(p—1)(m—n))}
1 — |a2(e=1) 1 — |af2(e=1)

—0asn—o00, 0<p<l1

=0

7=0
|a|2(p—1)n(1 _ |a|2(p—1)(m—n))

1~ [a[2—D

fi(a™z1,0"x2)
a2n

for each x1,z5 € X. Therefore { } is a Cauchy sequence in Y, for

fi(a"zi,a"xa)
wzn

each x1,x2 € X. Since Y is a Banach space, { } converges, for each

z1,22 € X. Define Q : X x X — Y as

. N (a”ml, a"xg)
Qo) = Jim =5 —=
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for each x1, 75 € X. Also, by (2.12), we have

f a"a:l,a"xz)
‘ ( a?n —f1($)H
2.272

< 7’5H Hp;
T TR
27 . ¢ 1 |a|*
a4 e p
al? |21, 22| [1 _ ‘a|2(p71) 1— |a|2(p71)]

lim
n— o0

|a|
|la|?> — |a[P
la|?? + 2|a| + 1
la|? — |a|??

1 |l

la]?> = fal?P ~ |al* — |al?

=2.27% cfay, 3P +27% ey, P |

=27 ¢|my, mo ||

for each x1, x5 € X. Therefore

|a|*? 4 2]a] + 1
220 (|a|? — |a|??)

H Ji(zy, ) + fi(—21, —x2)

. - Q(ar,w2) = £(0,0)|| < ellan, a1

for each 1,22 € X. Next, we show that DQ((.’L'17332), (yl,yg)) =0.

HDQ((Z‘l,-TQ)a (yhy?)” =

Rl |Df1((a"x1,a"x2), (ay1,a"y2))||

. 9
< lim — [[la"2y,a"as|[” + la"y, @yl
= Tim_ela D" [ley, walP + [y, 2ll”]
n—oo
=0

for each 1,2, y1,y2 € X. Therefore Dg ((azl, x2), (y1, yg)) = 0. Next, we prove the
uniqueness of ). Let Q' : X x X — Y be another quadratic function satisfying
(2.1) and (2.3). Since @, Q' are quadratic,

1Q(x1,22) — Q' (1, 22)|

1
= aﬁ”@(anm, a"x2) — Q' (a" w1, a"x2)||

1

S a2n

[|Q(a"z1,a"x2) — fi(a"w1,a™xs)|| + || fr(a" w1, a"x2) — Q' (a1, a"2)|[]
lal?P 4 2]a| + 1

227 (|a|? — |a|?)

|al?” + 2|a| +1

220 (|af? — |al?r)

2
= aﬁeﬂanxl,a"xgﬂp

= 2|al?P" V| 2y, 3o P
—0asn— oo

for each z1, 29 € X. Therefore Q(x1,x2) = Q' (21, x2), for each x1, 29 € X. O

Theorem 2.2. Lete >0,p>1andlet f: X x X — Y be a function satisfying

(2.14) ||Df(($1a$2)a (y17y2)) H < 5[||5E1a P + ||y1,y2||p}
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for each x1,x9,y1,y2 € X. Then there exists a unique quadratic function @ :
X x X —'Y satisfying (2.1) and

(2.15)

Hf(xlamz) + f(=21, —22)
2

|a|?P 4 2]a] + 1
220 (|a|? — |a|?P)

- Qv a2) — 1(0,0) < ella, a7

for each 1,25 € X.

Proof. By (2.9) of Theorem 2.1, we have

(2.16) || f1(2az1, 2az2) — a® f1 (221, 232) || < [2]al + |a|*? + 1]e]|z1, z2||P
for each x1,x2 € X. Replacing x1,x2 by (”2%, ;—2) in (2.16), we get

(2.17)

X x
| £1@1,02) = @202 (2, 22) | < 2lale2 2 an, mall? + & 2% o] + 1], o))

for each 1,29 € X. Replacing x1,zs by (%, %2) in (2.17), we get

(2.18)
X x X X
(5, 22) — a2 (22, 22| < 2lale2lal o, wall? + - 272 [Jal 2 + Jal =] s,

for each x1, 22 € X. Now, by (2.17) and (2.18), we get

Hfl T1,T2) — a4f1 (ﬂ %) H

b
a2’ a?

