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On Sum Cordialness of Some Fractal Graph 



Abstract:
For a graph G with vertex set V is a function  with induced edge labeling such that  such that   for all is called a sum cordial labeling, If and . A graph that follows sum cordial labeling is called a sum cordial graph. We have proved that Vicsek fractal, Box fractal, Ladder Fractal Graph of Type – 1 to Type – 4 admits sum cordial labeling. 
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1 Introduction
Graph labeling is a technique where numbers are assigned to the vertices, edges, or both in a graph, following certain rules. This labeling makes it possible to distinguish between adjacent vertices or edges, which is very useful in real-world applications. In fact, graph labeling has been applied in areas like radio astronomy, radar and missile guidance, x-ray crystallography for studying materials, communication networks, and transportation systems.
The concept was first introduced in 1967 by Rosa [7], who defined a labeling function that assigns integers to the vertices of a graph. From these assignments, edge labels are created by taking the difference between the vertex labels of each edge, ensuring that every edge label is unique.
Later, in 2014, V.R. Visavaliya, M.I. Bosmia, and B.M. Patel [16] introduced a new type of labeling called Sum Cordial Labeling. They studied how this labeling works on different graphs like flower graphs, web graphs, tadpole graphs, triangular snakes, and shell graphs. In 2015, M.I. Bosmia, V.R. Visavaliya, and B.M. Patel [6] extended this work further. They proved that several well-known graphs, such as wheel graphs, closed helm graphs, quadrilateral snake graphs, double quadrilateral snakes, and gear graphs, also admit sum cordial labeling.
Fractals [8] are complex geometric shapes that exhibit self-similarity, meaning their structure looks similar at different levels of magnification. They are often created by repeating a simple process over and over in an ongoing feedback loop. Its main key properties are infinite complexity, self-similarity and fractal dimension. In this paper, we have investigated Vicsek fractal, Box fractal, Ladder Fractal Graph of Type – 1 to Type – 4. Their usage and application is mentioned in table 1.

[bookmark: _GoBack]Table 1: List of Fractal Graph
	Fractal Graph
	Graph Theory Focus
	Applied Fields
	Example

	Vicsek Fractal
	Spanning Trees, Random Walks
	Physics, Networks, Biology
	Diffusion in porous media, scalable networks

	Box Fractal
	Fractal Dimension, Graph Domination, Graph Covering
	Sensor Networks, Urban Growth
	Wireless coverage, city street modelling

	Ladder Type-1
	Hamiltonian Paths, Graph Domination
	Electrical Circuits
	Parallel resistive ladder networks

	Ladder Type-2
	Chromatic Number, Graph Labeling
	Biology (DNA/Proteins)
	DNA double-helix ladder modelling

	Ladder Type-3
	Distance Indices, Recursive Growth
	Chemistry
	Polymer structures modeming

	Ladder Type-4
	Eigenvalue Analysis, Spectral Theory
	Nanoelectronics, Quantum Computing
	Quantum transport in nanoscale devices




2 Some Terminologies
Definition 2.1: Sum Cordial Labeling [10]
For a graph G with vertex set V is a function  with induced edge labeling such that  such that   for all is called a sum cordial labeling, If and .  Its abbreviation is SCL. 
Definition 2.2: Sum Cordial Graph [1]
A graph that follows SCL is called sum cordial graph. Its abbreviation is SCG.
Definition 2.3: Construction of Vicsek fractals (saltire form) [8]
In mathematics, the Vicsek fractal—also known as the Vicsek snowflake or box fractal is a well-known example of a recursive pattern. It is generated using the cluster fractal method, also called generator iteration. The process begins by dividing a square into a 3-by-3 grid, forming nine equal smaller squares. The four corner squares and the central square are retained, while the remaining four edge-centre squares are removed. This same procedure is then applied recursively to each of the five remaining squares. The Vicsek fractal is the limiting set that emerges from repeating this process infinitely.
In nth iteration of vicsek fractals (saltire form), there are  squares, vertices and  edges.
	[image: ]

	Figure 1: Construction of Vicsek fractals (saltire form)



