


On Variety of Signed Product Cordialness of Copper-Oxide and its Extended Networks


Abstract:
In current article, we have observed signed product cordial labeling on Copper Oxide () and its extended network. Also, we have defined balanced signed product cordial labeling on  and related structures. We have concluded that ,, ,  and  admits signed product labeling and also admits balanced signed cordial labeling under some condition. 
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Introduction
Around 1960, Graph Labeling was originated and later on plenty of labeling techniques is introduced which is continued till date. For this please refer [3]. Cahit [2] has initiated cordial labeling and Babujee et.al [1] has developed signed product cordial labeling. For a graph G, V(G) = set of vertices and E(G) = set of edges. Whereas |V(G)| = number of elements in the vertex set and |E(G)| = number of elements in the edge set. The concept of balanced cordial labeling was originated by Kaneria et.al [4], which inspired us to define the balanceness of signed product labeling. For terms not defined here, refer to [4]. In 2022, Yenoke et.al [5] explored copper oxide and its extended networks and applied L(2,1) labeling to it. These structures can be investigated for signed product cordial labeling and balanced signed product cordial labeling. 
1 Some Terminologies
Definition 2.1: Signed Product Cordial Labeling [1]
A vertex labeling of a graph G,   with edge labeling  defined by   is called a signed product cordial labeling if number of vertices labelled with  and  are differed at most by  and number of edges labelled with  and  are differed at most by . Its abbreviation is SPCL. 
A Graph admits SPCL is called signed product cordial graph. Its abbreviation is SPCG.
Here, number of vertices labelled with  and  is denoted by  and  respectively. Also, number of edges labelled with  and  is denoted by  respectively. 

[bookmark: _GoBack]Definition 2.2: Balanced Signed Product Cordial Graph
A signed product cordial graph is called a balanced signed product cordial graph if . Its abbreviation is B – SPCG.
Definition 2.3: Edge Balanced Signed Product Cordial Graph
A signed product cordial graph is called an edge balanced signed product cordial graph if  and . Its abbreviation is EB – SPCG.
Definition 2.4: Vertex Balanced Signed Product Cordial labeling
A signed product cordial graph is called a vertex balanced signed product cordial graph if and . Its abbreviation is VB – SPCG.
Definition 2.5: Unbalanced Signed Product Cordial Graph
A signed product cordial graph is called an unbalanced signed product cordial graph if . Its abbreviation is UB – SPCG.
Definition 2.6: Copper (II) Oxide Structure [5]
The Copper (II) Oxide  is an octagonal structure is joined to each other in rows and columns. Any two octagons are joined by Cu(4 bonds). Such networks with m octagons in row and n octagons in column is called Copper (II) Oxide Network, denoted by  Refer to Figure [1].
[image: ]In this structure, there are  vertices and  edges.

Figure 1: Structure




Definition 2.7: Extended Copper (II) Oxide Structure [5]
[image: ]In Copper (II) Oxide Structure, both pair of Cu (Copper) and O (Oxygen) is joined by a bond, a resulting structure is called Extended Copper (II) Oxide Structure. It is denoted by . Refer to Figure [2].In this structure, there are  vertices and  edges.

Figure 2:  Structure
Definition 2.8: Enhanced Copper (II) Oxide Structure [5]	
In Extended Copper (II) Oxide Structure, if we place a vertex in each face of an octagon (at apex) to form , then the resulting structure is called Enhanced Copper (II) Oxide Structure. It is denoted by . Refer to Figure [3].
[image: ]In this structure, there are  vertices and  edges.
Figure 3:  Structure
[bookmark: _Hlk193839442]Definition 2.9: O – Diagonal Copper (II) Oxide Structure [5]
In Copper (II) Oxide Structure, if both oxygen atoms are joined diagonally, then the generated structure is called O – Diagonal Copper (II) Oxide Structure It is denoted by . Refer to Figure [4].
[image: ]In this structure, there are  vertices and  edges.

Figure 4:  Structure
Definition 2.10: Cu – Diagonal Copper (II) Oxide Structure
In Copper (II) Oxide Structure, if both copper atoms are joined diagonally, then the generated structure is called Cu – Diagonal Copper (II) Oxide Structure It is denoted by . Refer to Figure [5].
[image: ]In this structure, there are  vertices and  edges.


Figure 5:  Structure

2 Notation for Node of  and its extended networks
The nodes in ith row and jth column are noted with

The nodes that appear between all consecutive rows are noted with

The nodes that appear at the apex of every octagon are noted with

Nodes noted with  appear only in  structures, while nodes noted with  and  appear in  and . Refer to Figure [5].
In Figure [5], we have given notations for the  structure; for the remaining structures, one can easily understand.
[image: ] 


3 Results
Theorem 4.1: The  structure admits SPCL.
Proof: To prove structure admits SPCL, firstly, we prove that it admits V – SPCL, and then we will prove that it admits E – SPCL. 
To Prove:  admits V – SPCL.
From Figure [1] and [3], the structure has 2 types of node notations  and .
Define an injective mapping  as follows
Case – I: 


Case – II: 


Now, we will show that, with this defined function  admits SPCL.
Consider the following table for the count of nodes with label  and  in different cases.
	Vertex Label
	Notation
	No. of Nodes, when

	
	
	
	

	 & 

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	

	Table 1: Counting of Nodes for structure



In each of the cases, .
So,  admits V – SPCL.
To Prove:  admits E – SPCL.
Define a mapping  as  
Consider the following table for the count of nodes with label  and  in different cases.

