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Abstract

In this manuscript, some results on the Pseudo-differential operators
(p.d.o.) L(x,y,D′x,y) and L (x,y,D′x,y) are found by using semi-norms and
norms in Herbitian Spaces, a set of compact operators and L2(R×R) with
the symbol classes Λ(R×R×R×R). In this paper, we also introduce
the characterization of norms of the coupled fractional Fourier transform
(CFrFT). Few mathematical properties on norms of pseudo-differential op-
erators (P.D.O) connected with CFrFT are investigated. We conclude the
manuscript by applying some of axioms to obtain the proofs of the Lemma
and Theorems .
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1 Introduction
The well-known Fourier transform of a function f ∈ L1(R), represented by f̂ , is
described as

f̂ (η) =
1

2π

∫
R

eiηζ f (ζ )dζ

so that its inverse is given by

f (ζ ) =
1

2π

∫
R

e−iηζ f̂ (η)dη

provided the integrals exist.

The fractional Fourier transform , denoted by Fθ , which is a generalization
of the Fourier transform [1]. In 2018, Ahmed I. Zayed introduced a novel gen-
eralization of the fractional Fourier transform to two dimensions, which is called
the coupled fractional Fourier transform [2] and is denoted by Fθ1,θ2 .

More explicitly, the fractional Fourier transform [3, 4, 5, 6] can be viewed
as a family of transformations, {Fθ} indexed by a parameter θ , with 0 ≤ θ ≤
1, such that F0 is the identity transformation and F1, is the standard Fourier
transformation.
The fractional Fourier Transform or FrFT of a function f ∈ L1(R) , is defined by
[7, 8, 9, 10]

(Fθ f )(η) = f̂θ (η) =
∫
R

Kθ (ζ ,η) f (ζ )dζ (1)

where

Kθ (ζ ,η) =


Cθ e

i(ζ 2+η2)cotθ

2 −iζ η cscθ , θ 6= nπ,n ∈ Z
1√
2π

e−iζ η , θ = π

2
δ (ζ −η), θ = 2nπ

δ (ζ +η), θ = (2n+1)π

Cθ =
√

1−icotθ

2π
.

The corresponding inverse of (Fθ φ)(η) is

f (ζ ) =
∫
R

Kθ (ζ ,η)(Fθ f )(η)dη (2)

Kθ (ζ ,η) =Cθ e
−i(ζ 2+η2)cotθ

2 +iζ η cscθ

and Cθ =
√

1+icotθ

2π
=C−θ .

Hence, Kθ (ζ ,η) = K−θ (ζ ,η).
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In two dimensions, we have

[Fθ1,θ2 f ](ω1,ω2) =
∫
R

∫
R

Kθ1(t1,ω1)Kθ2(t2,ω2) f (t1, t2)dt1dt2. (3)

This is the reason this transform is sometime called the coupled two-dimensional
fractional Fourier transform (CFrFT) [11].

Definition 1. We assume that θ = (θ1,θ2), x = (x,η), y = (y,ζ ), Kθ (x,y) =
Kθ1(x,η).Kθ2(y,ζ ) = Kθ1,θ2(x,y,η ,ζ ), where Kθ1(x,η) and Kθ2(y,ζ ) defined as
above.
The two-dimensional fractional Fourier transform [2, 12, 13] is introduced as
follows:

[Fθ φ ](η ,ζ ) = [Fθ1,α1φ ](η ,ζ ) =
∫
R

∫
R

Kθ (x,y)φ(x,y)dxdy

=
∫
R

∫
R

Kθ1(x,η)Kθ2(y,ζ )φ(x,y)dxdy

=
∫
R

∫
R

Kθ1,θ2(x,y,η ,ζ )φ(x,y)dxdy. (4)

The inverse of (4) is

φ(x,y) =
∫
R

∫
R

Kθ1,θ2(x,y,η ,ζ )[Fθ1,θ1φ ](η ,ζ )dηdζ . (5)

For θ1 = θ2 = π

2 , the two-dimensional fractional Fourier transform Fθ1,θ2 be-
comes a classical two-dimensional Fourier transform.

Definition 2. A tempered distribution φ belongs to the Sobolev type spce H s(R×
R), and s ∈ R if its coupled fractional Fourier transform Fθ1,θ2φ corresponding
to a locally integrable function (Fθ1,θ2φ)(ξ ,η) over R×R such that

(θ1,θ2)‖φ‖s =

(∫
R

∫
R

∣∣{(1+ |ξ |2)(1+ |η |2)} s
2 (Fθ1,θ2φ)(ξ ,η)

∣∣2dηdξ

) 1
2

< ∞ (6)

and

(0,0)‖φ‖0 =

(∫
R

∫
R

∣∣φ(ξ ,η)
∣∣2dηdξ

) 1
2

< ∞. (7)

Definition 3. The space S (R×R) is the collection of all complex valued in-
finitely differentiable functions φ(ξ ,η)∈R×R for every choice of l1, l2, m1, m2 ∈
N0 which for

Γ
l1, l2
m1, m2

(φ) = sup
(x,y)∈R×R

∣∣∣∣xl1yl2 ∂ m1

∂xm1

∂ m2

∂ym2
φ(x,y)

∣∣∣∣< ∞. (8)
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The dual of S (R×R) is denoted by S ′(R×R).
Then ϕ generates a distribution in S ′(R×R) as follows:

〈ϕ, φ〉=
∫
R

∫
R

ϕ(ξ ,η)φ(ξ ,η)dξ dη , ∀φ ∈S (R×R). (9)

The elements of S ′(R×R) are known as tempered distributions.

1.1 | Symbol Classes

Let l(s, t,u,v) be a complex valued function defined in [11] for s, t,u 6= 0,v 6= 0 ∈
R. The function l(s, t,u,v) ∈ C∞(R×R×R−{0}×R−{0}) is called to be an
element of the class Λ if and only if l(s, t, t1u, t2v) = l(s, t,u,v) for t1 > 0, t2 > 0,
and assume also that

lim
(|s|,|t|)→(∞,∞)

l(s, t,u,v) = l(∞,∞,u,v)

exists for u 6= 0,v 6= 0 ∈ R and l(∞,∞,u,v) is a mapping C∞-function.

Now we define l′(s, t,u,v) = l(s, t,u,v)− l(∞,∞,u,v), and assume the estimates

(1+ s2 + t2)p
∣∣∣∣ ∂ k

∂ sk
∂ l

∂ t l
∂ m

∂um
∂ n

∂vn l′(s, t,u,v)
∣∣∣∣≤ Cp,k,l,m,n, ∀s, t, u 6= 0, v 6= 0 ∈ R

(10)
here p=1,2,3,.....,k, l, m, n are natural numbers.

