Compactness properties of pseudo-differential
operators related with the coupled fractional Fourier
transform

Abstract

In this paper, we introduce the characterization of compactness of the
coupled fractional Fourier transform (CFrFT). Few results on compactness of
pseudo-differential operators (P.D.O) connected with CFrFT are investigated.

1 Introduction

In 1965, Kohn-Nirenberg and Hormander [1]] were the ones who first introduced
the pseudo-differential calculus, and later authors expanded on it, primarily in a
local context, to examine local regularity and local solvability of PDEs. The term
"pseudo-differential operators" [2, 3 4} 5] has a fairly broad definition and covers
such topics as harmonic analysis, partial differential equation, geometry, mathe-
matical physics, microlocal analysis, time-frequency analysis, imaging, computa-
tions, and quantum mechanics. In mathematics, natural sciences, medicine, scien-
tific computing, and engineering, current trends and novel applications are high-
lighted. The emphasis is on contemporary developments in different branches of
engineering, mathematical sciences, the natural sciences, medicine, scientific com-
puters.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field developed




the theory of pseudo-differential operators with the help of different types of inte-
gral operators like Fourier transforms ( see [6, 7]]), Hankel transform ( see [8}/9, [10]]
), Fourier Bessel Transform on R (see [[11}[12]]), Weinstein transform ( see [[13]] ),
Laguerre hypergroups (see [[14]) and Jacobi differential operators (see [15]), Gyra-
tor transform (see [[16]]).

The pseudo-differential operators L(x,y,D; ) and Z(x,y,D, ,) related to Fg, 6,
have been defined and discussed some estimations and some inequalities in [17].
In this manuscript, it is to be proved that the operator L(s,t,D;,) — .Z(s,t,Ds;)
is a compact operator in L?>(R?) related to the symbol I(s,¢,u,v). If we consider
three symbols [(s,t,u,v), m(s,t,u,v) and n(s,t,u,v) = I(s,t,u,v)m(s,t,u,v) and
L(s,t,Dy;), M(s,t,Dys;), N(s,t,Dy;) the connected P.D.O. respectively. Then, it is
to be proved that L(s,t,Ds,)M(s,t,Ds,) — N(s,t,Dy,) : L*(R?) — L*(R?) is a also
compact operator in this paper.

2 Preliminaries

The fractional Fourier transform was developed in 1980 by Namias [18]] as a means
of determining the solutions to certain differential equations that sometimes arise
in quantum physics. McBride and Kerr [19]] further refined his findings by creating
an operational calculus for the fractional Fourier transform. Fractional Fourier
transform has drawn increased attention in recent years due to its many applications
in the fields of image processing, signal analysis, and optics. This transformation is
crucial for resolving a number of issues in signal processing, optics, and quantum
physics [[18} 20} 211, [22] 231 24, 25| 26l 27, 28]]. A variety of mathematical analytic
fields have examined the fractional Fourier transform, which is a generalisation
of the ordinary Fourier transform. These areas include wavelets [29, 30], pseudo-
differential operators [31], and generalised functions [27, |32 33| 42]. The well-
known Fourier transform of a function ¢ € L;(R), represented by (5 , is described
as The Fourier transform of a function phi € L;(R) is defined by

o) =5 [ (o)t

- 2n
so that its inverse is given by

_ 1
2

0(0)= 57 [ 9(man

provided the integrals exist.

We recall the one-dimensional fractional Fourier transform [34,A35, 36, 37] of a
function ¢ € L;(R) with parametre 6, denoted by (%9 )(1) = ¢g(n) is given in
L;(R) as follows:

(Zo9)(m) = o) = [ Ko(C.mO(§)dC m



where the kernel Ko (&, 1) is given by

[(C2+n2)cot9 . .
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_1 ,—i¢n =2
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Ko(C,m) = v ’ 2

6(C—-mn), O=2nm
0(6+mn), 6=02n+1)m
Co =1/ % and studied some properties of this transform.
The corresponding inversion formula of (:#¢)(n) is defined in the following ways

0(0)= [ KaC.m)(Fag)(m)an @

—i(§24n2)cotd

Ro((,m) = Coe 40 ritneco

and Cy = \/% =C_gp.
Hence, Ko(&,1) = K_6(E,M).
It implies that the inverse of a FrFT with the parameter 6 is the FrFT with the pa-

rameter —0.