Hf1 (r1,22) —a f1<a71 wz)H
(2. 2) - (3. 2)]

a?’ a?
< 2[ale2” % |a| 7P|y, 22||P + 27 P [|al TP ||z, 2o P
+al? - 2lale2™ % |al |1, 22 ||P + |a?27 Pela| 7P + [a| TP |21, 22| P
= 2ale27 ||y, 22|P [Ja] 7> + |a| = - |af?]

+27%e|lwy, @olP [(1+ [al ™) + (la] = + [al =) |af]
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for each z1,x2 € X. By using induction on n, we get

1 T2
e e (2 2)
n—1
< 2lale2” ||z, 22||P Y [al PPUFY o]
=0
n—1
+ 27|y, xo||P Z [|a|72pj + |a‘72p(j+1)] |a|?
=0
n—1
= 2lale2”|lz1, @al|P Y JaTPTVI
j=0
n—1
+ 27 %e|zy, 2P Z [|a|2(—p+1)j + |a‘2(—p+1)j—2p]
j=0
|a|f2p(1 _ ‘a|2(*p+1)n)
1-— ‘a|2(*17+1)
1— |a‘2(—p+1)n |a‘—2p(1 _ |a|2(—p+1)n)
1— |a|2(—p+1) 1— |a\2(—p+1) }

= 2|a|52_2p||$1,a?2||p

(2.19) 27 %e||oy, 07|
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for each x1,z5 € X. For m,n € N, we have

H 2mf (am7 xQ) 2nf1(a" a")H

_ Ha2(m+n—n)f1( 1 , 2 ) _ a2nf ( ) H
am+n—n am+n—n an an

a2 2(m—n) A T2 T1 T2
_|a|" a”" nfl(amfn,an’amfn,an) (an a™
m—n—l
< a2 - 2fafe2 || 21 22T N jgprrtniee
a™’ an
j=0
- T $2 pm n—1 - ) B .
+|a|2n2 2p . ‘ Z |a\2( p+1)J+|a|2( p+1)j 2p]
7=0
m—n—1
:2|a|52_2p\|x17x2|\p|a|2(_p+1)" Z |a|2(—10+1)]—2p
=0
m—n—1
+ €272 ||z, 25| |a) 2P LR Z [|a|2(—17+1)3+|a‘2(—1’+1)1—2p]
j=0
m—n—1
= 2|ale27 % ||z, 22| Z |a‘2(*p+1)(n+a)f2p
j=0
m—n—1
+ 272 |2y, wo|P Z [|a‘2(fp+1)(n+j)+|a|2(fp+1)(n+j)f2p]
j=0

|a|?(—p+Dn—p (1 — ‘a|2(—P+1)(m—n))

. —2p p
= 2|ale27?P||z1, 72| 1 [a2(-»+D)

+ 27|z, 2o ||P

{|a|2(—p+1)"(1 — |aPepHDm=n)) g 2(=p+n=p(] |a|2(—p+1)(m—n))]
1 — |a|2C#+D) 1 [a]2p+D)

—0asn—>o00, p>1

for each z1,29 € X. Therefore {aQ"fl (I—l "”—2)} is a Cauchy sequence in Y, for

a’L? a’”.
each x1, 29 € X. Since Y is a Banach space, {a?" fi (2%7 2—3)} converges, for each
1,22 € X. Define Q: X x X — Y as

Q(z1,22) := lim aQ"fl(xl 372)

n— a™ a"
for each x1, 22 € X. By (2.19), we get
lal~2?
— |a|2(*P+1)

1 el

Jim |Ateren) = oG 32)| < Aelezllon, ol

+ 27|z, o |

|al?” + 2|a| + 1

— 9 2p D
=2 ||$1, x2|| a[2 — [af?