Theorem 1. (i) We get
|l(∞,∞,ξ ,ζ )− l(∞,∞,δ ,η)| ≤ C

(
(|ξ −δ |+ |ζ −η |)/

(
|ξ |+ |ζ |+ |δ |+ |η |

))
,

∀ξ , ζ , δ , η arbitray in R−{0}.
(ii) The estimates (1+ x2csc2θ1 + y2csc2θ2)

p|Fθ1,θ2(l
′)(x,y,ξ ,ζ )| ≤Mp

∀x, y, ξ 6= 0, ζ 6= 0 ∈ R, p = 1, 2, 3, 4, 5...;
(iii) (1+ x2csc2θ1 + y2csc2θ2)

p|Fθ1,θ2(l
′)(x,y,ξ ,ζ )−Fθ1,θ2(l

′)(x,y,δ ,η)|
≤Mp(|ξ −δ |+ |ζ −η |)(|ξ |+ |ζ |+ |δ |+ |η |)−1, ∀ξ , ζ , δ , η ∈ R−{0},
∀x,y ∈ R, p = 1,2, ...to ∞ being

Fθ1,θ2(l
′)(x,y,ξ ,ζ ) =

∫
R
∫
RKθ1,θ2(t,u,x,y)l

′(t,u,ξ ,ζ )dtdu,
∀x,y,ξ 6= 0,ζ 6= 0 ∈ R are verified.

Proof. (i) Similar proof of Theorem 1 (a)[14].

(ii) The proof is available in [11].

(iii) It can be easily proved from (ii), [11].
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The term "pseudo-differential operators"[15, 16, 17, 18] has a fairly broad
definition and covers such topics as harmonic analysis, partial differential equa-
tion, geometry, mathematical physics, microlocal analysis, time-frequency analy-
sis, imaging, computations, and quantum mechanics. In mathematics, natural sci-
ences, medicine, scientific computing, and engineering, current trends and novel
applications are highlighted. The emphasis is on contemporary developments in
different branches of engineering, mathematical sciences, the natural sciences,
medicine, scientific computers.

In reality, Kohn-Nirenberg and Hörmander [19] were the ones who first intro-
duced the pseudo-differential calculus.

Pseudo-differential operators on R+ are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [14, 20]), Hankel transform ( see
[21, 22, 23] ), Fourier Bessel Transform on R+ (see [24, 25]), Weinstein transform
( see [26] ), Laguerre hypergroups (see [27]) and Jacobi differential operators (see
[28]), two dimensional fractional Fourier transform [29], quadratic phase Fourier
transform [30].

1.2 | Pseudo-Differential Operator L(x,y,D′x,y) related to Fθ1,θ2

Let l(x,y,ξ ,ζ ) = l′(x,y,ξ ,ζ )+ l(∞,∞,ξ ,ζ ) be a symbol, and, as previously,

Fθ1,θ2(l
′)(x,y,ξ ,ζ )=

∫
R

∫
R

Kθ1,θ2(t,u,x,y)l
′(t,u,ξ ,ζ )dtdu, ∀x,y,ξ 6= 0,ζ 6= 0∈R.

Let us define, for any φ ∈ S(R2) and x,y∈R, a function µ(x,y)= (L(x,y,D′x,y)φ)(x,y),
in [11] by

(L(x,y,D′x,y)φ)(x,y) =
∫
R

∫
R

Kθ1,θ2(t,u,x,y)Gθ1,θ2(t,u)dtdu, (11)

where the function Gθ1,θ2(t,u) is given by

Gθ1,θ2(t,u)= l(∞,∞, t,u)φ̂θ1,θ2(t,u)+
∫
R

∫
R

l̂′θ1,θ2(t−ξ ,u−η , t,u)φ̂θ1,θ2(ξ ,η)dξ dη .

(12)
1.3 | The pseudo-differential operator L (x,y,D′x,y)

We consider a symbol l(x,y,ξ ,ζ ). We introduce an operator L (x,y,D′x,y) from
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[11], of S (R2) in S ′(R2) by means of the formula

[L (x,y,D′x,y)φ ](x,y) =
∫
R

∫
R

Kθ1,θ2(t,u,x,y)Hθ1,θ2(t,u)dtdu,

where, for φ ∈S , the function Hθ1,θ2(t,u) is defined by the relation

Hθ1,θ2(t,u) = l(∞,∞, t,u)φ̂θ1,θ2(t,u)

+Cθ1Cθ2

∫
R

∫
R

ei(tλ1−λ 2
1 )cotθ1+i(uλ2−λ 2

2 )cotθ2

×l̂′α1,θ2(t−λ1,u−λ2, t,u)φ̂θ1,θ2(λ1,λ2)dλ1dλ2,

∀φ ∈S and t 6= 0, u 6= 0 ∈ R.

Theorem 2. Let l(s, t,u,v) be a symbol, L(s, t,D′s,t) the associated pseudo-differential
operator. Then, for every ε > 0, there ia a semi-norm ε‖.‖ on L2(R2), dependent
of ε, such that every L2− bounded sequence contains a subsequence convergent
in ε‖.‖, and the inequality

(0,0)||L(s, t,D′s,t)||0 ≤ (W + ε)(0,0)||φ ||0 + ε‖φ‖, ∀φ ∈ L2(R2) (13)

is satisfied.

Proof. In fact, let us put mε(s, t,u,v) =
√

W 2 + l(s, t,u,v)l(s, t,u,v)+ ε which is
still a homogeneous symbol as we can easily see, and besides is

mε(s, t,u,v) = mε(s, t,u,v), ε > 0, s, t, u 6= 0, v 6= 0 ∈ R.

Let us consider the operator Mε(s, t,D′s,t), Mε(s, t,D′s,t) associated with mε(s, t,u,v)
and L (s, t,D′s,t) associated with l(s, t,u,v). We get

Lemma 1. The linear operator

Tε = (W 2 + ε)I−L ·L−Mε ·Mε : L2(R2)→ L2(R2)

is a compact operator.

Proof. In fact, we have first of all the relation

Mε ·Mε = (Mε −Mε)Mε +M2
ε (14)

= T1 +M2
ε ,

where T1 = (Mε −Mε)Mε is a compact operator. So we arrive at the relation

Tε = (W 2 + ε)I−L ·L−T1−M2
ε .
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On the other hand, we have

M ·M = (M −M)M+M ·M
= T2 +M ·M

where T2 : L2(R2)→ L2(R2) is compact, and hence we get

Tε = (W 2 + ε)I−L ·L−M2
ε − (T1 +T2).