Exploiting the tensor product of n copies of the one-dimensional fractional Fourier
transform each of order 6, p =1, 2, 3,...,n [38], the fractional Fourier transform
has been extended to the higher-dimensional transform.

We assume that 6 = (917 92)) X= (x7 77)7 y= (y, C)a Ky (X)Y) :K91 (xv n)K% (y7 C) =
Ko, 0,(x,y,m,{), where Ky, (x,1) and %, (y, {) defined as above.

The two-dimensional fractional Fourier transform [17, 139, 40, 41]] is defined as
follows:

Zo0)(1.0) = [Za,00l0.8) = [ [ Ko(xy)o(xy)dxdy
= [, oK om0 €)0 (e v)dxay
RJR
B //Kelvez(x’yv"’?aC)‘P(x,y)dxdy. 3)
RJR

The corresponding inversion formula of ([3|) is defined as follows:

0(.3) = [ [ Koo (o3 )[Fo,.0,0)(n. )dnd. @

It is easy to observe that for 8; = 6, = %, the two-dimensional fractional Fourier
transform .%, 6, becomes a classical two-dimensional Fourier transform.

Definition 1. A tempered distribution ¢ belongs to the Sobolev type spce 7*(R x
R), and s € R if its coupled fractional Fourier transform Fg, g,¢ corresponding to
a locally integrable function (Fg, o,0)(&,1n) over R x R such that

1

@) g, = ( [ [lta+iema +rnm}%<%l,92¢><é,n>\2dnda)2 <o (5)

This space is complete with respect to the norm (#:%) ¢ ||,.



Definition 2. The space (R x R) is the collection of all complex valued infinitely
differentiable functions ¢(&,n) € R x R for every choice of 1y, I, m;, my € Ny
which for

xll I om  gm
Y oxm dym

b, (¢)=sup P (x,y)| < . (6)

(x,y)eERxR

The dual of . (R x R) is denoted by ./’ (R x R).
If © is a locally integrable and polynomial growth function on R X R, then ¢ gen-
erates a distribution in .’ (R x R) as follows:

(0.0)= [ [oEmoEmdzan, e ®xR). 9

The elements of .’ (R x R) are known as tempered distributions.

Theorem 1. Let Ky, ¢,(x,y,1,() be the kernel of the two-dimensional fractional
Fourier transform. Then, for all ¢(x,y) € ./ (R x R), we have

(i) D)rc,yKel,ez (x,y, n, C) = {l(n csc O + CCSC 92)}rK91,92 (X,y, n, C)v

(i) fR fR (p(xay)D;,yKel,Gz (xayv n, C)dXdy = fR fRKel ,62 (xvya n, C)(D;c,y)r(P(x’y)dXdya
(iii) Fo,,6,{ (D) @ (x,y)}(1, &) = {i(ncsc 61 + L esc 62)} (Fo, 0,0 (x,¥)) (N, ),
forall r € N, where Dy, = [a% + a% +i(xcotO; +ycot6,)]

and D, = —[% + 9% —i(xcot@ +ycot6)].
Proof. See [39]. ]

2.1 | Symbol Classes

In this section, the symbol classes A is discussed in [17]. Let I(s,z,u,v) be a com-
plex valued function defined for s,7,u # 0,v # 0 € R. The function I(s,,u,v) €
C*(RxRxR—{0} x R—{0}) is said to be an element of the class A if and only
if [(s,t,tyu,tv) = I(s,t,u,v) for t; > 0, , > 0, and assume also that

lim [(s,t,u,v) =1(c0,00,u,v
(Is],l¢])=>(eo,00) ( ) =1 )

exists for u # 0,v # 0 € R and [(e0, 00, u,v) is a mapping C*-function.

