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Abstract
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1 Introduction

The well-known Fourier transform of a function f € L;(R), represented by f, is
described as

f(n)=

so that its inverse is given by

1&) = 5 [ Fmyan

provided the integrals exist.
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The fractional Fourier transform , denoted by .%y , which is a generalization
of the Fourier transform [[1]]. In 2018, Ahmed 1. Zayed introduced a novel gen-
eralization of the fractional Fourier transform to two dimensions, which is called
the coupled fractional Fourier transform [2] and is denoted by .Fy, ¢,.

More explicitly, the fractional Fourier transform [3} 4, |5, 6] can be viewed
as a family of transformations, {.#g} indexed by a parameter 0, with 0 < 6 <
1, such that .%; is the identity transformation and .%#;, is the standard Fourier
transformation.

The fractional Fourier Transform or FrFT of a function f € L;(R) , is defined by
[7, 1819, 10]

(Zof)) = Fom) = [ Ko(&.m)1(£)d (1)
where -
i cot® .
Cge(é o —iknesed 9 Lngnel
1 szn T
Ko(C.1) = NeTi =2

o(&—n), 0 =2nnm
8(&+m), 6=02n+N)x

C@ — /lfét;)te )

The corresponding inverse of (Zy¢)(n) is
§) = [ Ko(Cm)(Fof)(m)dn @

—i(¢2+12)co .
Ro(C.m) = Coe S0 ignesco

and Cp = |/ 28 = C_,.

Hence, K_G(Cﬂ?) = K79(€7n)'



In two dimensions, we have

[ﬁel,ezf](wl,wz):/R/RKQI(ll,(01)K92(f2,wz)f(ll,lz)dlldlz- (3)

This is the reason this transform is sometime called the coupled two-dimensional
fractional Fourier transform (CFrFT) [11].

Definition 1. We assume that 6 = (01,6:), x = (x,n), y = (»,{), Ko(Xx,y) =

K01 (X, n)'Kez (y7 C) = K91,92 (x,ya n, C)? where K91 (X, 77) and ‘%/92 (ya C) defined as
above.

The two-dimensional fractional Fourier transform [2, |2} |13] is introduced as
follows:

Z0911.8) = [Foa0)m.0) = [ [ Kolxy)o(wy)dsdy
= | [ Ko, (em)Ke, (.00 (x.v)dxdy
RJR
= //K91.,92(x7y7n7C)¢(xvy)dXdy~ 4)
RJR
The inverse of @ is

00 = [ [ Koo (. D Fo,0,91(n, O)dndg. ®

For 6, = 6, = %, the two-dimensional fractional Fourier transform g, g, be-
comes a classical two-dimensional Fourier transform.

Definition 2. A tempered distribution ¢ belongs to the Sobolev type spce 7° (R x
R), and s € R if its coupled fractional Fourier transform Fg, ¢,¢ corresponding
to a locally integrable function (Fg, 6,9)(E,n) over R x R such that

1

ol = ([ [ HO-+IER+ NP (Faa)Em) nag ) <o ©

and

©ello = (/R/Rw(é,n)\zdnalé)é < oo M

Definition 3. The space (R x R) is the collection of all complex valued in-

finitely differentiable functions ¢ (&,1) € R x R for every choice of 11, I, my, my €

No which for

xllylz om  Jm
dx™ Jym

rl;;l]l,sz (¢) = Sup
(x,y)eRxR

¢(X,y)' < oo 8)
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The dual of ¥ (R x R) is denoted by /' (R x R).
Then @ generates a distribution in ' (R x R) as follows:

(0, 0)= [ [ o&mo&mdtdn, v es®RxR), ©

The elements of /' (R x R) are known as tempered distributions.

1.1 | Symbol Classes

Let [(s,t,u,v) be a complex valued function defined in [11] for s,¢,u # 0,v # 0 €
R. The function I(s,t,u,v) € C*(R x R x R — {0} x R —{0}) is called to be an
element of the class A if and only if I(s,¢,tyu,t,v) = I(s,t,u,v) fort; > 0, t, > 0,
and assume also that

lim  I(s,t,u,v) = I(c0,00,u,v)
(Is],#]) = (e0,00)

exists for u # 0,v # 0 € R and [(e0, 00, u,v) is a mapping C*-function.

Now we define I'(s,t,u,v) = (s,t,u,v) —[(c0,00,u,v), and assume the estimates

ok 9t am or

2 2\p vy v ¥y v
(L0 5 % 50 g 9o

U'(s,t,u,v)| < Cokimn, Vs, t,u7#0,v#0€R
(10)

here p=1,2,3,......k, 1, m, n are natural numbers.