1 —|a2(-P+D) " 1 —|af2(-P+D)

)



STABILITY OF FUNCTIONAL EQUATION 11
for each 1, x5 € X. Therefore

|a|*? 4 2]a] + 1
220 (|a|? — |a?)

- Q(xlva) - f(oa 0)

9 < ellay, zo|P

|f($1a332) + f(=21, —72)

for each x1, 29 € X. The further part of the proof is similar to the proof of Theorem
2.1. O

Theorem 2.3. Let e > 0,0 < p < % and let f : X x X — Y be a function
satisfying

(2.20) |1 Dy ((z1,22), (y1,92)) || < e[llwr, z2lP + [ly1, y2 7]

for each x1,x2,y1,y2 € X. Then there exists a unique additive function A : X X
X — Y satisfying (2.1) and

< E||$1,$2||2p
2(la| — |a|??)

(2.21) — A(z1, 72)

H f(xy,m2) + f(—21, —22)
2

for each x1,25 € X.

Proof. Let fo: X x X — Y be a function defined by fo(z1,22) := %[f(l’hl'g) —
fl=zq, —xg)], for each 1,25 € X. Then f3(0,0) = 0.
fa(=21, —22) = — fa(21,72). Also

(2.22) | D f2((21,22), (y1,92)) || < e[ller, z2]|” + lly1, v2l”]
for each 1, x2,y1,y2 € X. Putting (z1,22) = (0,0) in (2.22), we get
| f2(ayr, ayz) + falays, ayz) — 2afa(y1, v2)| < ellyr, yall?
for each y1,y2 € X. Therefore
12f2(ay1, ay2) — 2afa(yr, y2)|| < ellyr, ya|l”
for each y1,y2 € X. Therefore

ellyr, y2||P

(2.23) Hfg(ayl,ayg) - af2(y17y2)H < 5

for each y1,y2 € X. Replacing (y1,y2) by (21, 22) in (2.23), we get

p
(2.24) | folazy, aws) — afo(zr,22)|| < M
for each 1, x5 € X. Therefore
fa(azxy, axs) el|lx1, z2||P
2.25 ’ J2A0P,0%2)  p H < &z T2l
( ) a f2(x1 x2) = 2|a‘

for each x1, 22 € X. Replacing (z1, z2) by (az1, axs) in (2.25), we get

) |l

€
— falazq, axg)” < —
a a
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for each z1, 29 € X. By (2.25) and (2.26), we get

fola®z1,a®x3)  folazy, axy) H
a? a

|ntn) <]

a
ary,ax
| £l azz) _fg(xm)H
elaf* by
= 2|CL|2 ||£C1,(E2|| 2| |H£L'1,£C2||
€ |a|?
= gt (L g el
for each z1,22 € X. By using induction on n, we get
fa(a"xy, a"x2) H ellzy, al|P T |af*
JeNm v el < i
‘ an falan @) < == Z |a|J
_ellznzellP = 2o
Pl — |g|2P—Dn
(227) _ 8”&31,.132” |: |a‘| :|
2|al 1 — |a|P=1)

for each x1,25 € X. For m,n € N,
fala™zy,a™xzs)  fola™xy,a™xs)
a™ B am
B f2(am+n—nx1’ am-l—n—nxz) f2(anx1) anxz)

- am+n7n - a™

fz(am—n .anxh am"n . a";vz)
aqm—n

- fg(a”xl,a"xg)H

ol
m—n—1

1 )
< aragleenaal 3 1ol
7=0

m—n—1

1, @o||Plal =0 Y7 Ja| P

__c
~ 2a|
7=0

m—n—1

€ )
- = P (2p—1)(n+j)
LN

ellr, 22 |? ||~ 0" (1 — [a] P~ D0 n))

2|al 1 — [a|p=1)

1
—>» 0 as n — o0, O<p<§

for each z1,29 € X. Therefore {M} is a Cauchy sequence in Y, for

an
. . fa(a"x1,a"x2)
each x1,72 € X. Since Y is a Banach space, { <=2} converges, for each