Now we define I'(s,7,u,v) = I(s,t,u,v) — [(c0,00,u,v), and assume the estimates

ak 31 om 9"
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U'(s,t,u,v)| < Corimn, Vs, t,u#0,v£0€R
(8)

here p=1,2,3.......k, , m, n are natural numbers.

Theorem 2. (i) We get
[[(00,00,&, ) = I(e0,00,8,m)| < C((I& = 8[+ (5 —n)/ (1] + S +18]+nl)),



V&, £, 8, n arbitray in R — {0}.

(ii) The estimates (1 +x2csc?0; +y*csc?02)P| Fg, 6,(I') (x,5,&,8)| <M,
Vx,y, E£0, L #£0€R, p=1,2,3,4, 5..;

(iii) (14 x2csc? 0y + ¥ esc?0,)P | Fg, 0, (1) (x,3,E,8) — Fo, 0, (1) (x,,8,1)|

<M, (€ = 8[+1E —n)(IEI+[S1+18]+ )", V&, &, 8, neR-{0},
Vx,yeR, p=1,2,...to o being

Jelﬁz( )(x7yv§7C) f]RfRK91792(t7”7x7y)l/(t7”)67C)dtdua
Vx,y,& # 0,8 # 0 € R are verified.

Proof. (i) Similar proof of Theorem 1 (a)[[7].

(ii) The proof is introduced in [[17].
(iii)
It can be easily proved from (ii), [[L7]. L]

2.2 | Pseudo-Differential Operator L(x,y, D, ,) related to Fg, o,

Let [(x,y,&,8) =1"(x,9,&,8) +1(c0,00,&, ) be a symbol, and, as previously,

Fo,.0,1)(x,3,€,0) //Kg, o, (t,u,x, )l (t,u, &, §)dtdu, Vx,y,E#0, #0€R.

Let us define from [17], for any ¢ € SR x R) and x,y € R, a function p(x,y) =
(L(x,y,D3,)9)(x,y), by

(L. D)0)(x3) = [ [ Koou(t.0%.9)Goy ()t ©)

where the function Gy, ,(t,u) is given by

GGl,Gz(fa“):l(°°,°°7f7u)$91,92(t7u)+/R/Rﬁehez(l—éu—n,l,M)(l;el,ez(f,Tl)déd"?-
(10)

3 The pseudo-differential operator £ (x,y, D )

In this section, we discuss the pseudo-differential operator .Z (x,y, D ) from [[17]].
We consider a symbol /(x,y, &, {). We introduce an operator .Z (x, y, y) of
(R xR) in .’'(R x R) by means of the formula

[Z(x,y,D;’y)(P](x,y) = /R/RKG],GZ (t7uvxay)<%1,92 (tvu)dtduv
where, for ¢ € .77, the function .7, ¢, (¢, u) is defined by the relation
Ho,0,(t,u) = l(°°7°°7tvu)$01,02(t7u)
4 Co Ca / / (1M —AF)corBy +i(ul—A3)cor 6
1 2
RJR

XZ;OQ,GQ (t _)’]71/! - l27t7u)</591,92 ()’171‘2)6111(1}'27



Vo€ S andr#0, u#0cR.

4 Some findings about compactness

In 1972, S. Zaidman introduced the citerion of compactness on the Schwartz Space
[7]. He also studied the some compactness properties of pseudo-differential oper-
ator involving Fourier transform using the well-known criterion of relative com-
pactness of M.Riesz.

We find some results on compactness of pseudo-differential operator involving
coupled fractional Fourier transform in this section. In this section, we consider
three symbols I(s,z,u,v), m(s,t,u,v) and n(s,t,u,v) = I(s,t,u,v)m(s,t,u,v) and
L(s,t,Dg;), M(s,t,Ds;), N(s,t,Ds,) the connected P.D.O. respectively.