Theorem 1. (i) We get
(00,8, £) — l{orom,8,)| < C((1€ 8] +1¢ — )/ (181 1] + 161+ Inl)),
V&, £, 8, n arbitray in R —{0}.
(ii) The estimates (1 +x%csc?0y +y*csc?62)P| F g, 0,(I') (x,3,E,8)| <M,
Vx,y, E£0, L #A0eR, p=1,2,3,4,5..;
(i) (1 + 2256301 +2¢5202)7| T, an (1) (03, §) — Foy (1) (3,3, 6.11)
< My (& — 8]+ 1 — )]+ 1|+ 18+ 1), VE, €. 8, 1€ B {0},
Vx,y € R, p=1,2,...to o being

961,92(1/)(%%57&:) = fRfRKel,Og(t7u>x7y)l/(taM?&?C)dtdua
Vx,y,E # 0,8 # 0 € R are verified.

Proof. (i) Similar proof of Theorem 1 (a)[14].
(i1) The proof is available in [[11].

(iii) It can be easily proved from (ii), [11]. [



The term "pseudo-differential operators"[[15} (16} [17, [18] has a fairly broad
definition and covers such topics as harmonic analysis, partial differential equa-
tion, geometry, mathematical physics, microlocal analysis, time-frequency analy-
sis, imaging, computations, and quantum mechanics. In mathematics, natural sci-
ences, medicine, scientific computing, and engineering, current trends and novel
applications are highlighted. The emphasis is on contemporary developments in
different branches of engineering, mathematical sciences, the natural sciences,
medicine, scientific computers.

In reality, Kohn-Nirenberg and Hérmander [19] were the ones who first intro-
duced the pseudo-differential calculus.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [14, 20]), Hankel transform ( see
[21,122/123]] ), Fourier Bessel Transform on R (see [24,125]), Weinstein transform
(see [26] ), Laguerre hypergroups (see [27]) and Jacobi differential operators (see
[28]]), two dimensional fractional Fourier transform [29]], quadratic phase Fourier
transform [30].

1.2 | Pseudo-Differential Operator L(x,y, D;7y) related to .7, ¢,
Let [(x,y,E,8) =1'(x,,&,8) +1(c0,00,&,£) be a symbol, and, as previously,

gel,ez(l/)(xa.%é?C):/]R/RK91,62<tau7x7y)l/(t7u>€7C)dtduv vx,yag#()?C%OER'

Let us define, for any ¢ € S(R?) and x,y € R, a function u(x,y) = (L(x,y, D ,)9)(x,y),
in [11] by

(L<X,y,D;’y>¢)(X,y):/R/RKQI’%(Z‘,I/l,x,y)Gghgz(l,M)dtdu, (11)

where the function Gy, ¢, (,u) is given by

G01,92(t7u) :l(°°,°°7t7u)$91,92(t7u)+/R/Rl/91,92<t_§7u_n7tau)$91,92(§7n)dgdn'
(12)
1.3 | The pseudo-differential operator .Z(x,y, D, ,)

We consider a symbol /(x,y,&, ). We introduce an operator .Z(x,y,D;.,) from



[1], of .#(R?) in .#'(R?) by means of the formula

4 RJR
where, for ¢ € ., the function /%, ¢,(,u) is defined by the relation
%l,eg(tau) = 1(00,00,1‘,1/!)(/591792(1‘,14)
4Ty Ca / / it =27 )cot) +i(ura—13)cor6y
1 2 RJR
XU gy .0,(t = Ar,u—2a,t,u) P, 0, (A1, A2)dA1d Az,
Vo € .S andt#0, u#0ecR.

Theorem 2. Let [(s,t,u,v) be a symbol, L(s,t, D} ,) the associated pseudo-differential

operator. Then, for every € > 0, there ia a semi-norm ¢||.|| on L*(R?), dependent
of €, such that every L>— bounded sequence contains a subsequence convergent
in ¢||.||, and the inequality

CONL(s e, D)o < (7 +€)OV19[lo+ell o, Vo € LA (R?) (13)

is satisfied.

Proof. In fact, let us put mg(s,t,u,v) = \/7/2 +1(s,t,u,v)l(s,t,u,v) + € which is
still a homogeneous symbol as we can easily see, and besides is

me(s,t,u,v) =meg(s,t,u,v), €>0,st,u#0,v£0€eR.

Let us consider the operator Me (s,t,Dy ), #e(s,t,D} ) associated with me (s, t,u,v)
and £ (s,t,D),) associated with [(s,7,u,v). We get O

Lemma 1. The linear operator

Te=W*+e)l—L-L— M Mg : L*(R?) — L*(R?)
is a compact operator.
Proof. In fact, we have first of all the relation

Me-Mg = (Me—Me)Me+M? (14)

where 7] = (M — Mg )M, is a compact operator. So we arrive at the relation

Te= (W’ +e)]-2L -L— T —M?.
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On the other hand, we have
MM = (M —-MM+M-M
= H+M-M
where .7 : L*(R?) — L?(R?) is compact, and hence we get
To= W +e—-L L—M:—(F+B).

