


Classical Nonelementary Integrals and Dominating Sequential Functions



Abstract
The aim of the paper is to express some well known nonelementary integral functions like sine integral, cosine integral, Dirichlet integral, Faddeeva function, Fried Conte function, Jackson function, Dawson integral, Fresnel function, Sitenko function, Gordeyev integral, error function, complementary error function, exponential integral, and logarithmic integral in terms of sequential and dominating sequential functions. The expressions in terms of sequential and dominating sequential functions will be the possible solutions (or integrals) of those nonelementary functions. In the study we found that except Plasma Dispersion Function, (Jackson) Function and Gordeyev Integral all other classical nonelementary integral functions discussed in the paper are expressible terms of sequential and dominating sequential functions. In last section a scope of future research has also been proposed.
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Introduction
“A function is a relation which states that how a dependent variable depends on another independent variable. Its concept was propounded with the infinitesimal calculus at the end of the 17th century and was formalized at the end of 19th century in terms of set theory, which increased the possible applications of the functions” (Chaudhary & Yadav, 2025; Courant et al., 2011; Katz, 2019). It is divided into many types out of which the interesting one is elementary and nonelementary functions.
The classes of functions which are studied in elementary calculus and are expressible in closed form are generally known as elementary functions (Chaudhary & Yadav, 2025; Gale et al., 1923; Marchisotto et al., 1994; Yadav, 2015). Indefinite integration is treated as a mathematical tool to create new elementary and nonelementary functions. Gottfried Leibniz considered an indefinite integration of an elementary function f(x) as a solution F(x), composed of elementary functions, such that F’(x) = f(x). In mathematical symbol, we denote it by

          (i)

which on differentiation gives us where the constant of integration k corresponds to the value of the integral for the lower limit a (Bromwich, 1911; Cherry, 1985, 1986; Chaudhary & Yadav, 2025; Hardy, 2018; Kasper, 1980; Yadav, 2015).
“An indefinite integral of an elementary function is either an elementary function or can be expressed in terms of elementary functions in finite number of steps. Those functions whose indefinite integrals are neither elementary nor can be expressed in terms of elementary functions are classically known as nonelementary integrals or nonintegrable functions” (Chaudhary & Yadav, 2025; Marchisotto et al., 1994; Muller, 2006; Risch, 1969, 1970, 2022; Ritt, 2022; Rosenlicht, 1972; Yadav, 2015).
“We know that the integral of every continuous function exists and is itself a continuous function of the upper limit, and this fact has nothing to do with the question whether the integral can be expressed in terms of elementary functions or not. In this sense the process of integration forms a basis for the generation of new functions” (Bromwich, 1911; Todhunter, 1889; Yadav, 2015). There are many more works on nonelementary integrals but some got most popular name in the study. Such most popular name of new functions originated from nonelementary integrals can be seen as: Faddeeva Function w(x) was introduced by Fadeeva and Terent’ev in 1954 as


It is also called complex error function or probability integral and Complex Cramp function (Yadav & Sen, 2025). Plasma Dispersion Function Z(x) was given by Fried and Conte in 1961. It is also known as Fried Conte function and is given by


(Yadav & Sen, 2025). (Jackson) Function G(x) was propounded by Jackson in 1960 is given by


(Yadav & Sen, 2025). Dawson Integral was presented by Abramowitz and Stegun in 1965. It is sometimes called as Dawson's function and is given by


(Yadav & Sen, 2025). Fresnel Functions C(x) and S(x) were introduced by Abramowitz and Stegun in 1965, which are defined by


The Fresnel integrals are alternatively defined as


, and, 
(Yadav & Sen, 2025). (Sitenko) Function φ(x) was given by Sitenko in 1982 and is defined by


(Yadav & Sen, 2025). Function Y(x) of Fried and Conte given in 1961 is defined by



(Yadav & Sen, 2025). Gordeyev Integral  presented by Gordeyev in 1952 is defined by


(Yadav & Sen, 2025). The Error or Cramp Function was introduced by Gauss. Russian authors Mikhailovskiy in 1975, Bogdanov et al. in 1976 call erf(x) a Cramp function. It is given by


 or 
(Yadav & Sen, 2025). Complementary Error Function is given by


(Yadav & Sen, 2025). The Exponential Integral is denoted and defined by


(Yadav & Sen, 2025). The Sine and Cosine Integrals are defined by


 and 
(Yadav & Sen, 2025). The Logarithmic Integral is denoted and defined by


 or 
(Yadav & Sen, 2025). The above nonelementary integral functions would be taken into consideration in context of sequential and dominating sequential functions as possible solutions.

Preliminary Ideas
As far as the dominating sequential functions are concerned, Yadav & Sen (2008) proposed six standard forms of nonelementary integral functions. To make them elementary Yadav & Sen (2009, 2010, 2012a, 2012b) introduced dominating function and studied the properties of d-function in context of indefinite integrable functions (known as elementary integrals) considering both functions in finite and infinite terms i.e., both in closed and series forms. Yadav & Sen (2012) extended the concept of d-function and propounded sequential and dominating sequential functions in context of classical elementary functions like trigonometric, hyperbolic, exponential, and logarithmic functions. Using these functions they made many nonelementary integral functions as elementary integrals.
Yadav & Sen (2009, 2012a, 2025) have called “dominating trigonometric functions, dominating hyperbolic functions, dominating exponential functions and dominating logarithmic functions as dominating elementary functions”. Yadav & Sen (2012a) have propounded sequential functions for elementary functions based on the inner product of two n-vectors of a general sequence and elementary functions. Thereafter they extended it for different dominating functions and called them dominating sequential functions. For it they took an arbitrary sequence

and the series of sinx


and took the inner product of the two infinite sequences as



i.e.

i.e.