	Edge Label
	No. of Nodes, when

	
	
	

	 &


	
	 
	 
	 

	
	
	
	

	
	
	
	

	Table 2: Counting of Edges for   structure



So, 
So,  admits E-SPCL.
Hence,  admits SPCL. 
Corollary 4.1.1: The  structure is B – SPCG, If  otherwise EB – SPCG.
Proof: From Table [1] and Equation , We can conclude that,
	Condition
	When

	
	
	

	 & 


	
	
	
	

	
	
	
	



Clearly,  structure is,
B – SPCG for 
EB – SPCG for 
EB – SPCG for  & .
Example: SPCL on  structure.
[image: ]
 Vertex Labeling on 
Theorem 4.2: The  structure admits SPCL.
Proof: To prove structure admits SPCL, Firstly, we prove that it admits V – SPCL and then we will prove that it admits E – SPCL. 
To Prove:  admits V – SPCL.
From Figure [2], there are same number of vertices in  and  and hence with same function defined for  structure,  admits V – SPCL.
To Prove:  admits E – SPCL.
Consider the following table for the count of edges with label  and  in different cases.
	Edge Label
	No. of Nodes, when

	
	
	

	 &


	
	 
	 
	 

	
	
	
	

	
	
	
	



So,  
So,  admits E – SPCL.
Hence,  admits SPCL. 
Corollary 4.2.1: The  structure is B – SPCG, If  otherwise EB – SPCG.
Proof: From Table [1] and Equation , We can conclude that,
	Condition
	When

	
	
	

	 & 


	
	0
	1
	1

	
	0
	0
	0



Clearly,  structure is,
B – SPCG for 
EB – SPCG for 
EB – SPCG for  & .
[image: ]Example: SPCL on  structure.

 Vertex Labeling on 
Theorem 4.3: The  structure admits SPCL.
Proof: To prove structure admits SPCL, Firstly, we prove that it admits V – SPCL and then we will prove that it admits E – SPCL. 
To Prove:  admits V – SPCL.
From Figure [3], the structure has 3 types of node notations  and . Here, Vertex Labeling for and  is same as defined for . Let us define 
Case – I: 

Case – II: 

Let us check cordiality in  structure.
Consider the following table for the count in nodes with label  and  in different cases.
	Vertex Label
	Notation
	No. of Nodes, when

	
	
	
	

	 &


	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	

	Table 3: Counting of Nodes for  structure



In each of the cases, .
So,  admits V-SPCL.
To Prove:  admits E – SPCL.
Consider the following table for the count of edges with label  and  in different cases.
	Edge Label
	No. of Nodes, when

	
	
	

	 &   


	
	 
	 
	 

	
	
	
	

	
	0
	0
	0


 
So,  
So,  admits E – SPCL. Hence,  admits SPCL.
Corollary 4.3.1: The  structure is EB – SPCG.
Proof: From Table [1] and Equation , We can conclude that,
	Condition
	When

	
	
	

	 &    


	
	
	
	

	
	
	
	



Clearly,  structure is EB – SPCG.
[image: ]Example: SPCL on  structure.

 Vertex Labeling on 

Theorem 4.4: The  structure admits SPCL.
Proof: To prove structure admits SPCL, Firstly, we prove that it admits V – SPCL and then we will prove that it admits E – SPCL. 
To Prove:  admits V – SPCL.
Define an injective mapping  as follows

Case – I: 


Case – II: 


Now, we will show that, with this defined function  admits SPCL.
Consider the following table for the count of nodes with label  and  in different cases.
	
Vertex Label
	Notation
	No. of Nodes, when

	
	
	
	

	 &      


	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	
	

	
	
	
	

	Table 4: Counting of Nodes for   structure



In each of the cases, .
So,  admits V – SPCL.
To Prove:  admits E – SPCL.
Define a mapping  as 
.


Consider the following table for the count of nodes with label -1 and 1 in different cases.
	
Edge Label
	No. of Nodes, when

	
	
	

	 &


	
	 
	 
	 

	
	
	
	

	
	
	
	

	Table 5: Counting of Edges for   structure



So, 
So,  admits E-SPCL.
Hence,  admits SPCL. 
Corollary 4.4.1: The  structure is B – SPCG, If  otherwise EB – SPCG.
Proof: From Table [4] and Equation , We can conclude that,
	Condition
	When

	
	
	

	 &    


	
	
	
	

	
	
	
	



Clearly,  structure is,
B – SPCG for 
EB – SPCG for 
EB – SPCG for  & .

[image: ]Example: SPCL on  structure.

 Vertex Labeling on 
Theorem 4.5: The  structure admits SPCL.
Proof: To prove structure admits SPCL, Firstly, we prove that it admits V – SPCL and then we will prove that it admits E – SPCL. 
To Prove:  admits V – SPCL.
From Figure [5], there are same number of vertices in  and  and hence with same function defined for  structure,  admits V – SPCL.
To Prove:  admits E – SPCL.
Consider the following table for the count of nodes with label  and  in different cases.
	
	No. of Nodes, when

	
	
	

	 &   


	
	 
	 
	 

	
	
	
	

	
	0
	0
	0

	Table 6: Counting of Edges for  structure



So, 
So,  admits E-SPCL.
Hence,  admits SPCL. 
Corollary 4.5.1: The  structure is B – SPCG, If  otherwise EB – SPCG.
Proof: From Table [4] and Equation , We can conclude that,
	Condition
	When

	
	
	

	 & 


	
	
	
	

	
	
	
	



Clearly,  structure is,
B – SPCG for 
EB – SPCG for 
EB – SPCG for  & .
[image: ]Example: SPCL on  structure.

 Vertex Labeling on


Conclusion:
The ,  ,   structure admits SPCL. i.e. The extended networks of copper oxide () admits signed product cordial labeling (SPCL).
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