Finally, we have .Z¢ -Me — ((#* +€)I — (DI(s,1,D},)) = Fs: L*(R?) — L*(R?)
is compact and hence we derrive

Me(s,t,D},)Me(s,t,D},) = Mz (s,t,D},) = (W* +€) — (1l)(s,t,D},) + T3
and therefore
Te = (W*+e)-L-L—(W*+e)l+(l)(s,t,D,,) — (F + T+ F)
= ()(s,t,D};) —L-L— (A +S+5) =T

where .7 : L*(R?) — L?(R?) is compact.
Hence, Lemmal|[I]is proved. 0

Lemma 2. Given arbitrary € > 0, we have the relation

Re(769,0)0+£(OV9ll0)* >~ (PO Zeg )%, ¥ 9 € L2(R).

Proof. In fact, we have

]Re(%axmo < 09 7010 4]0
1
= m(0’0)||%¢||02\/5(0’0) 101lo
1

< &(OVgllo)* + (O 729010

and consequently
1
Re(72,0)] =~V gl? - (01 Teolo)’

follows. L

Lemma 3. We have the relation, Ve > 0

((070) 1

4e

IL(s,0,D5,)9110)* < (77 +2)("V[10)* + (V[ Ze9l0)*, V9 € L*(R?).



Proof. From Lemma 2. We get
2 2
(:0,0) = (Wi+e) <(°’°)H¢>Ho) - ((O’O)HL(SJ;DQJ)H0>

(0001

(T:0,9) is hence real-valued.
Applying Lemma 2], the estimate

2
;

2 2

(7:0,0) = (7/2+8)((0’0)H¢|lo) —(<0’0>||L<s,r,D;,t>¢||o)
0.0)37 / 2> 1 (0,0 7 2

~(Comtets il ) = = (0175000

and therefore
2 2 | 2
(©0zo10) + (ol ) < 002 +e)(@ota) -+ (7201
and hence
2 2 2
(“0nzolo) <2 +e)(*O1olo) + 0 (“175010)

which proves Lemma3]

Extracting the square root and for v/k + 7 < v/k++/7, kK >0, T > 0, we have

1
OO0 < (7 +v28) *|9llo+ 5—=""V[| Ze9 0.
2Ve
Theorem 2 is proved if we put ¢||¢] = we(®? | Ze¢|o and if we observe that
T, being compact in L2(R?) the semi-norm ¢ || || = w(%0)||.Z.¢||o satisfies the
required properties. 0

Theorem 3. Let 57 be a Hilbertian space, and L € £ (. 7). Let us assume
that ¥/ € > 0, There exists a seminorm (P002)€||.||c on S such that (©1:92)]|.|| is rel-
atively compact with respect to (®1-02)€ ||| ; and such that (©1-92)¢ || ¢ ||, < w(®1.82)| ¢,
YV ¢ € I and

©L0)|Lg ||, < (W+e) 00 gl + @ g, Vo €.
Then
inf{ O @)L+ 7|, T eC)<W.



Proof. For every € > 0 we get a compact operator .7 in ¢, with

O8I (L— Z)gll, < (# +&) @@ o], Vo €.

Let be 7 C J; for ¢ € A7 we have, (0002)€]|¢|| < (01929, and L of
dimension .4 —finite.

Let us put &, the orthogonal Projection on .7%¢; hence, .# — &, projects on a
space of finite dimension and is therefore compact . — H; : F# — .

Hence, we put 7 = L(.¥ — P¢); we get:

O (L~ Te)olls = O P (LPe)ols, V9 €A
We obtain
OB (L= Tl < (F +6) 0P Pet s+ O | Zeglls, Vo€ 7.
Being now Z:¢ € %, we have

(0.0¢)| g |, < & x 00 Feg |, < & x -0 g (1s)
therefore we get,

OB|(L—~ Z2)glls < (7 +26) 0] (16)

The proof is completed. .

Theorem 4. Let [(s,t,u,v) be a symbol and W = max{|l(s,t,u,v)| : |u| = |v| =
1, s, t € R}; let L(s,t,D;J) be the associated pseudo-differential operator;
let L(s,t,D},) be the associated pseudo-differential operator. Let 6.={T : T :

L*(R?) — L*(R?) is a linear compact operator}. Then we have the upper esti-
mates

inf{[|L(s,t,D},)+ T||: T € G} <W

inf{||.Z(s,6,D,)+ T||: T €6} <.

Proof. Applying Theorems [2]and [3| Theorem H]is proved. O



2 A few further estimations

In this section, we consider the latter applications. We shall prove here the fol-
lowings.