Theorem 3. Let L(s,t,Dy;) and Z(s,t,Dy;) be the pseudo-differential operator
related to the symbol [(s,t,u,v). Then the operator L(s,t,Dy;) — £ (s,t,Ds;) is a
compact operator in L>(R?).

Proof. We consider # = L—_%. Let & be a bounded subset of L*(R?). We will
want to show that the set _# (&) is relatively compact in L*(R?); or that

yﬂlﬂz[f(g)] = {991792(/W) HLAS éa}

is relatively compact in L2(RR?).
We have

I[L(s,t, Dyy) —J(s,t,Dw)]w||Jﬂ(Rz) < CIOI,GZHWH,%”] (R

It implies that the set { Zy : y € &} is bounded in #'(R?). Hence the set
{Z6,6,| 7V : v e &} is also bounded w.r.to the norm %-%|.||. In addition to,
we want to show that for every oy, o3,

hm / /
(71,(72 0 0

uniformly for y € &

o (W + 01,7+ 02) = [Fo,0,( L W(T,T")

Lemma 1. Let [(s,t,u,v) = I'(s,t,u,v) + [(c0,00,u,v) such that [(co,00,u,v) = 0.
Then

wdm ] T+ 8 8~ (g ) (7.7 )T =0

uniformly for w € £N.7.



Proof. We have
(Lo W)(7, ") = / / Ko, ,(s.1,7,7")I(s,1, 7, 7") (s, 1)dsdr
and
(Lo,0,v) (7' +6',7" + 8"
_ / / Koy 0, (5,1,7 + 80"+ 8" (s5,1,7 + 8, 7" + ") y(s.1)dsdr.
It implies that
(Lo,.0,w) (7' +8',7" +8") — (Lo, 0, ¥) (7', 7")
_ / / Koy 0, (5,1, 7+ 8, 7"+ 8")(s,1,7 + 8, 7" + 8" )y(s.1)dsd
- / / Ko, 0, (5,1, 7, T")(s,1,7, 7" ) y(s,1)dsdr
_ / / [Ko,.0, (51,7 + 87"+ 8") — Ko, 6,(s,1,7,7")]
xI(s,t, 7'+ 8", 7"+ 8" w(s,t)dsdt
+ / / Koy 6, (5,1, 7, T)[1(5,0,7 + 8,7+ 8") — (5,1, 7', 7")|w(s.1)dsd
— K788+ H(,7,5,8") (say).
Firstly, we obtain the difference
K9|’92 (S,l‘, T + 5/, e + 6//) — Kgl’gz (S,l‘, T/, T”)

_ 1—icot 91 e*i{sz+(r’+5’)2}cot91+is(1’+5’)05001 1—icot 92
V 2n 2n

% e—i{t2+(r”+5”)2}cot 0>+is(t"+8") csc 6,

_[1—icot {372 ot by st esc ) 1 —icot6,
2n 2n

% e—i{t2+r”2}cot Ortitt" csc Oy

Taking mod on both sides, we get
K(—)l,(-)z (S,l‘, T+ 3/, 7+ 5”) — Kgl’gz (S,l‘, T/, ‘L'”)

\/1 —icotH \/1 —icotH,
2n 21

= C?'C,el,ez (Sa}’)-

<2




Now estimating, we get
|%(T’,Tﬂ,5/,5//>’
cﬂ,e,,ez//|z(s,t,r'+5’,r”+5")\|y/(s,z)|dsdt

< cﬂ,gl,%( / / \l(s,t,r’—|—5’,1:”+6”)]2dsdt)2( / / yw(s,z)\stdz>2

= Cho.0,"Vllvllo (11)

IN

because |I(s,t,7',7")| € L*(R*) uniformly with respect to 7/, 7/ € R — {0},

‘%(7/7 TN7 5/7 5//)’ < Cﬂ?,91~,92 00) ’ ‘ 1//| ’0

1

2
X(//]l(s,t,f'—l—S’,T”—l—S”)—l(s,t,’r’,r”)]2dsdt) T
Now, we recall that it follows
(14 s>+ [t)"i(s,2,7,T")| < Gy (13)
and