1,22 € X. Define Q : X x X — Y as

. fala™xy,a™x
A, 22) = 73220%
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for each z1, 29 € X. By (2.27), we get

. Ja(a" w1, a"xo) ellz1, z2|P 1
JENT T a) < .
fucs an fz(“’xz)H =7 9] 1 Japp!
for each 1,29 € X. Therefore
Hf(xhxz) — f(=21, —22) _ Az, ) ellzy, zo|P

2 < g Tem)

for each x1, 29 € X. Next, we show that A satisfies (2.1).

||DA((x1,a:2),(y17y2))|| =7}i_>120| | Hsz((a x1,a"xs), (a"yha"yz))H
< lim — [||a T1,a $2||p+||a Y1, a y2|| ]

= lim e[|a]# =" w1, 22]” + [a] #7701, y2|]
n—oo
= 0

for each x1,x2,y1,y2 € X. Therefore DA((xl,m2)7(y1,y2)) = 0. So, A satisfies
(2.1). Next, we show the uniqueness of A. Let A’ : X x X — Y be another
additive function satisfying (2.1) and (2.2). Since A and A’ are additive,
A(a"x1,a"z2) = |a|"A(x1, x2),
A(a"xzq,a"xs) = |a|"A' (21, x2), for each x1, 20 € X.

[A(z1, 22) — A’ (21, 22) |

1

|A(a"x1,a" ) — A'(a" w1, a"2s)||

S [HA a’z1,a"wy) — falazy,a"m)|| 4 || f2(a" w1, @M as) — A (axy, 0" ws)||]
LZ&Hanxl,a”xQHP

= lal™ 2(lal — |af?r)

ynEllwy, z2||P

|a| — |a|?

—0asn— o0

= Jaf ¥~

for each x1, 25 € X. Therefore A(z1,x2) = A’'(z1,x2), for each x1, 29 € X. O
Theorem 2.4. Lete > 0,p > % and let f: X x X —'Y be a function satisfying
(2.28) |Ds ((z1,22), (y1,12)) || < e[llzr, z2]|” + llyr, ya?]

for each x1,x9,y1,y2 € X. Then there exists a unique additive function A : X X
X — Y satisfying (2.1) and

f(xy, ) + f(—21, —22) ellwy, z2|?
2.29 H — A(z1, x2) H e, T2llF
( ) 9 1 2 >~ 2 |a|2p — |a|)
for each 1,20 € X.
Proof. By (2.24) of Theorem 2.3, we get
el|lxy, x2||P
(2.30) Hfg(al“u@m) - af2($17332)H < M

2
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for each 1,22 € X. Replacing (z1,z2) by (%, %2) in (2.30), we get

T T ela| =%
(2.31) |t e —an (2, 2] < 902 oy e
for each z1, 22 € X. Replacing (z1,z2) by (%1, %’) in (2.31), we get
4p
1 T T T gla
(2.32) Hfz( ! 2) fg(a—;, —Q)H < |2 21, o[

for each x1, 25 € X. By (2.31) and (2.32), we get
T oz Tz
Hf2(l’17932) —GQch(*1 *Q)H < Hfz T1,T2) —afz( ' 2)“

a?’ a? a’ a

#ora(55) —atn (2]

ela|~?P|lz1, zo|P  elallal*P |y, zo|P

- 2 2
_ €||x17$2||p —2p —4p
= S22 (0] 20 4 Jof 17
for each z1, x5 € X. By using induction on n, we get
" < el za|” - —2p(j+1) |, |d
) e DL a

-1
elles, 22" nz: |a|(—2PDi—2p
2

=0
ellwy, ma|? a| 2P (1 — [a] 2PHI")

(2.33) = 2 1 —|a|(=2p+D)

for each z1,29 € X. For m,n € N
T T2 _ T1 €2
Jomsa (25,22 —an (22, 22) | = [lam o s ) - "f2(7 7)H
am™’a a”’ a a a a™’ a
1 €2
am—n_an’am—n_an f2 a7 a7

m—n—1
Pe S Jal2an
=0

2
j:

a| 71 @2

IN

an’ an

m—n—
ez, za|P jaf2+DR 3 |a|(72p+1)j*2p
2 =
m—n—1
ellzy, z2||P Z |a‘(72p+1)(n+j)72p
2 =~

ey, wol|p MK [a] “2PHD (1 — |q] (-2 Dmon))