Finally, we have Mε ·Mε− ((W 2+ε)I− (l)l(s, t,D′s,t)) =T3 : L2(R2)→ L2(R2)
is compact and hence we derrive

Mε(s, t,D′s,t)Mε(s, t,D′s,t) = M2
ε (s, t,D

′
s,t) = (W 2 + ε)I− (ll)(s, t,D′s,t)+T3

and therefore

Tε = (W 2 + ε)I−L ·L− (W 2 + ε)I +(ll)(s, t,D′s,t)− (T1 +T2 +T3)

= (ll)(s, t,D′s,t)−L ·L− (T1 +T2 +T3) = T0

where T0 : L2(R2)→ L2(R2) is compact.
Hence, Lemma 1 is proved.

Lemma 2. Given arbitrary ε > 0, we have the relation

Re(Tεφ ,φ)0 + ε((0,0)‖φ‖0)
2 ≥− 1

4ε
((0,0)‖Tεφ‖0)

2, ∀ φ ∈ L2(R2).

Proof. In fact, we have∣∣∣∣ Re(Tεφ ,φ)0

∣∣∣∣ ≤ (0,0)‖Tεφ‖0
(0,0)‖φ‖0

=
1

2
√

ε

(0,0)‖Tεφ‖02
√

ε
(0,0)‖φ‖0

≤ ε((0,0)‖φ‖0)
2 +

1
4ε

((0,0)‖Tεφ‖0)
2

and consequently∣∣∣∣ Re(Tεφ ,φ)0

∣∣∣∣≥−ε((0,0)‖φ‖0)
2− 1

4ε
((0,0)‖Tεφ‖0)

2,

follows.

Lemma 3. We have the relation, ∀ε > 0

((0,0)||L(s, t,D′s,t)φ ||0)2 ≤ (W 2 +2ε)((0,0)‖φ‖0)
2 +

1
4ε

((0,0)‖Tεφ‖0)
2, ∀φ ∈ L2(R2).
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Proof. From Lemma 2. We get

〈Tεφ ,φ〉 = (W 2 + ε)

(
(0,0)‖φ‖0

)2

−
(
(0,0)‖L(s, t,D′s,t)‖0

)2

−
(
(0,0)‖Mε(s, t,D′s,t)‖

)2

;

〈Tεφ ,φ〉 is hence real-valued.
Applying Lemma 2, the estimate

〈Tεφ ,φ〉 = (W 2 + ε)

(
(0,0)‖φ‖0

)2

−
(
(0,0)‖L(s, t,D′s,t)φ‖0

)2

−
(
(0,0)‖Mε(s, t,D′s,t)‖

)2

≥− 1
4ε

(
(0,0)‖Tεφ‖0

)2

and therefore(
(0,0)‖Lφ‖0

)2

+

(
(0,0)‖Mεφ‖

)2

≤ (W 2 + ε)

(
(0,0)‖φ‖0

)2

+
1

4ε

(
(0,0)‖Tεφ‖0

)2

and hence(
(0,0)‖Lφ‖0

)2

≤ (W 2 + ε)

(
(0,0)‖φ‖0

)2

+
1

4ε

(
(0,0)‖Tεφ‖0

)2

which proves Lemma3.

Extracting the square root and for
√

κ + τ ≤
√

κ +
√

τ, κ > 0, τ > 0, we have

(0,0)‖Lφ‖0 ≤ (W +
√

2ε)(0,0)‖φ‖0 +
1

2
√

ε

(0,0)‖Tεφ‖0.

Theorem 2 is proved if we put ε‖φ‖ = wε
(0,0)‖Tεφ‖0 and if we observe that

Tε being compact in L2(R2) the semi-norm ε‖φ‖ = wε
(0,0)‖Tεφ‖0 satisfies the

required properties.

Theorem 3. Let H be a Hilbertian space, and L ∈L (H : H ). Let us assume
that ∀ ε > 0, There exists a seminorm (θ1,θ2)ε‖·‖s on H such that (θ1,θ2)‖·‖s is rel-
atively compact with respect to (θ1,θ2)ε‖·‖s and such that (θ1,θ2)ε‖φ‖s≤w(θ1,θ2)‖φ‖s,
∀ φ ∈H and

(θ1,θ2)‖Lφ‖s ≤ (W + ε)(θ1,θ2)‖φ‖s +
(θ1,θ2)ε‖φ‖s, ∀φ ∈H .

Then

inf{(θ1,θ2)‖L+T ‖s : T ∈ Cc} ≤W .
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Proof. For every ε > 0 we get a compact operator Tε in H , with

(θ1,θ2)‖(L−Tε)φ‖s ≤ (W + ε)(θ1,θ2)‖φ‖s, ∀ φ ∈H .

Let be Hε ⊂H ; for φ ∈Hε we have, (θ1,θ2)ε‖φ‖s ≤ ε(θ1,θ2)‖φ‖s and H ⊥
ε of

dimension Nε−finite.
Let us put Pε the orthogonal Projection on Hε ; hence, I −Pε projects on a
space of finite dimension and is therefore compact I −Pε : H →H .
Hence, we put Tε = L(I −Pε); we get:

(θ1,θ2)‖(L−Tε)φ‖s =
(θ1,θ2)‖(LPε)φ‖s, ∀ φ ∈H .

We obtain

(θ1,θ2)‖(L−Tε)φ‖s ≤ (W + ε)(θ1,θ2)‖Pεφ‖s +
(θ1,θ2)ε‖Pεφ‖s, ∀ φ ∈H .

Being now Pεφ ∈Hε , we have

(θ1,θ2)ε‖Pεφ‖s ≤ ε× (θ1,θ2)‖Pεφ‖s ≤ ε× (θ1,θ2)‖φ‖s (15)

therefore we get,

(θ1,θ2)‖(L−Tε)φ‖s ≤ (W +2ε)(θ1,θ2)‖φ‖s (16)

The proof is completed.

Theorem 4. Let l(s, t,u,v) be a symbol and W = max{|l(s, t,u,v)| : |u| = |v| =
1, s, t ∈ R}; let L(s, t,D′s,t) be the associated pseudo-differential operator;
let L(s, t,D′s,t) be the associated pseudo-differential operator. Let Cc={T : T :
L2(R2)→ L2(R2) is a linear compact operator}. Then we have the upper esti-
mates

inf{‖L(s, t,D′s,t)+T ‖ : T ∈ Cc} ≤W

inf{‖L (s, t,D′s,t)+T ‖ : T ∈ Cc} ≤W .

.