(1+]s|2+|t\2)”|l(s,t,r’+5’,7”+6”)—l(s,t,r’,r”)y
_ 18'] +16"]
— n|T’|—|—|T”|—|—]T’—|—5’|—|—|T”+5”|’

n=1,2 3 ... toco. (14)
and therefore we have for every fixed r; & r,, we have

rt rn o~ ~
[ 1 To0w)@+8.7+8") ~ (Lo.0 W), *aras”
—rJ=r
r rn
:/ ‘%(TI,TN,5/,5N> 4 %(T/,T”,5/,5”)|2d7/dl’”
—rJ=n
r n T
<2 ["|7iw e 8 8" Favar+2
—rJ=r
xdt'dt”

P1 P2 2
<2( %791792)2"w‘]%4r1r2+2/ / ‘%(T/,T//’Sfjsﬂ)‘ dtdt"
—p1J—p2

mn 2
/ ‘%(T/,T”,5,,5”)‘
—r

—r

+2/ / \%(‘c’,r”,5’,5”)\2dr’d1”, (15)
pr<|t|<r J po <[t <r

Vp1 20, 02>0, p1 <11, p2 <12
For |7'| < p1, || < p2, we estimate 25(7’,7”,6’,8”) in the following way ( using



() and (@),
1

| 25(7'.7",8",8")| < 22Cro.0, "Vl
x <//|l(s,t,T'+5','L‘”+8”)|2+|l(s,t,’L",T“)|2dsdt>

1

2
23Cr 0.0, %0 | WloCo ( / / (1+ 5] + ]t!z)zndsdt>

= C757917927n(0’0)||l[1||0, where n is sufficiently large. (16)

1
2

IN

For || > py, |7”| > p2, we use the estimate ( deriving from (14))

1
7
222,880 < G [ [+l ) asar) OO y(3]+18")
([T +17")7 (17)
and hence we obtain, using (I5)), (I6) and (I7), the inequality

~

- pen ~
| Eaa @ +8.7 48" ~ (Lo o)) farar”
rl n
ry rn
<§( 5:,91,92)2((0’0)|\W|10)2r1r2+(Cn,e],ez,n)z((o’o)H‘l/!lo)z/ dtvdt”
—rJ=r
+2(C! 2(0,0) 2/ / - ardT
( 71:,01,02) ( HW”O) o <|t<n Jor< e <rs (|‘L”|+|T”|)2
< 8(Cro,.0) (“Vlwllo)*rir2 +4(Cr0y.000)* "Vl W l0)*r1r

1
(Cro.0.)” (" llWllo) (|p1] +1p2])?

=2(Cr,.6,) (“llwllo)*[4rir2 + |+ 4(Cr01.60)° | W] [Gri72-

1
(Ip1l+1p2])?
If y € &N, we take € > 0, and choose at first r;y(€) and r(j(€) such that
4(Croy,0,0)* ("Oyll0)?r1ra < §.

Once r(,(€) and r{j(€) fixed, such that 2(C;r761762)2((070) lwl[0)2[4rir + m] <

€

£.
We arrive hence for || < |t)|, [7"] <|7j| and y € £N.7, at the estimate

—ropern ~
[ [ | Caaw) (v +8.7"+8")  (Lo,0)( ") fardr”
r n

< ) L £ e
-2 2 7
The Lemmal(I]is proved. O

Lemma 2. We have, in the case of a symbol [(x,y,&,1) with [(0,00,E, 1) =0

r n — —
fim / ‘ / (Lo o 0)(T + 8.7+ 8") — (Lo, o) (7, 7")2dTd " =0
18116000y Sy O '

9



uniformly for w € &N, V fixed ry >0, r, > 0.