They adjusted the sequence according as the lower limit of n in the summation. Similarly they developed other sequential trigonometric functions as





where B, E are Bernoulli and Euler numbers respectively. When they applied these concepts on dominating trigonometric functions, they get dominating sequential trigonometric functions as






where m, r are arbitrary constants and can take any arbitrary value on demand. Following the similar procedures, Yadav & Sen (2012a) propounded the sequential hyperbolic functions as






and the dominating sequential hyperbolic functions as






Similarly Yadav & Sen (2012a) propounded sequential exponential, dominating sequential exponential, sequential logarithmic and dominating sequential logarithmic functions as






Thereafter Yadav & Sen (2012b) found the integrals of these new functions. In the present paper we have attempted to relate the above functions with nonelementary integral functions.

Discussion
“It is a well known fact that the antiderivatives of elementary function in not necessarily an elementary function but the fundamental theorem of calculus asserts that the every continuous function has an antiderivative” (Yadav, 2015). “The only problem arises to express the integral in terms of elementary function. The difficulty of indefinite integration depends on the choice of the class of functions and the standard mode of expression” (Hardy, 2018; Marchisotto et al., 1994).
“The two leading inventors of calculus Newton and Leibnitz had followed distinct approaches to integration. Newton adopted for infinite series solutions and evaluated integrals by expressing functions in power series using term by term integration. Whereas Leibnitz followed solutions in finite terms and searched for closed form expression of integrals. In the 18th century, mathematicians followed both representations and found that both give equal results” (Yadav & Sen, 2013).
In dominating function theory, we have followed both of the approaches. When the integrals come into elementary function form, there is no question of worry but when the integral comes into nonelementary function form, then dominating sequential function plays an important role in transforming them into closed and compact form, which is the need of the elementary functions. Following the same procedures, we have reviewed the well known nonelementary functions in terms of dominating sequential functions.
Yadav & Sen (2012b, 2025) have found “the possible integrals of some nonelementary integral functions in terms of dominating sequential functions, which helps us to find the integrals of well known nonelementary integral functions in terms of dominating sequential functions”. They found integral of dominating sine function as


Putting m = 1, r = 1, we get the integral



Similarly for dominating cosine function they found


Putting m = 1, r = 1, we get the integral


For dominating sequential exponential functions they found


Putting m = 1, r = 1, we get the integral

Similarly

They also found that


Using the above integrals, we can express some nonelementary integral functions in terms of dominating sequential functions but still we need some more integrals in terms of dominating sequential functions. So let us first express those nonelementary integral functions in terms of dominating sequential functions. We have for

Putting logx = z, we get


Also we have for

Putting , we get



We know that

So equating real and imaginary parts, we get


Using the result of (vi), we get


Putting the value , we get




Again we have

Putting , we get

Expanding the integrand in series and integrating term by term, we get

Putting , we get

Now using the above eleven integrals, we can relate many nonelementary integral functions in terms of dominating sequential functions. In doing so, we will always convert definite integrals in terms of indefinite integrals using the relation (i).
For Faddeeva Function w(x), we have




which is in dominating sequential function form, where  are arbitrary constants of integration.
For Dawson Integral, we have




which is in dominating sequential function form.
For (Sitenko) Function φ(x), we have




which is in dominating sequential function form.
For function Y(x) of Fried and Conte, we have




which is in dominating sequential function form.
For the error or Cramp Function, we have


+  [using (i)]

which is in dominating sequential function form.
For complementary error function is given by



which is in dominating sequential function form.
For the exponential integral, we have


which is in dominating sequential function form.
For the Sine and Cosine integrals, we have



]
both are in dominating sequential function form.
For the logarithmic integral, we have


 

which is in dominating sequential function form.
For Fresnel Functions C(x) and S(x), we have



which is in dominating sequential function form.
For the Fresnel integrals, we have






both are in dominating sequential function form.



For Plasma Dispersion Function , (Jackson) Function G(x)  and Gordeyev Integral , we are unable to find the integrals of their integrands in dominating sequential function form and so they are not expressible in dominating sequential function form.
Conclusion
In above discussion, we found that Plasma Dispersion Function, (Jackson) Function and Gordeyev Integral cannot be expressed in dominating sequential function form whereas other classical nonelementary integral functions like sine integral, cosine integral, Dirichlet integral, Faddeeva function, Fried Conte function, Jackson function, Dawson integral, Fresnel function, Sitenko function, Gordeyev integral, error function, complementary error function, exponential integral, and logarithmic integral were expressed successfully in dominating sequential function form.

Scope of Future Research
All the nonelementary integrals in terms of dominating sequential function form can be studied using numerical approximations for verification.
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