Proof. Applying Theorems 2 and 3, Theorem 4 is proved.
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2 A few further estimations
In this section, we consider the latter applications. We shall prove here the fol-
lowings.

Theorem 5. Let l(s, t,u,v) be a symbol defined for s, t, u 6= 0, v 6= 0 ∈ R, f an
open set, and Wf = max{|l(s, t,u,v)| : s, t ∈f and |u|= |v|= 1}. Then, for every
ε > 0, constant kε and

(0,0)‖L(s, t,D′s,t)φ‖0 ≤ (Wf+ ε)(0,0)‖φ‖0 +kε
(θ1,θ2)‖φ‖− 1

2
, ∀ φ ∈C∞

0 (f) (17)

be satisfied.

Proof. Firstly we have to prove Lemma4.

Lemma 4. Let l(s, t,u,v) be a symbol, f an open subset of R,Wf=max{|l(s, t,u,v)| :
s, t ∈ f and |u| = |v| = 1}. Then, ∀ ε > 0 there is an open set f ⊂ fε such that
the relation Wfε

≤Wf+ ε is satisfied.

Proof. Actually, we have, for every s0, t0 ∈R, |l(s, t,u,v)−l(s0, t0,u,v)| ≤ ε if |s−
s0| < δ ′ε , |t− t0| < δ ′′ε and u 6= 0, v 6= 0 ∈ R; here δ ′ε and δ ′′ε are independent of
s0 and t0 respectively. Let us consider here if ∂f is the boundary of f, for every
s0, t0 ∈ ∂f the square {(s, t) : |s− s0|< δ ′ε and |t− t0|< δ ′′ε }.
Let us take

fε = f∪{S(s0, t0,δ ′ε ,δ
′′
ε ) : s0, t0 ∈ ∂f};

where S(s0, t0,δ ′ε ,δ
′′
ε ) = {(s0, t0) : |s− s0| ≤ δ ′ε and |t− t0| ≤ δ ′′ε }.

Therefore, if υ , ϑ ∈fε , we have υ , ϑ ∈f or υ , ϑ ∈ S(s∗, t∗,δ ′ε ,δ ′′ε ) for a certain
s∗, t∗ ∈ ∂f. In the first case, we have

|l(υ ,ϑ ,u,v)| ≤max{|l(s, t,u,v)| : |u|= |v|= 1,s, t ∈ f}= Wf.

In the 2nd case, we get

|l(υ ,ϑ ,u,v)| ≤ |l(υ ,ϑ ,u,v)− l(υ∗,ϑ ∗,u,v)|+ |l(υ∗,ϑ ∗,u,v)| ≤ ε +Wf.

Hence, for every υ ,ϑ ∈ fε , u 6= 0, v 6= 0 ∈ R we get |l(υ ,ϑ ,u,v)| ≤ ε +Wf.
Thus, Wfε

≤Wf+ ε .

Proof of the Theorem 5: Given ε > 0, and φ ∈C∞
0 (f) we build fε given in

the Lemma 4. There exists also, a function Ψε(υ ,ϑ) ∈C∞
0 (R2), such that

Ψε(υ ,ϑ) =

{
1, ∀ (υ ,ϑ) ∈ suppφ ,
0, ∀ (υ ,ϑ) 6∈ fε .
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Obviously Ψε(s, t) is a symbol, and Φε(s, t,u,v) = Ψε(s, t)ll(s, t,u,v) is another
symbol. Furthermore Φε(s, t,u,v) = 0 if s, t ∈ fc

ε ; hence we have

max{|Φε(s, t,u,v)| : s, t ∈ R and |u|= |v|= 1}
≤max{|l(s, t,u,v)| : s, t ∈ fε and |u|= |v|= 1}= Wf ≤Wfε

+ ε.

We define ϒε(s, t,D′s,t) the pseudo-differential operator associated with Φε(s, t,u,v).
We have

ϒε(s, t,D′s,t) = L(s, t,D′s,t)(Ψε(s, t)).

Actually,

Fθ1,θ1[ϒε(s, t,D′s,t)φ ](u,v) =
∫
R

∫
R

Kθ1,θ2(s, t,u,v)[l(s, t,u,v)Ψε(s, t)]φ(s, t)dsdt

= Fθ1,θ1[L(s, t,D
′
s,t)(Ψεφ)](u,v), ∀ φ ∈S , ∀ u 6= 0, v 6= 0 ∈ R.

Hence we get

ϒε(s, t,D′s,t)φ = L(s, t,D′s,t)(Ψε(s, t)φ(s, t)), ∀ φ ∈S (R2).

Now we have decomposition

φ(s, t) = Ψε(s, t)φ(s, t)+{1−Ψε(s, t)}φ(s, t)

and

L(s, t,D′s,t)φ = L(s, t,D′s,t)Ψεφ +L(s, t,D′s,t){1−Ψε(s, t)}φ
= ϒε(s, t,D′s,t)φ +L(s, t,D′s,t){1−Ψε(s, t)}φ ,

as it is 1−Ψε(s, t) = 0 on suppφ , then it is (1−Ψε(s, t))φ(s, t) = 0 on R2, and
therefore

L(s, t,D′s,t)φ = ϒε(s, t,D′s,t)φ .

Hence, we obtain

(0,0)‖L(s, t,D′s,t)φ‖0 =
(0,0)‖ϒε(s, t,D′s,t)φ‖0

≤ (max{|Φε(s, t,u,v)| : s, t ∈ R and |u|= |v|= 1}+ ε)(0,0)‖φ‖0 +kε
(θ1,θ2)‖φ‖− 1

2

≤ (Wε +2ε)(0,0)‖φ‖0 +kε
(θ1,θ2)‖φ‖− 1

2
.

This completes the proof of the Throrem 5.
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Theorem 6. Let l(s, t,u,v) be a symbol, and l(s0, t0,u0,v0) = k0 for a certain
s0, t0 ∈R, |u0|= |v0|= 1. Then ∀ ε > 0, ∃ φε(s, t)∈C∞

0 (R2), such that (0,0)‖φ‖0 6=
0 and estimates∣∣∣∣(0,0)‖L(s, t,D′s,t)φε‖0−k0

(0,0)‖φε‖0

∣∣∣∣≤ ε
(0,0)‖φε‖0 (18)

(θ1,θ2)‖φε‖−1 ≤ ε
(0,0)‖φε‖0 (19)

are satisfied.

Corollary to the above Theorem 6: Let l(s, t,u,v) be a symbol such that the
estimate

(0,0)‖φ‖0 ≤ k′
(
(0,0)‖L(s, t,D′s,t)φ‖0 +

(θ1,θ2)‖φ‖−1

)
, ∀ φ ∈S (R2), (20)

is satisfied.