Proof. In fact, we have

(Lo,.0,¥ / / Lo, 0, ( LT —n".n",n") Ve, 6,(n',n")dn'dn"

and

(Lo, W) (7 +8,7" +8")
= //lel 92 +5/ n/7T”+5H_n”7n/7nll)l/ﬁOl,QQ(nI;n”)dn/dnll-

Now, we have

(Lo, W)(T + 87" +8") — (Lo o, ¥) (7, 7")
//f\ehez + 6/ nI7T”+ 5// . n//ﬂ,’/,n//) _Z\elﬁz(,’:/ . n/j ’L’” . n//’n/’ n//)]
X W, 0,(n',m")dn'dn".

It implies that

2

](Zl7ezw><r’+6',r"+6"> (oo )T

<c(f [ 1o tn'enPantan’)

« //‘2\91792<7/+6,_n/77,/+6”_n/’vn/an”)_2\91,92(7/_71/77//_n//an/vn//>‘2

xdn'dn"

= (“V )yl
« //‘2\91’92(11_’_5/_n/’f//_'_a//_n//’n/’n//) —lAel,ez(T'—n',T'/—n“m/»ﬂ/')|2

We

xdn'dn”. (18)
apply Taylor’s formula; we obtain the relation
%1,62(7/ + S — n/7 ' + §" — n//’ n/’ n//) —lAel,ez(T/ i n/7 o n//7 n/’ n//)

— (5/,5”,grad 2\91’92(7/4-1‘16/ o n/,T//+t26//— nllvn/’n//)>’

0<n<1,0<n<1

and therefore the estimate

\lAel,ez(T/ +6' —n",7"+8"—n",n",n") —lAehez(T, -n', 7" =n"n",n")
< 18/116"Igrad I, o, (¢ +08 — ', " 08" 0" 0"

10



Let us remember now that Iy, g, (A1,42,1’,0") € . (R*) uniformly for
N’ #0, n” #0 € R and we get

Jd d -

2 2\n

191 Gz(a‘lalZan n ) < C1,17 vz‘l? 2'2 € Ra
which gives

|grad 2\9|,92(T,+t16/_n,aT//+t26”_n//7n,an”)|
<GUH|T+n8 =P+t +n8 —n'])"

Vn=1,2,3,4,5....... to oo and by integrating with respect to n’ & 1" we arrive
at the result ( in estimate ([18)). O

Lemma 3. We have in the case [(0,00,&, 1) =0, that, V p; >0 and p, >0
lim / /
(16',18"])—(0,0)

kim0 (748748~ (o ) (2P =0
—rnJ-n

2
LG. 0,V —I—SI,TU—l—S") —2917921[/)(1'/,1//) dtdt" =0

uniformly for w € &-bounded set in L>(R?).

Proof. We have already shown this relation for y € & N.7. Let us remember that
the space . is dense in L?(R?). Given € > 0, and & a bounded set in L?(R?), there
is Yy € &, an element y, € ., such that ) ||y — y||o < €. Hence, for y € &
we have (*9)||y||o < M, and

MNello ="V 1=[w = wel +wllo < *Vllw—velo+Vlyllo < e +M <M +1

and therefore the set & = {W, : ¥ € &} is bounded in L?(R?) and included in .7
Here we have, for |0'| < [8)(€)| and |8”] < |§§(€)| such that in the case

I(e0,00,6,1) =0

2

p1 P ~ / /] " T i R/
[ | Caave) (48,7 48") ~ (Lo, o) (7,7)| dr'de” <&, vy € 6
2

2
dt'dt" <&, Vy. € &.

O e / 1o " 2R Ty
[ (oo @+ 8.7+ 8"~ (oo pe) (.7)

11



Hence, we deduce the inequalities

IS
s

43 [* [" | @o 0w (0 +8.7+8") — (oo w) (7 7)
—P1J—p2

2
dt'dt”

2

LG] 0,V _|_ 5’,?”—% 5”) _ (ZG|.,62 W)(T/a T”) dt'dt"

2

LQI 92 +6’,T”+6”> _ (291792 WS>(T/+ 5/’T//+5//) dT/dT//

2
dt'dt”

#3 )" [ T o) (@. ) - Lo ) (1)
= 6(COL(y — ye)llo)?
+3/P1 /Pz (Lo, 0,We) (7' + 8,7 +8") — (Lo, 0, W) (7', 7")| dT'd7”
'
6c(OV Ly — e)o)?