Definition 2.4: Construction of Vicsek fractals (cross form) [8]
The construction of the Vicsek fractal in its cross form begins similarly to the saltire form, starting with a single square and using the cluster fractal generation method. The initial square is divided into a 3-by-3 grid, resulting in nine smaller squares. The four corner squares are removed, while the central square and the four edge-centre squares are retained. This recursive process is then applied to each of the five remaining squares. The Vicsek fractal is the limit set formed through infinite repetition of this procedure.
	[image: ]

	Figure 2: Construction of Vicsek fractals (cross form)



In nth iteration of vicsek fractals (cross form), there are  squares, vertices and  edges.
Definition 2.5: Construction of Box Fractal (Type-2) [8]
[image: ]The construction of the Box Fractal also begins with a single square in the 1st iteration. In the next step, one square is added to each side of the original, forming a plus-shaped arrangement of five squares. This pattern is then repeated—adding new squares to each side of the existing ones—continuing the design in the same manner. Alternatively, this structure can be generated using the cluster fractal method, where certain squares are systematically removed at each stage to create the same overall pattern.
	

	Figure 3: Construction of Box Fractal (Type-2)



In nth iteration of box fractals (type-2), there are  squares, vertices and  edges.
Definition 2.6: Construction of Ladder Fractal Graph (Type - 1) [9]
For Type-1 construction, we start by considering four squares in the 1st step. In the 2nd step, four additional squares are attached at the top-right vertex of the existing structure. This combined result from the first and second steps is regarded as the first iteration. In each subsequent iteration, four new squares are similarly attached at the top-right vertices of the existing squares, forming a ladder-like fractal pattern. This fractal structure can also be represented and studied as a graph. It is denoted by 
	[image: ]

	Figure 4: Construction of Ladder Fractal Graph (Type - 1)



From figure it is very clear that, vertex . i.e. one vertex is shared in next iteration. In nth iteration of ladder fractals (type-1), there are  squares, vertices and  edges.
Definition 2.7: Construction of Ladder Fractal Graph (Type - 2) [9]
For Type-2, the construction begins by considering four squares in the 1st step. In the 2nd step, another set of four squares is attached along the top-right edge of the existing structure. The combination of these steps forms the first iteration. In each following iteration, four new squares are added in the same way, progressively creating a ladder-like fractal pattern. This structure can also be modelled and analysed as a graph. It is denoted by  
From figure it is very clear that, vertex and . i.e. two vertices and one edge is shared in next iteration. In nth iteration of ladder fractals (type-2), there are  squares, vertices and  edges.
	[image: ]

	Figure 5: Construction of Ladder Fractal Graph (Type - 2)



Definition 2.8: Construction of Ladder Fractal Graph (Type - 3) [9]
For Type-3, the construction starts by considering four squares in the 1st step. In the 2nd step, four additional squares are attached along the upper edge at the top-right corner of the existing structure. This combined configuration marks the completion of the first iteration. In each subsequent iteration, four new squares are added in the same manner, gradually forming a ladder-like fractal pat tern. This fractal can also be represented and studied as a graph. It is denoted by 
Observe that, Ladder fractal of Type - 2 and Type – 3 are symmetrically same.
	[image: ]

	Figure 6: Construction of Ladder Fractal Graph (Type - 3)



Definition 2.9: Construction of Ladder Fractal Graph (Type - 4) [9]
In Type-4, the construction begins similarly to Type-1, with four squares considered in the initial step. However, in the 2nd step, only three additional squares are attached to the top-rightmost square, resulting in a total of seven squares after this step. The addition of these three squares is considered the completion of the first iteration. In each subsequent iteration, three more squares are attached in the same manner to the top-rightmost square, gradually forming a ladder-like fractal graph. It is denoted by 
From figure it is very clear that, vertex and . i.e. four vertices and four edges are shared in next iteration. In nth iteration of ladder fractals (type-2), there are  squares, vertices and  edges.
	[image: ]

	Figure 7: Construction of Ladder Fractal Graph (Type - 4)


	 
3 Main Results

[bookmark: _Hlk195860965]Theorem 3.1: The vicsek fractals (saltire form) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 


	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd
	
	

	th
	
	

	
	
	

	Table 2 : Vertex and edge count for vicsek fractal (saltire form)