Theorem 5. Let [(s,t,u,v) be a symbol defined for s, t, u# 0, v#0€R, U an
open set, and W5 = max{|l(s,t,u,v)| s, t € U and |u| = |v| = 1}. Then, for every
€ > 0, constant k¢ and

OD|L(s,1,DL )9 llo < (#o5+€) V|9 llo+ke Ng]_y, V¢ € CT(D) A7)

be satisfied.

Proof. Firstly we have to prove Lemmaf]

Lemmad. Let[(s,t,u,v) be a symbol, G an open subset of R, #is = max{|l(s,t,u,v)| :
s, t € U and |u| = |v| = 1}. Then, ¥ € > 0 there is an open set U C Ug such that
the relation Wi5, < W5 + € is satisfied.

Proof. Actually, we have, for every sg, to € R, |[(s,t,u,v)—1(so,t0,u,v)| < €if [s—
so| < 8, |t —1y] < 8 and u #0, v # 0 € R; here &, and 6/ are independent of
so and 7 respectively. Let us consider here if dU is the boundary of U, for every
50, fo € AU the square {(s,7) : |s —so| < 8; and |r — 10| < &/}

Let us take

O, =0U {S(So,t(), 5é,5g) 180,00 € 8(5},

where S(so,%0, 04, 0y ) = {(s0,%0) : |s — so| < 6} and |t — 19| < &/ }.
Therefore, if v, ¥ € Ug, we have v, ¥ € U or v, ¥ € S(s*,1*, 8/, 5,) for a certain
s*, t* € 0. In the first case, we have

(v, 0,u,v)| <max{|l(s,t,u,v)|: |u| =|v|=1,s,t 66} =Ws.
In the 2" case, we get
(v, 0,u,v)| <[1(V,0,u,v) = 1(V", 0" ,u,v)| + |[(V, 0", u,v)| < e+ W5

Hence, for every 0,9 € Ug, u 420, v#0 € R we get |[(v, 3, u,v)| < €+ #4s.
Thus, #5, < W5+ €. [

Proof of the Theorem : Given € > 0, and ¢ € CJ(0) we build U, given in
the Lemma . There exists also, a function W¢(v,®) € C7(R?), such that
_J 1, V(v,9)€supp¢,
TR AP
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Obviously We(s,) is a symbol, and ®¢(s,7,u,v) = We(s,1)ll(s,t,u,v) is another
symbol. Furthermore ®¢ (s,7,u,v) =0 if s, r € U%; hence we have

max{|De(s,z,u,v)|: s, t € Rand |u| =|v| =1}
<max{|l(s,t,u,v)|: s, t € V¢ and |u| =|v| =1} = W5 < W35, + €.

We define Ye(s,z, D} ;) the pseudo-differential operator associated with e (s, 7, u,v).
We have
Tg(S,l,D;J) = L(s,t,D;J)(‘Pg (s,1)).

Actually,

0,60, [TE(SJ:DQJW](”,V) :/R/RKel,ez(s,t,u,v)[l(s,t,u,v)‘l’g(s,t)]¢(s7t)dsdt
= c9\91’91 [L(SvtaD;,t)(T£¢)](u=V)a Voe s YVu#0,v#0eR.

Hence we get
Ye(s,1,D,)¢ = L(s,1,D,) (Pe(5,1)9(s,1)), ¥V ¢ € S (R?).
Now we have decomposition
O (s,1) = We(s,)0(s,0) + {1 = We(s,1)}(s,1)
and

L(SvlaDiv,t)q) = L(SatvD;,t)lyé‘q)+L(Sat7D;,t){1_lP€(S7t)}¢
= Y€<S7I7D;,l>¢+L(S7I7D;,t){1_‘PS(SJ)}qbv

as itis 1 — We(s,t) = 0 on supp¢, then it is (1 —We(s,1))¢(s,2) = 0 on R?, and
therefore
L(Svtvav,t)(p :TS(sJ?D;J)q)'

Hence, we obtain
OONL(s,1,D4,)8ll0 = O Ye(s,2, D)9 o
< (max{|D¢(s,t,u,v)| :s, t € Rand |u| = |v| = 1}+8)(0’0)||¢H0 +ks(91’92)”¢||7%
< (#e+26) %0 ]lo+ ke 09|, .

[S]

This completes the proof of the Throrem [5] 0

11



Theorem 6. Let I(s,t,u,v) be a symbol, and [(so,to,ug,vo) = ko for a certain
50, to € R, |up| = |vo| = 1. Then ¥ € > 0, 3 ¢ (s,1) € Cy (R?), such that (0| ¢||o #
0 and estimates

OO (5,2,D% ) Pello — ko [|9e[lo| < & ©O|gello (18)

00 -1 < € ) gello 4
are satisfied.