+3 / / (Loy.o,¥e) (7 + 87"+ 8") — (Lo, 0, Vi) (7 7")| dT'd".

IN

(19)
For |8'| < |8)(¢)| and |8"| < |8}/ (€)|, the 2" integral is < € and
also 6¢((C9||L(w — we)|l0)? < 6¢€?; the result is so proven.
The proof for £ (s,t,Dy,) is similar. O
Theorem [3]is herewith proven. O

Theorem 4. If we consider three symbols I(s,t,u,v), m(s,t,u,v) and n(s,t,u,v) =
I(s,t,u,v)m(s,t,u,v) and L(s,t,Dy;), M(s,t,Ds;), N(s,t,Dy;) the connected P.D.O.
respectively. Then L(s,t,Ds;)M(s,t,Ds;) — N(s,t,Ds;) : L*(R?) — L*(R?) is a
compact operator.

Proof. We consider the operator P(s,,Dy;) = L(s,1, Dy )M(s,t,Ds) —N(s,1,Dy,).
If y € &, where & is a bounded set in L?(IR?), then Pgl 6,(&) is bounded in L*(R?)
as easily seen. Therefore, we have to prove that, V p; > 0 and p >0

lim / /
(18[,16”1)—(0,0)

uniformly for v € &.
First of all, let us consider the case [(c0,00,&, 1) = m(00,00,E, 1) = n(e0,0,E,1) =
0. If use Theorem 3, we get, V p; >0 and p» >0

lim / /
(18],16"1)—(0,0)

2

(To, 0,0) (T + 8", 7"+ 8") = (T, 0, v)(7,7")| dT'd7" =0,

2

(No,.o, W) (7' +8',7" 4+ 8") — (No, ,w) (7, 7")| d7'd" =0,

12



uniformly for y € &. It is only left to consider

lim / /
(16'[,[6")—(0,0)

xdt'dt”.

2
LM9| 6V ( /+6/’TU+6”) - (LM91,92W)(T/77”)

Let us remember Lemma [3| Then, V € > 0, 3 p(€), where Q is a real number,
such that

lim / /
(18'],18”])—(0,0)

xdv'dt’ <e, i |5 < o(e). 8] < So(e) and [ y]lo < Q.

2
L@] 62 + 6/, T” + 6”) _ (L61,62¢)(ler”)

Remark that if y is arbitrary in L?(RR)

(o, oo/ / (Loy.0, W) (7 +8",7"+8") — (Lo, 0,¥') (7', 7")

xdt'dt" < e, if|8'| < &(g), |8"| < &(¢).

lim / /
(18'],18” )= (0,0)

xdt'dt” < @0y, if |8'] < 8i(g), |8"] < &:(€), V w € LA(R?).

, W = v/ is of norm 1, therefore
’ 0

2

that is

2
L9| 6V T+ 6/’ 7'+ 6”) - (L9|,92 W)(T/v T”)

We apply this relation to LMy, y € L?(R?); we have then

lim / /
(161,16"1)—(0,0)

xdt'dt” < 00| My|2, if |§'| < 8 (e), |8"] < &:(e), ¥V v € L*(R?).

2
LM9| 6V ( /+6/’TU+6”) - (LM91,92W)(T/77”)

But 00 ||My|2 < (00)||y]Z; the relation is proven then, as easily seen. O
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8 Conclusion

The main aim of this paper is to be shown that the operator L(s,t,D; ;) — £ (s,t,Ds;)
is a compact operator in L?(R?) by using three lemmas. L(s,t,D;,)M(s,t,Ds,) —
N(s,t,Dy,) : L*(R?) — L*(IR?) is also a compact operator.
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