So, it is clearly visible that  Hence, the vicsek fractal (saltire form) admits SDCL.
In below figure, sum labeling is applied on 3rd iteration of vicsek fractal (saltire form). In this figure, a small thick red coloured line denote edge with label 1.
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	Figure 8: Sum labeling on 3rd iteration of vicsek fractal (saltire form)



Theorem 3.2: The vicsek fractals (cross form) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 
	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd
	
	

	th
	
	

	
	
	

	Table 3 : Vertex and edge count for vicsek fractal (cross form)



So, it is clearly visible that  Hence, the vicsek fractal (cross form) admits SDCL. 
In below figure, sum labeling is applied on 3rd iteration of vicsek fractal (cross form). In this figure, a small thick red coloured line denote edge with label 1.
	[image: ]

	Figure 9: Sum labeling on 3rd iteration of vicsek fractal (cross form)





Theorem 3.3: The box fractal (type-2) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 
	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd
	
	

	th
	
	

	
	
	

	Table 4:  Vertex and edge count for box fractal (type-2)



So, it is clearly visible that  Hence, the box fractal (type-2) admits SDCL. 
In below figure, sum labeling is applied on 3rd iteration of box fractal (type-2). In this figure, a small thick red coloured line denote edge with label 1.
	[image: ]

	Figure 10: Sum labeling on 3rd iteration of box fractal (type-2)




Theorem 3.4: The ladder fractal (type-1) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling as 


Now the induced edge labeling is defined as  as .
As per vertex labeling, 


	Iteration
	Vertex count
	Edge count

	1st
	
	

	nd
	
	

	rd
	
	

	th
	
	

	
	

	

	Table 5: Vertex and edge count for ladder fractal (type-1)



So, it is clearly visible that  Hence, the ladder fractal (type-1) admits SCL. 
In below figure, sum labeling is applied on 3rd iteration of ladder fractal (type-1). In this figure, a small thick red coloured line denote edge with label 1.

	[image: ]

	Figure 11: Sum labeling on 3rd iteration of ladder fractal (type-1)



Theorem 3.5: The ladder fractal (type-2) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling as 
Case – 1: 
 and 
Case – 2: 
 and 
Case – 3: 
 and 
[bookmark: _Hlk200474715]Now the induced edge labeling is defined as  as .
As per vertex labeling, 
Case – 1: 
 and 

Case – 2: 
 and 

Case – 3: 
 and 


	Iterations
	Vertex count
	Edge count

	st
	
	

	
	
	


	

	

	

	Table 6: Vertex and edge count for ladder fractal (type-2)



So, it is clearly visible that  Hence, the ladder fractal (type-2) admits SCL. 
In below figure, sum cordial labeling is applied on 3rd iteration of ladder fractal (type-2). In this figure, a small thick red coloured line denote edge with label 1.
	[image: ]

	Figure 12: Sum labeling on 3rd iteration of ladder fractal (type-2)



Theorem 3.6: The ladder fractal (type-4) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling such that 
Case – 1: 
 and 

Case – 2: 
 and 
Case – 3: 
 and 
Now, the induced edge labeling is defined as  as .
As per vertex labeling, 
Case – 1: 
 and 

Case – 2: 
 and
 
Case – 3: 
 and 



	Iterations
	Vertex count
	Edge count

	st
	
	

	
	
	

	
	

	

	Table 7: Vertex and edge count for ladder fractal (type-4)



So, it is clearly visible that  Hence, the ladder fractal (type-4) admits SCL. 
In below figure, sum labeling is applied on 3rd iteration of ladder fractal (type-4). In this figure, a small thick red coloured line denote edge with label 1.
	[image: ]
















	Figure 13: Sum labeling on 3rd iteration of ladder fractal (type-4)



Conclusion:
The vicsek fractals (saltire form), the vicsek fractals (cross form), the box fractal (type - 2), the ladder fractal (type - 1), the ladder fractal (type - 2), the ladder fractal (type - 4) admits sum cordial labeling (SCL).
[bookmark: _Hlk192511329][bookmark: _Hlk187485061][bookmark: _Hlk194655630][bookmark: _Hlk209008097]
[bookmark: _Hlk204003461][bookmark: _Hlk209007716]
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