Corollary to the above Theorem [6} Let [(s,7,u,v) be a symbol such that the
estimate

CUIPYIS k/<(0’0)||L(S,I7va,t)¢”0+ “’"92)||¢||1>, Ve s (R, (20)

is satisfied.
Proof. 3 areal number 6 > 0, and
\1(s,t,u,v)| >86>0,Vs, t€R, u, ve R—{0}.
In fact, otherwise we could find the sequences {s,}, {t,} € R and {u,, v,} on the
unit interval, such that |I(sy,ty, ty,vy)| < rlﬂ n=1,2,3,... . Then, take ¢,(s,t) €
Cg (R?) corresponding to &, = % We get
&%WwoSM(QWM@%D@WwwﬁmmW%MA),V¢€54R5,

and applying we deduce

1 1
OOl < ot ) o+ 0Ol V0110

( when is also used ): it follows 1 < 3k’/n, n=1,2,3,..., which is impossi-
ble.

We have: inf{(®1.8)||L + .7, : € |} = w* < W, there could be taken w such that
w* < w < W at least one .7, € €_1 so that

w <O Ly Fl <w<W

and therefore

1
* (00 . 22
w §sup{(070)||¢H0 I(L+ Z)dllo: ¢ € L7(R )}§w<W

12



whence ©O||(L+ 7)o <w ¢ ]l0, ¥ ¢ € L*(R?).

Being w < W = max{|l(s,t,u,v)|:s, t € R, & |u| = |v| = 1} we find at least two
50, o € R and ug, vy, |u0] = |V()| = 1 such that w < |l(S(),l‘(),Lt(),V0)| = ]k6 <W.
We find ¢ (s,¢) € C3(R?) such that

—€@gello < O Lge o — ko O ello
or

00| Lge g

CON(L+ Z)be — Tntello
CON(L+ Z) e llo+ )| Fuello
w0 g [lo+ K01 p]
w00 gglo +K - €| gello
(w+ke) Vg lo

(kg — ) gello

ININ TN

and being (0] ||o # O we get, V &
ko—e<w+k'-€

and
w < kg

which is impossible.

Proof of Theorem 6t Let us take €’; we have |I(s,t,u,v) —[(so,t0,u,v)| < € if
|s—s0| < 8 and |t —19] < &, u#0, v# 0 € R. We consider a function y € C°
with support contained in the square {(s,7) : |s —so| < 8¢ and |t —t9| < 8¢}, and
the sequence

¢n78’ (S, l) _ e% [—2n(uugcot By +vvg cot 0, ) |+in(sugcscO; +tvg csc 6;) W (S, I) 1)

where by hpothesis is
|l(S(),t(),bt0,V())| = k6 and |I/t0| = |V()| =1.

Let be W(4, 1) € C(R?) such that

|1, |Al<land|u| <1,
‘P(l,,u)_{ 0, for|A|>2and |u|>2.

13



Hence we write

@) = w( 0 RO ),

The following estimate is valid:

/

NG

|grad®,(u,v)| <
We obtain
(S f, D/ )(pn g = l(SOat()vuOvVO)(pn,&" +q)n(D;7t) (L(S;I7D;,t) —l(S(),tmLto,V())[) q)n,&‘/

+ (I— CIDn(D;J)> <L(s,t,D;’,) — l(so,to,uo,v())l> One'
= 1(s0,0,10,v0)Pn e’ +F1+ 52 (say),
where / being the identity mapping and therefore we get
OONL(s,2,D},)9nello = O 1(s0,10,10,v0)ne' + 71 + F]lo

ans hence

(0.0) HL<S7t7D;,I)¢n,£’ kO(O’O) H(pn,s’

= | ©011(50, 10,10, v0) $p.e + 71 + Fallo — @O (50, 0, 10, v0) B e 0

(0.0) 11(s0,10, 10, v0) Pne'|l0 + 007 + 7)o — OO 1150510, 10, v0) Pne' |0

< OOz + .20 < V)0 + 020,

We consider hence the expression

09 21 = O (D >(L<s,r,D;,f>—l(so,ro,uo,vO>z) onerllo

which is estimated by

<°v°>r|<1>n<D;f>(L<s,z,D;,t>—L<so,to, sot()))% ol

—|—(0’0) ||(I)n(D;7t) (L(S,I,Dg’t) — l(S(),t(), up, V())I) ¢n,£’ ||()

14



where

991792[L(so,tO,D;(),,O)q)](u,v) = l(S(),t(),u,v>[y91’92¢](u,\)), V(l) € y(RZ)

Hence, we have
(0.0) Hq)n(D;,t) (L(s7t7D;,t) - l(S(),t(), Uop, VO)I) (Pn,s/ HO
= 9o, (L(s,t,D;J) —1(s0, 0, nto, nvo)l> Onerlo

— (/IRZ |¢n(u,V)|2|l<so,tO7M’V) — l(SO7l‘O’nMO7nVO)|2
1

2
1[0 0 0) Pl )