_ —2p+1
2 = 1 |a‘( p+1)

1
—>Oasn—>oo,p>§

for each x1,29 € X. Therefore {a”f2 (w—l ””—2)} is a Cauchy sequence in Y, for

am™? aqn

each z1,20 € X. Since Y is a Banach space, {a"fg(ﬂ, ﬂ)} converges, for each

am™’ a™
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21,22 € X. Define A: X x X — Y as
A(xy,22) = lim anf2<ﬁ7%)
n— oo a™ am

for each x1, 25 € X. By (2.33), we get
: Ty 2 €|y

—a™ - = <

Jm |ftenoa) - io( T2 <

for each 1, x5 € X. Therefore

’x2||p ]-
2 |a** —a

f(@1,22) — f(=21, —22) ellz1, za|”
Ao, )| < Szl
H 2 (21, 22)| < 2(jal?? — [a])
for each x1, x5 € X. The further part of the proof is similar to that of the proof of
Theorem 2.3. (]

Theorem 2.5. Let ¢ > 0,0 <p < % and let f: X x X — Y be a function such
that
(2.34) ||Df((x17x2)v (y17y2)) H < 5[||:c1, zo||P + ||y1,y2||p}

for each x1,x9,y1,y2 € X. Then there exists a unique additive function A : X X
X — Y and there exists a unique quadratic function @ : X x X — Y satisfying
(2.1) and the inequality

(2.35)
la|?” + 2a] + 1 n 1
220 (|af? —|al?r) * 2(la| - |a/*)

Il f(z1,22) — A(21,22) — Q(1,22) — f(0,0)]] < €||$17I2|pl

for each x1,22 € X.

Proof. Since 0 < p < % = p < 1 and f satisfies (2.2). Therefore by Theorem 2.1,
there exists a unique quadratic mapping @ : X x X — Y such that
(2.36)
” f(@1, 22) + f(—21, —22)
2

la|?” + 2]a| + 1
220 (|a|? — |a|??)
for each z1,22 € X. Since 0 < p < % and f satisfies (2.2), there exists a unique
additive function A : X x X — Y such that

(2.37) Hf(xl,xz) —2f(—1:1,—z2)

= Qar,w2) = £(0,0)|| < ellan, as

gllwy, 2o
—A(ﬂfuxz)H < 1=
2(la| — |al?»)

for each x1,25 € X. Now
[f(z1,22) — Q(x1,22) — A(z1,22) — f(0,0)]|
_ Hf(x127$2) L fEen ) | flene)  fman, —a)

~ Q(a1,@2) — Alar,@2) = £(0,0)|

2 2 2
= | L) e, ) | S ZJE0 708 o, )~ AGw2a) - £(0.0)
< [ Loz I 2 o, ) — g0, + Ll SRy )|
|al*” + 2a| + 1 1
< e||xq, z2? 22p(|a|2 — |a|2p) 2(\a| _ |a|2p)]

for each 1,20 € X. O
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Theorem 2.6. Lete >0,p>1andlet f: X x X — Y be a function such that

(2.38) |Ds (w1, 22), (y1,92)) || < e[llwr, z2l” + y1, v2l?]

for each x1,x2,y1,y2 € X. Then there exists a unique additive function A : X x
X — Y and there exists a unique quadratic function Q : X x X — Y satisfying
(2.1) and the inequality

(2.39)
la|?” + 2a] + 1 1

x1,T2) — Q(x1,x2) — A(z1,22) — £(0,0)| < gz, 2P
[ f(z1,22) — Q(z1,22) — A(z1,22) — £(0,0)|| < gfl21, 22| 2 [a? — [aP) T 2(jaP = Ja])

for each 1,25 € X.

Proof. Proof is similar to that of the proof of Theorem 2.5. O
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