Proof. ∃ a real number δ > 0, and

|l(s, t,u,v)|> δ > 0, ∀ s, t ∈ R, u, v ∈ R−{0}.

In fact, otherwise we could find the sequences {sn}, {tn} ∈R and {un, vn} on the
unit interval, such that |l(sn, tn,un,vn)| ≤ 1

n , n = 1,2,3, . . . . Then, take φn(s, t) ∈
C∞

0 (R2) corresponding to εn =
1
n . We get

(0,0)‖φn‖0 ≤ k′
(
(0,0)‖L(s, t,D′s,t)φn‖0 +

(θ1,θ2)‖φn‖−1

)
, ∀ φ ∈S (R2),

and applying (18) we deduce

(0,0)‖φn‖0 ≤ k′
(
(|l(sn, tn,un,vn)|(0,0)‖φn‖0 +

1
n
(0,0)‖φn‖0 +

1
n
(0,0)‖φn‖0)

)
( when (19) is also used ): it follows 1≤ 3k′/n, n = 1,2,3, . . . , which is impossi-
ble.
We have: inf{(θ1,θ2)‖L+T ‖s : C−1}= w? <W, there could be taken w such that
w? < w <W at least one Tn ∈ C−1 so that

w? ≤ (θ1,θ2)‖L+Tn‖s ≤ w <W

and therefore

w? ≤ sup
{

1
(0,0)‖φ‖0

(0,0)‖(L+Tn)φ‖0 : φ ∈ L2(R2)

}
≤ w <W
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whence (0,0)‖(L+Tn)φ‖0 ≤ w(0,0)‖φ‖0, ∀ φ ∈ L2(R2).
Being w <W = max{|l(s, t,u,v)| : s, t ∈ R, & |u|= |v|= 1} we find at least two
s0, t0 ∈ R and u0, v0, |u0|= |v0|= 1 such that w < |l(s0, t0,u0,v0)|= k′0 <W.
We find φε(s, t) ∈C∞

0 (R2) such that

−ε
(0,0)‖φε‖0 ≤ (0,0)‖Lφε‖0−k′0(0,0)‖φε‖0

or

(k′0− ε)(0,0)‖φε‖0 ≤ (0,0)‖Lφε‖0

= (0,0)‖(L+Tn)φε −Tnφε‖0

≤ (0,0)‖(L+Tn)φε‖0 +
(0,0)‖Tnφε‖0

≤ w(0,0)‖φε‖0 +k′(θ1,θ2)‖φ‖−1

≤ w(0,0)‖φε‖0 +k′ · ε(0,0)‖φε‖0

= (w+k′ε)(0,0)‖φε‖0

and being (0,0)‖φε‖0 6= 0 we get, ∀ ε

k′0− ε < w+k′ · ε

and
w < k′0

which is impossible.

Proof of Theorem 6: Let us take ε ′; we have |l(s, t,u,v)− l(s0, t0,u,v)| ≤ ε ′ if
|s− s0|< δ ′ε and |t− t0|< δ ′ε , u 6= 0, v 6= 0 ∈R. We consider a function ψε ′ ∈C∞

0
with support contained in the square {(s, t) : |s− s0| ≤ δε ′ and |t− t0| ≤ δε ′}, and
the sequence

φn,ε ′(s, t) = e
i
2 [−2n(uu0cotθ1+vv0 cotθ2)]+in(su0cscθ1+tv0 cscθ2)ψε ′(s, t) (21)

where by hpothesis is

|l(s0, t0,u0,v0)|= k′0 and |u0|= |v0|= 1.

Let be Ψ(λ ,µ) ∈C∞
0 (R2) such that

Ψ(λ ,µ) =

{
1, |λ | ≤ 1 and |µ| ≤ 1,
0, for |λ |> 2 and |µ|> 2.

13



Hence we write

Φn(u,v) = Ψ

(
u−nu0√

n
,
v−nv0√

n

)
.

The following estimate is valid:

|gradΦn(u,v)| ≤
k′√

n
.

We obtain

L(s, t,D′s,t)φn,ε ′ = l(s0, t0,u0,v0)φn,ε ′+Φn(D′s,t)
(

L(s, t,D′s,t)− l(s0, t0,u0,v0)I
)

φn,ε ′

+

(
I−Φn(D′s,t)

)(
L(s, t,D′s,t)− l(s0, t0,u0,v0)I

)
φn,ε ′

= l(s0, t0,u0,v0)φn,ε ′+I1 +I2 ( say ),

where I being the identity mapping and therefore we get

(0,0)‖L(s, t,D′s,t)φn,ε ′‖0 =
(0,0)‖l(s0, t0,u0,v0)φn,ε ′+I1 +I2‖0

ans hence∣∣∣∣(0,0)‖L(s, t,D′s,t)φn,ε ′‖0−k0
(0,0)‖φn,ε ′‖0

∣∣∣∣
=

∣∣∣∣(0,0)‖l(s0, t0,u0,v0)φn,ε ′+I1 +I2‖0− (0,0)‖l(s0, t0,u0,v0)φn,ε ′‖0

∣∣∣∣
≤

∣∣∣∣(0,0)‖l(s0, t0,u0,v0)φn,ε ′‖0 +
(0,0)‖I1 +I2‖0− (0,0)‖l(s0, t0,u0,v0)φn,ε ′‖0

∣∣∣∣
≤ (0,0)‖I1 +I2‖0 ≤ (0,0)‖I1‖0 +

(0,0)‖I2‖0.

We consider hence the expression

(0,0)‖I1‖0 =
(0,0)‖Φn(D′s,t)

(
L(s, t,D′s,t)− l(s0, t0,u0,v0)I

)
φn,ε ′‖0

which is estimated by

(0,0)‖Φn(D′s,t)
(

L(s, t,D′s,t)−L(s0, t0,D′s0,t0)

)
φn,ε ′‖0

+(0,0)‖Φn(D′s,t)
(

L(s, t,D′s,t)− l(s0, t0,u0,v0)I
)

φn,ε ′‖0

14



where

Fθ1,θ2 [L(s0, t0,D′s0,t0)φ ](u,v) = l(s0, t0,u,v)[Fθ1,θ2φ ](u,v), ∀φ ∈S (R2).