By the inequality, we have
|u — nug| + |v — nvo|
|l + |nuo] + [v] + [nvg
k|u—nu0| + |v — nv|
2n ’
p=123 ... t00, u#0,v£0ER, |ug| =|vo| =1, s, t €R.
Therefore, considering too that

|1(s0,t0,u,v) — 1(s0, %0, nug,nvo)|

<

P, (u,v) =0

for |u —nug| > 2+/n and |v —nvy| > 2/n, we have
00|, (Dy,) (L(So,fo,DsO 1) — (50,10, uO7V0)1) On.erllo

u—nug<2y/n  pv—mp<2y/n | 5 )
k(/ / —— (|u = nuo|* + [u — nug|)
—2y/n<u—nug J —2+/n<v—nv 4n

IN

1

<[ 00 () Peuy )
ki
2y/n
Besides, we observe that we have also estimate
OO\, (D},)(L(s,1,D5,) — L(s0, 0, so,,(,))% e'llo
< 0.0) ||(L(s7t7D{v,t) —L(So,to, so,to))(pn 4

< ©0))19,,.¢l0-
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If m(s,t,u,v) = I(s,t,u,v) —(so,%0,u,v) is related to the operator L(s,,D5,) —
L(so,t0,Df, 4,), we have |m(s,t,u,v)| < & for |s —so| < 8, |t —to| < O, |uo| =
1 & |vg| = 1. On the other hand, the functions ¢, ¢ in (21]) belong to C5’({(s,?) :
|s —s0| < O & |t —19| < 8}) and hence (by Theorem|5)), we have, given €’ > 0,
a constant ks, such that

(0,0) | (L(s, t,D;J) — L(so, to,D;m))q)n’e, llo < (2€) (0,0) [ @nerllo+ kg (61:62) 10nerll—1,

n=1,2,3,4,5... tooo.
Up to now, we have arrived at estimate

K
NG

Obviously, we get

O Ao < —= V)¢, ell0 +26" D@, e [l0 + e 8[| 9, 0] -1,

S = (L(s,t,D;J) — (50,0, nug,nvp) (I — <I>n(D;J))) Op e’
— {L(s,t,D;t) — (50, t0, nug,nvo)I, I — CIDn(D;’,)} Op e

The commutator [L(s,,D5 ), ®n(Dj,)], and therefore

SH = (L(s,t,DéJ) — (50,10, nug,nvg) (I — CID,Z(D;J))) One’
— {L(S,I,D;J), q)n(D;J)} (])mg/ =I5+ Iy (say).

Hence, first of all we have ( being |I(so, %o, nug,nvo)| <k’ ) that

)l < kOV|(F = @u(D,))buerllo

1
2

< ([ [0 @)l Fa. 0ol )
Now we observe that we have ®,(u,v) = 1 for |u — nup| < /n & |v—nvy| < \/n;
hence 1 — ®,(u,v) = 0 for |u — nup| < /n & |[v—nvy| < y/n and besides it is

l

[ﬁ01792¢n’8,](u,v) = //Keh92(3,t7u7v)ei[—Zn(uuocotﬂl—i-vvocoteg)]
RJR

x ein(suocscel +tvpcsc6y) Y (37 t)dsdt

= [ﬁel’ QQWE/](u_nu07v_nvO)
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and therefore
1

(0’0)||ﬂ3||0 < k(/ / [[Fo,. 6, Wer] (1 — nug v—nv0)|2dudv)2
. gl >/ o=y

2
= k([ [ |ZaevelUY 2dUdv) ,
(fon o [0 nvelwv)

where u — nugy = U and v — nvg = V, we have:
1

2
</;]|>\[/| |>\/ﬁ|[ 91_‘921# ]( ‘/)|

i (/R/R 7.0, ‘Ve’](U,V)|2dUdV) %

=& g, llo ifn>No(e', Fo,, 0,We')-

IN

Then we have
N gyllo = ©O

[ [ o110 = Couv) @) = Ba(1,0))
X[g\el, Gz(Pn,S’](n?C)dndCHO-

We see that
[Py (u,v) = ®(1,8)| < (lu—n|+ |v—C)|grad®,(U,V)|
1
1 2 2) 2
<k— — — .
_k\/ﬁ(l—Hu n=+\v C|)

Hence, we obtain

[ [ 170 6110 = G (@a(u,) — @4(1.£))[Fo,, 0,0l $)dmdC
RJR

S%/R/R(HIu—n\zﬂv—(ﬂz)_ﬁél[%,,92¢n,e/](n,(§)ldndé,

Vg=1,2,3,...
we obtain
k
N A %(O’O)H%,e/llo’ n=123,...
Adding, we get

©0.0) ||L(S?I7Dg,t)¢n,£’ |O + 28/(070) ||¢n,8’ ||O

|¢n,8’

k
lo —ko (0,0) | @n.erllo] < %(o,o)
k
—Hksl(gl’%) ”(Pn,s’ H—l + 8/(070) ”‘Pn,s’ ||0 + %(070) Hd’n,s’ ||0= forn > NO(SI)‘

17



For every €” > 0 there is [y, g,n](€”,€’) such that we have

(91792)||¢n e

|71 < kg,/(()’())Hq)n,e’HO forn > [991792n](8//78/)'
In fact, we have

2
(9ol

- 2
- //(1+|u|2+|v|2) [ Fo, 0, Wer) (1 — nug, v — nvo) | dudy
2
= /u nu, ‘>p /V i |>P |[ﬁ&?@z‘//gl](u—nuo,v—nvo)‘ dudv
—hug|>p1 J [v—nvo|>P2

_ 2
/u nug|<p /v nvp|<p (1+|u’2+"}’2) 1”9.91,921118/](14—nuo,v—nVo)‘ dudyv,
—nup|<py J[v—nvo|<pa

for every p1 > 0 & pp > 0.
Given now €” > 0 there is p; (€', €") & p;(€’,€") such that

2
Lo ) Faavelvavay <& (©oolo)
Ul=pi JIVI=ps ’

We observe that if |u —nug| < pf and |v —nvg| < p3, it results |u| > n— pj and
|v| > n— p; and therefore, for n > p;{ 4 p; + 1, we get

/ / (L4 [u2 4+ [v2) [P, 6, Ver] (4 — rttg, v — nvo) Pdudy
junt|<p; Jjv—mvol<p3

-1
< (1 +(n—pf—p§)2) <//|[ﬁ9179211/8/](u—nuo,v—nv0)|2dudv>

-1 2

_ (1+(n— pi — p;>2) <<°’°>H¢>n,sfllo)

< (8//)2 ((0,0) H (pn,s’

2
o)+ it max{py +p3 + 1, N

and therefore, for n > Ny (€',€"), we get
(61,62) ||¢n7e’||fl < 28”(0’0)H¢n,8’”0 .

Hence we arrive at inequalities

CONL(s, 1,0 ) Pnerllo = ko " @nerllo| < —="l9nerllo+2€" 9y erllo

LS
Jn

18



for n > N(€/,¢") and 884, |1 < KO[g, 0o forn > Ny (', "),
Let us take €”(€’) small enough to have ke” < ¢ and 2k, .€” < €'; hence, for

n>N"€).
We have
(9]’92)”¢n,8’H—1 < 8/(070)H¢n,£’ |0
and
k

0.0) ||L(Sal7D;,z)¢n,e’ lo— ko(o"o) ||¢n,e’ lo| < %(070) ||¢n,s’||0 +3¢/(00) H‘Pn,e’HO

<4e' 009, oo ifn> A (€.
Let us take €’ < £ and the result achieves. O

Theorem 7. Ifi(s,t,u,v) is a symbol, L(s,t, D;},) the associated pseudo-differential
operatot, 6. = { 7|7 : L*(R?) — L*(R?) is a compact operator},
A =max{|l(s,t,u,v)|: s, t € Rand |u| = |[v| =1}, we get

M < inf{||L(s,t,D;J)H : T € Ce}. (23)
Remark 1. As a simple corollary of we obtain also the estimate
M <inf{||L(s,t,D5,)+ T : T € C.}. (24)
In fact, if we take an arbitrary J, € 6,, we obtain

L(s,t,D5 )+ Ty = ZL(s,t,D};)—L(s,t,D{,)+L(s,t,D5 )+ T,
= L(s,t,D;t)%—,%

where 91 € 6.. Consequently, applying , we obtain || £ (s,t,D5,) + T =
|L(s,t,D5,) + Al > A . As T, is arbitrary in G, we get the equality

inf{||ZL(s,t,D};)+ T : T €6} =M. (25)
Corollary 2.1. Combining with Theorem[d]we get the interesting the result

inf{||L(s,t,D},)+ 7| : T € 6.} = M. (26)
Proof. First of all, we have the following. O

Lemma 5. Let [(s,t,u,v) be a symbol and k, = |I(S0,t5,U0,Vo)| for a certain
Soy o € Rand |u,| = |vo| = 1. There is then, for every € > 0 a sequence ¢y (s,t) €
C2 (B X UY); Uy x Uy = {(s,1) : [s— 50| < L and |t —1,] < 1} with ©0||¢, |lo = 1
and k, — e < || Lo, 0.
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Proof. The function ¢ is got = e™(5#oF"vo) y. (5,1), from Theorem|6, where Y, €
Co{(s,t) 1 |s—s0] < 8 & |t —1,| < 8;}. Hence, for n > n, we get ;- < &, and all
the functions

(Pn,e(syt) _ eiqn(su,,ﬁ—tvo)llfn(&t)

( with g, big enough, fixed, dependent from € > 0 and from y;, ), verify estimate
(ko — &)V gnello < OVNL(s,1,D,)bne lo.
Dividing by (©-0) | @n.ello, we can have the sequence of norm 1. We have

ko —& < OV|IL(s,1.D ) gullo.