Hence, we have

(0,0)‖Φn(D′s,t)
(

L(s, t,D′s,t)− l(s0, t0,u0,v0)I
)

φn,ε ′‖0

= (0,0)‖Φn(D′s,t)
(

L(s, t,D′s,t)− l(s0, t0,nu0,nv0)I
)

φn,ε ′‖0

=

(∫
R2
|Φn(u,v)|2|l(s0, t0,u,v)− l(s0, t0,nu0,nv0)|2

×|[Fθ1,θθ2
]φn,ε ′(u,v)|2dudv

) 1
2

.

By the inequality, we have

|l(s0, t0,u,v)− l(s0, t0,nu0,nv0)| ≤ k
|u−nu0|+ |v−nv0|
|u|+ |nu0|+ |v|+ |nv0|

≤ k
|u−nu0|+ |v−nv0|

2n
,

p = 1,2,3, . . . to ∞, u 6= 0, v 6= 0 ∈ R, |u0|= |v0|= 1, s, t ∈ R.
Therefore, considering too that

Φn(u,v) = 0

for |u−nu0|> 2
√

n and |v−nv0|> 2
√

n, we have

(0,0)‖Φn(D′s,t)
(

L(s0, t0,D′s0,t0)− l(s0, t0,u0,v0)I
)

φn,ε ′‖0

≤ k
(∫ u−nu0<2

√
n

−2
√

n<u−nu0

∫ v−nv0<2
√

n

−2
√

n<v−nv0

1
4n2 (|u−nu0|2 + |u−nu0|2)

×|[Fθ1,θθ2
]φn,ε ′(u,v)|2dudv

) 1
2

≤ k1

2
√

n
(0,0)‖φn,ε ′‖0. (22)

Besides, we observe that we have also estimate

(0,0)‖Φn(D′s,t)(L(s, t,D
′
s,t)−L(s0, t0,D′s0,t0))φn,ε ′‖0

≤ (0,0)‖(L(s, t,D′s,t)−L(s0, t0,D′s0,t0))φn,ε ′‖0.
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If m(s, t,u,v) = l(s, t,u,v)− l(s0, t0,u,v) is related to the operator L(s, t,D′s,t)−
L(s0, t0,D′s0,t0), we have |m(s, t,u,v)| < ε ′ for |s− s0| < δε ′, |t− t0| < δε ′, |u0| =
1 & |v0| = 1. On the other hand, the functions φn,ε ′ in (21) belong to C∞

0 ({(s, t) :
|s− s0|< δε ′ & |t− t0|< δε ′}) and hence (by T heorem 5), we have, given ε ′ > 0,
a constant kε ′, such that

(0,0)‖(L(s, t,D′s,t)−L(s0, t0,D′s0,t0))φn,ε ′‖0 ≤ (2ε
′) (0,0)‖φn,ε ′‖0 +kε ′

(θ1,θ2)‖φn,ε ′‖−1,

n = 1,2,3,4,5 . . . to ∞.
Up to now, we have arrived at estimate

(0,0)‖I1‖0 ≤
k√
n

(0,0)‖φn,ε ′‖0 +2ε
′(0,0)‖φn,ε ′‖0 +kε ′

(θ1,θ2)‖φn,ε ′‖−1,

Obviously, we get

I2 =

(
L(s, t,D′s,t)− l(s0, t0,nu0,nv0)(I−Φn(D′s,t))

)
φn,ε ′

−
[

L(s, t,D′s,t)− l(s0, t0,nu0,nv0)I, I−Φn(D′s,t)
]

φn,ε ′.

The commutator [L(s, t,D′s,t), Φn(D′s,t)], and therefore

I2 =

(
L(s, t,D′s,t)− l(s0, t0,nu0,nv0)(I−Φn(D′s,t))

)
φn,ε ′

−
[

L(s, t,D′s,t), Φn(D′s,t)
]

φn,ε ′ = I3 +I4 (say).

Hence, first of all we have ( being |l(s0, t0,nu0,nv0)| ≤ k′ ) that

(0,0)‖I3‖0 ≤ k (0,0)‖(I3−Φn(D′s,t))φn,ε ′‖0

≤ k
(∫

R

∫
R
(1−Φn(u,v))|[Fθ1, θ2φn,ε ′](u,v)|2dudv

) 1
2

Now we observe that we have Φn(u,v) = 1 for |u−nu0|<
√

n & |v−nv0|<
√

n;
hence 1−Φn(u,v) = 0 for |u−nu0|<

√
n & |v−nv0|<

√
n and besides it is

[Fθ1, θ2φn,ε ′](u,v) =
∫
R

∫
R

Kθ1, θ2(s, t,u,v)e
i
2 [−2n(uu0cotθ1+vv0 cotθ2)]

×ein(su0cscθ1+tv0 cscθ2)ψε ′(s, t)dsdt
= [Fθ1, θ2ψε ′](u−nu0,v−nv0)
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and therefore

(0,0)‖I3‖0 ≤ k
(∫
|u−nu0|≥

√
n

∫
|v−nv0|≥

√
n
|[Fθ1, θ2ψε ′](u−nu0,v−nv0)|2dudv

) 1
2

= k
(∫
|U |≥

√
n

∫
|V |≥

√
n
|[Fθ1, θ2ψε ′ ](U,V )|2dUdV

) 1
2

,

where u−nu0 =U and v−nv0 =V, we have:(∫
|U |≥

√
n

∫
|V |≥

√
n
|[Fθ1, θ2ψε ′ ](U,V )|2dUdV

) 1
2

≤ ε
′
(∫

R

∫
R
|[Fθ1, θ2ψε ′](U,V )|2dUdV

) 1
2

= ε
′ (0,0)‖φn,ε ′‖0 if n≥ N0(ε

′, Fθ1, θ2ψε ′).

Then we have
(0,0)‖I4‖0 = (0,0)‖

∫
R

∫
R
[Fθ1, θ2l′](u−η ,v−ζ ,u,v)(Φn(u,v)−Φn(η ,ζ ))

×[Fθ1, θ2φn,ε ′](η ,ζ )dηdζ‖0.

We see that

|Φn(u,v)−Φ(η ,ζ )| ≤ (|u−η |+ |v−ζ |)|gradΦn(U,V )|

≤ k
1√
n

(
1+ |u−η |2 + |v−ζ |2

) 1
2

.

Hence, we obtain∣∣∣∣∫R
∫
R
[Fθ1, θ2l′](u−η ,v−ζ ,u,v)(Φn(u,v)−Φn(η ,ζ ))[Fθ1, θ2φn,ε ′](η ,ζ )dηdζ

∣∣∣∣
≤

kq√
n

∫
R

∫
R

(
1+ |u−η |2 + |v−ζ |2

)−q+ 1
2

|[Fθ1, θ2φn,ε ′](η ,ζ )|dηdζ ,

∀ q = 1,2,3, . . .
we obtain

(0,0)‖I4‖0 ≤
k√
n
(0,0)‖φn,ε ′‖0, n = 1,2,3, . . .