Lemma 6. We have

lim //¢ngws f)dsdi =0, Yy € LX(R xR).

Proof. 1n fact, we have

/ Pne(s,1) W(s,t)dsdt / / (s,t)y(s,t)dsdt
|s—so|>p /|t— t(,|>p
+/ / On.e(s,1)y(s,t)dsdt.
|s=so|<p Jlt—to|<p
For n big enough, ¢, ¢ =0 when |s —s,| > p, |t —1,| > p and therefore
// Pne(s,)W(s,)dsdt = / / One(5,0)W(s,1)dsdt
/ ls—so|<p Jt—to|<p
1

2
< oo [ [ wlsnPasar)
|s—so|<p Jlt—1o|<p

%
= (/ / |l//(s,t)\2dsdt) :
ls—so|<p Jlt—1o|<p

Hence, given v > 0, we take p(v) such that

3
( / / |l//(s,t)|2dsdt) <.
ls—so|<p Jt—to|<p

At last, we take n big enough to have ¢, ¢(s,7) = 0 when |s —s,| > %
& lt—to| > 1. O
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Proof of the Theorem: We assume, that
inf{HL(s,t,D;J) +T7: T e€Ct=m< M. 27

Hence, take m’ such that m < m' < M there is at least a .7 € . such that || L(s,t,Dj ) +
|| < m'. Hence we get

CNEL+T)9llo <m' “Vlollo, ¢ €L*(RxR).
Being m’ < M, we find at least two s,, 7, € R, u, #0, v, # 0 € R and |u,| =
[Vo| = 1 such that m’ < |I(s5,t0,Up,v0)| = ko < A .
Hence, we get, for ¢ — ¢, ¢ (applying Lemma|5]), that

(ko — &) < CONL(s,0, D5 N nello < OVNLA TIbnello+ V1T buello

< '+ T elo.
If n — o0, T ¢y — 0 strongly in L*(R x R); hence k, — & < m/, absurd for €
small enough.
Taken then |s,| < A5, |uo| = 1, such that |I(s,, 2o, Up,Vo)| = A 4;; then I(s,t,u,v) €
C(|s| < A, x |t] < A,) and the function @ (s,7) Z 0 and the sequence
05 (5,1) = D50 ((s — 50)VV, (t — 1,) V) HoF1v)0 9 — 1,2 3, 10 0.
It follows @922y = |9l ,2(r2) and
lim ¢y (s,r) = 0 in L?(R?)
V—o0
By direct computation one gets
[L05)(5,1) = D 10 (s — 56) VD, (1 — 1) VD)l 1:201V0
where
1 1
K1) = [[Usot Tss b0t st DotV B+ EV) T 0,0](n,€)
xe ML) dndé; (28)

it follows |29y 12(r2) = [| X9 ]| 12(r2): some simple estimates give also that

Tim (20 (5.0) = S0, ostorvo) PI9(s.0)
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uniformly on bounded sets in R.
Using FATOU’s lemma to sequence |y (s,?)|*>. We get

/ [1(So,tostt0,v0) P19 (5,1) Pdsdt = |I(s0,10,1t0,v0) 9172 g2)
. . 2
< gl_fgmegﬁbﬁ”LZ(Rzy

Consider .7 € 6. Then the estimate

2
12951322, < (nzwan(Rz)wn - Hmﬂnmz))
and consequently
. . 2 2 2
ggﬂomf||$¢ﬂ||L2(R2) <L+ Tl llol™
We obtained this way the inequality
10501 os 10, Vo) P91 gy < 112+ 1122 gy 10122 g

hence My, < ||.£ + .7||, which gives the desired result.
The proof is completed.

3 Conclusion

In 1972, S. Zaidman discussed norms of pseudo-differential operator involving
Fourier Transform in [14]. In this paper, i introduced norms of pseudo-differential
operator involving coupled fractional Fourier transform. Paper studies the norms
of pseudo-differential operators (PDOs) associated with the coupled fractional
Fourier transform (CFrFT). Establish several norm estimates, compactness re-
sults, and upper/lower bounds for PDOs under the CFrFT setting.The work con-
tributes to functional analysis and operator theory by generalizing Fourier-based
operator results to a coupled fractional domain.

4 Scope for future work

My manuscript addresses the study of norms of pseudo-differential operators re-
lated to the coupled fractional Fourier transform, which is a relevant area in mathe-
matical analysis with potential applications in signal processing and applied math-
ematics. The development of theoretical results in this direction may provide
deeper insights into operator theory and transform analysis. Such work can also
serve as a foundation for future research in fractional calculus, wave propagation,
and time—frequency analysis.
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