Adding, we get∣∣∣∣(0,0)‖L(s, t,D′s,t)φn,ε ′‖0−k0
(0,0)‖φn,ε ′‖0

∣∣∣∣≤ k√
n
(0,0)‖φn,ε ′‖0 +2ε

′(0,0)‖φn,ε ′‖0

+kε ′
(θ1,θ2)‖φn,ε ′‖−1 + ε

′(0,0)‖φn,ε ′‖0 +
k√
n
(0,0)‖φn,ε ′‖0, for n≥ N0(ε

′).
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For every ε ′′ > 0 there is [Fθ1, θ2n](ε ′′,ε ′) such that we have

(θ1,θ2)‖φn,ε ′‖−1 ≤ kε
′′(0,0)‖φn,ε ′‖0 for n≥ [Fθ1,θ2n](ε ′′,ε ′).

In fact, we have(
(θ1,θ2)‖φn,ε ′‖−1

)2

=
∫ ∫

(1+ |u|2 + |v|2)−1∣∣[Fθ1,θ2ψε ′](u−nu0,v−nv0)
∣∣2dudv

=
∫
|u−nu0|>ρ1

∫
|v−nv0|>ρ2

∣∣[Fθ1,θ2ψε ′](u−nu0,v−nv0)
∣∣2dudv

+
∫
|u−nu0|<ρ1

∫
|v−nv0|<ρ2

(1+ |u|2 + |v|2)−1∣∣[Fθ1,θ2ψε ′](u−nu0,v−nv0)
∣∣2dudv,

for every ρ1 > 0 & ρ2 > 0.
Given now ε ′′ > 0 there is ρ∗1 (ε

′,ε ′′) & ρ∗2 (ε
′,ε ′′) such that

∫
|U |>ρ∗1

∫
|V |>ρ∗2

[Fθ1, θ2ψε ′](U,V )dUdV ≤ ε
′′
(
(0,0)‖φn,ε ′‖0

)2

.

We observe that if |u− nu0| < ρ∗1 and |v− nv0| < ρ∗2 , it results |u| ≥ n−ρ∗1 and
|v| ≥ n−ρ∗2 and therefore, for n > ρ∗1 +ρ∗2 +1, we get∫

|u−nuo|≤ρ∗1

∫
|v−nvo|≤ρ∗2

(1+ |u|2 + |v|2)−1|[Fθ1,θ2ψε ′](u−nuo,v−nvo)|2dudv

≤
(

1+(n−ρ
∗
1 −ρ

∗
2 )

2
)−1(∫ ∫

|[Fθ1,θ2ψε ′](u−nuo,v−nvo)|2dudv
)

=

(
1+(n−ρ

∗
1 −ρ

∗
2 )

2
)−1(

(0,0)‖φn,ε ′‖0

)2

≤ (ε ′′)2
(
(0,0)‖φn,ε ′‖0

)2

, if n > max{ρ∗1 +ρ
∗
2 +1, Nε ′}

and therefore, for n≥ N1(ε
′,ε ′′), we get

(θ1,θ2)‖φn,ε ′‖−1 ≤ 2ε
′′(0,0)‖φn,ε ′‖0 .

Hence we arrive at inequalities∣∣∣∣(0,0)‖L(s, t,D′s,t)φn,ε ′‖0−ko
(0,0)‖φn,ε ′‖0

∣∣∣∣≤ k√
n
(0,0)‖φn,ε ′‖0 +2ε

′(0,0)‖φn,ε ′‖0
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for n > N(ε ′,ε ′′) and (θ1,θ2)‖φn,ε ′‖−1 ≤ k(0,0)‖φn,ε ′‖0 for n≥ N1(ε
′,ε ′′).

Let us take ε ′′(ε ′) small enough to have kε ′′ < ε ′ and 2kε ′.ε
′′ < ε ′; hence, for

n≥N ′(ε ′).
We have

(θ1,θ2)‖φn,ε ′‖−1 ≤ ε
′(0,0)‖φn,ε ′‖0

and ∣∣∣∣(0,0)‖L(s, t,D′s,t)φn,ε ′‖0−ko
(0,0)‖φn,ε ′‖0

∣∣∣∣≤ k√
n
(0,0)‖φn,ε ′‖0 +3ε

′(0,0)‖φn,ε ′‖0

≤ 4ε
′(0,0)‖φn,ε ′‖0 if n≥N ′′

1 (ε ′).

Let us take ε ′ < ε

4 and the result achieves.

Theorem 7. If l(s, t,u,v) is a symbol, L(s, t,D′s,t) the associated pseudo-differential
operatot, Cc = {T |T : L2(R2)→ L2(R2) is a compact operator},
M = max{|l(s, t,u,v)| : s, t ∈ R and |u|= |v|= 1}, we get

M ≤ in f{‖L(s, t,D′s,t)‖ : T ∈ Cc}. (23)

Remark 1. As a simple corollary of (23) we obtain also the estimate

M ≤ in f{‖L (s, t,D′s,t)+T ‖ : T ∈ Cc}. (24)

In fact, if we take an arbitrary To ∈ Cc, we obtain

L (s, t,D′s,t)+To = L (s, t,D′s,t)−L(s, t,D′s,t)+L(s, t,D′s,t)+To

= L(s, t,D′s,t)+T1

where T1 ∈ Cc. Consequently, applying (23), we obtain ‖L (s, t,D′s,t)+To‖ =
‖L(s, t,D′s,t)+T1‖ ≥M . As To is arbitrary in Cc, we get the equality

in f{‖L (s, t,D′s,t)+T ‖ : T ∈ Cc}= M . (25)

Corollary 2.1. Combining with Theorem 4 we get the interesting the result

inf{‖L(s, t,D′s,t)+T ‖ : T ∈ Cc}= M . (26)

Proof. First of all, we have the following.

Lemma 5. Let l(s, t,u,v) be a symbol and ko = |l(so, to,uo,vo)| for a certain
so, to ∈R and |uo|= |vo|= 1. There is then, for every ε > 0 a sequence φn(s, t) ∈
C∞

o (fn×f′n); fn×f′n = {(s, t) : |s− so| ≤ 1
n and |t− to| ≤ 1

n} with (0,0)‖φn‖0 = 1
and ko− ε ≤ (0,0)‖Lφn‖0.
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Proof. The function φε is got = ein(s.uo+t.vo)ψε(s, t), from Theorem 6, where ψε ∈
C∞

o {(s, t) : |s− so|< δε & |t− to|< δ ′ε}. Hence, for n≥ no we get 1
n ≤ δε , and all

the functions
φn,ε(s, t) = eiqn(suo+tvo)ψn(s, t)

( with qn big enough, fixed, dependent from ε > 0 and from ψn ), verify estimate

(ko− ε)(0,0)‖φn,ε‖0 ≤ (0,0)‖L(s, t,D′s,t)φn,ε‖0.

Dividing by (0,0)‖φn,ε‖0, we can have the sequence of norm 1. We have

ko− ε ≤ (0,0)‖L(s, t,D′s,t)φn‖0.

Lemma 6. We have

lim
n→∞

∫∫
φn,εψ(s, t)dsdt = 0, ∀ψ ∈ L2(R×R).

Proof. In fact, we have∫∫
φn,ε(s, t)ψ(s, t)dsdt =

∫
|s−so|>ρ

∫
|t−to|>ρ

φn,ε(s, t)ψ(s, t)dsdt

+
∫
|s−so|<ρ

∫
|t−to|<ρ

φn,ε(s, t)ψ(s, t)dsdt.

For n big enough, φn,ε = 0 when |s− so|> ρ, |t− to|> ρ and therefore∫∫
φn,ε(s, t)ψ(s, t)dsdt =

∫
|s−so|<ρ

∫
|t−to|<ρ

φn,ε(s, t)ψ(s, t)dsdt

≤ (0,0)‖φn,ε‖0

(∫
|s−so|<ρ

∫
|t−to|<ρ

|ψ(s, t)|2dsdt
) 1

2

=

(∫
|s−so|<ρ

∫
|t−to|<ρ

|ψ(s, t)|2dsdt
) 1

2

.

Hence, given υ > 0, we take ρ(υ) such that(∫
|s−so|<ρ

∫
|t−to|<ρ

|ψ(s, t)|2dsdt
) 1

2

< υ .

At last, we take n big enough to have φn,ε(s, t) = 0 when |s− so|> 1
n

& |t− to|> 1
n .
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Proof of the Theorem: We assume, that

inf{‖L(s, t,D′s,t)+T ‖ : T ∈ Cc}= m < M . (27)

Hence, take m′ such that m<m′<M there is at least a T ∈Cc such that ‖L(s, t,D′s,t)+
T ‖< m′. Hence we get

(0,0)‖(L+T )φ‖0 ≤ m′ (0,0)‖φ‖0, φ ∈ L2(R×R).

Being m′ < M, we find at least two so, to ∈ R, uo 6= 0, vo 6= 0 ∈ R and |uo| =
|vo|= 1 such that m′ < |l(so, to,uo,vo)|= ko < M .
Hence, we get, for φ −φn,ε ( applying Lemma 5 ), that

(ko− ε)≤ (0,0)‖[L(s, t,D′s,t)]φn,ε‖0 ≤ (0,0)‖[L+T ]φn,ε‖0 +
(0,0)‖T φn,ε‖0

≤ m′+ (0,0)‖T φn,ε‖0.

If n→ ∞, T φn,ε → 0 strongly in L2(R×R); hence ko− ε ≤ m′, absurd for ε

small enough.
Taken then |so| ≤No, |uo|= 1, such that |l(so, to,uo,vo)|=MNo ; then l(s, t,u,v)∈
C∞

o (|s| ≤No×|t| ≤No) and the function φ(s, t) 6≡ 0 and the sequence

φϑ (s, t) = ϑ
n
4 φ((s− so)

√
ϑ ,(t− to)

√
ϑ)ei(s.uo+t.vo)ϑ , ϑ = 1, 2, 3, . . . to ∞.

It follows ‖φϑ‖L2(R2) = ‖φ‖L2(R2) and

lim
ϑ→∞

φϑ (s, t) = 0 in L2(R2)

By direct computation one gets

[L φϑ ](s, t) = ϑ
n
4 χϑ ((s− so)

√
ϑ ,(t− to)

√
ϑ)ei(s.uo+t.vo)

√
ϑ

where

χϑ (s, t) =
∫∫

l(so +
1√
ϑ

s, to +
1√
ϑ

t, ϑuo +η
√

ϑ , ϑvo +ξ
√

ϑ)[Fθ1,θ2φ ](η ,ξ )

×ei(s.η+t.ξ )dηdξ ; (28)

it follows ‖L φϑ‖L2(R2) = ‖χϑ‖L2(R2); some simple estimates give also that

lim
ϑ→∞
|χϑ (s, t)|2 = |l(so, to,uo,vo)|2|φ(s, t)|2,
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uniformly on bounded sets in R2.
Using FATOU’s lemma to sequence |χϑ (s, t)|2. We get∫∫

|l(so, to,uo,vo)|2|φ(s, t)|2dsdt = |l(so, to,uo,vo)|2‖φ‖2
L2(R2)

≤ lim
ϑ→∞

inf‖L φϑ‖2
L2(R2).

Consider T ∈ Cc. Then the estimate

‖L φϑ‖2
L2(R2) ≤

(
‖L +T ‖L2(R2)‖φ‖+‖T φϑ‖L2(R2)

)2

and consequently

lim
ϑ→∞

inf‖L φϑ‖2
L2(R2) ≤ ‖L +T ‖2

L2(R2)‖φ‖
2.

We obtained this way the inequality

|l(s0, to,uo,vo)|2‖φ‖2
L2(R2) ≤ ‖L +T ‖2

L2(R2)‖φ‖
2
L2(R2);

hence MNo ≤ ‖L +T ‖, which gives the desired result.
The proof is completed.

3 Conclusion
In 1972, S. Zaidman discussed norms of pseudo-differential operator involving
Fourier Transform in [14]. In this paper, i introduced norms of pseudo-differential
operator involving coupled fractional Fourier transform. Paper studies the norms
of pseudo-differential operators (PDOs) associated with the coupled fractional
Fourier transform (CFrFT). Establish several norm estimates, compactness re-
sults, and upper/lower bounds for PDOs under the CFrFT setting.The work con-
tributes to functional analysis and operator theory by generalizing Fourier-based
operator results to a coupled fractional domain.

4 Scope for future work
My manuscript addresses the study of norms of pseudo-differential operators re-
lated to the coupled fractional Fourier transform, which is a relevant area in mathe-
matical analysis with potential applications in signal processing and applied math-
ematics. The development of theoretical results in this direction may provide
deeper insights into operator theory and transform analysis. Such work can also
serve as a foundation for future research in fractional calculus, wave propagation,
and time–frequency analysis.
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