MEMBERSHIP CONDITIONS IN
NEUTROSOPHIC N-NORMED LINEAR
SPACES

May 7, 2025

Abstract

This paper explores the establishment of truth, falsy, and indeterminacy member-
ship functions within the framework of neutrosophic n-normed linear spaces (Nn-
NLSs). These membership functions form the core of the theoretical foundation
for handling uncertainty, indeterminacy, and vagueness in complex mathematical
spaces. The conditions governing these functions are rigorously defined, ensur-
ing consistency and applicability in finite and infinite-dimensional cases. Truth
membership functions are shown to be non-decreasing and converge to unity, falsy
membership functions are non-increasing and converge to zero, while indeterminacy
membership functions maintain constancy and eventually diminish to zero. These
findings contribute to the robust theoretical modeling of Nn-NLSs and provide a
pathway for future applications in uncertainty analysis and decision-making frame-

works.
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1. Introduction

Normed linear spaces (NLS) are fundamental in mathematical analysis, offering tools to
study convergence and continuity. The extension of NLSs to neutrosophic numbers, incor-
porating truth, falsity, and indeterminacy, provides a more effective approach to handling
uncertainty and contradictions, expanding on fuzzy and intuitionistic fuzzy sets [1]. Sev-
eral studies have explored neutrosophic normed linear spaces (NNLS), including the work
of 2], |3], and [4], who introduced concepts like fuzzy NLS, and generalized NNLS to n-
normed linear spaces (Nn-NLS), emphasizing the role of uncertainty in completeness and
stability. This paper further generalizes NNLS to Nn-NLSs, integrating truth, falsity, and
indeterminacy membership functions to address limitations in modeling uncertainty and
improve mathematical analysis |5|The concept of completeness is crucial in this context,
as it determines whether a Cauchy sequence converges to a limit. Completeness is the
property of a system where any Cauchy sequence converges to a limit. This property is
essential in metric spaces, where Cauchy sequences are characterized by elements that
become arbitrarily close [6] Defined fuzzy sets as allowing degrees of membership, and [7]
described fuzzy sets as a strong mathematical tool to deal with the complexity generally
arising from uncertainty in the form of ambiguity. Neutrosophic sets generalize fuzzy
set by adding flexibility to reresent incomplete and inconsistent information while fuzzy
set deal with uncertainty by assigning each element a degree of membership between
0 and 1 furthermore neutrosophic set deal with three membership functions which are
truth,indeterminacy and falsity mebership functions while fuzzy set deal with only two

membership function truth and falsity. [8]

2. Materials and Methods

The research employs neutrosophic logic to extend the classical properties of NLS to
Nn-NLS, incorporating membership conditions for truth, falsity, and indeterminacy. The
definitions of Cauchy sequences, completeness, and membership functions are generalized
within this framework, with mathematical proofs provided to validate these extended
definitions. Key lemmas and theorems from previous studies are adapted and enhanced

to suit the neutrosophic context, particularly focusing on the integration of truth, falsity,



and indeterminacy membership conditions in the Nn-NLS structure.
Definition 2.1:
Let I =10,1] A function Q: I x I — I is said to be a t- norm for all f,g,h,i € Twehave

fog=gof
folgoh)=(fog)oh

o is continuous

fol=f forevery f €[0,1] and

fog<hoiwhenever f <hand g <1
19l
Definition 2.2: Let I = [0,1] A function x: I x I — I is said to be a continuous

triangualr co-norm or t-co-norm for all f,g.h,i € I we have

i frg=gxf
i fr(gxh)=(fxg)xh
iii * is continuous
iv fx0= f for every f € [0,1] and

v fxg < hx*iwhenever f < hand g <1

19]

Definition 2.3: A Neutrosophic Set N on S is characterized by a truth-membership
function p, an indeterminacy membership function ¢ and a falsity membership func-
tion n where p(z),&(x)andn(z) and real standard and non-standard subset of [0, 1]
thus the Neutrosophic set N over S is defined as:

N = <z, (p(x),&(x), n(x)) > |z € S [10]

Definition 2.4: Neutrosophic numbers: Let N be any number, I be an indetermi-
nacy with the property I? = I then N(I) = a + bl : a,b € N is called neutrosophic

number. |10]



Examples of Neutrosophic Numbers

r=5+1
y=—4+431
1
=—-—1
Y73
q=0+31

Let 3 — I be a neutrosophic positive real number, since 3 > 0 and (3 —2)=1>0
and 3+ 2 > 3.

(a)
3+5i=(1+3i) (mod 2+ 2i).

This is because

3=1 (mod2), and 3+5=8=1+3=4 (mod4).

(b)
ged(3 4 5¢, 1+ 3i) = 1+ 34,
because
ged(3,1) =1=m, and gecd(3+5,1+3)=gcd(8,4) =4=m+n.
Thus,

m+ni =1+ 3i =ged(3+ 5¢, 1 + 347).

Consider the following neutrosophic integers:

r=5+41, y=3+1.

There exist

gq=1+1, r=2-1



such that

r=q-y+r.

n-Norm Examples

o Forx =4+ 1I:

]|, = V42 + 12 = V17 ~ 4.123

e For y=—-2+431I:
Iylln = v/(—2)2 + 32 = V13 = 3.606

e Forz=1_1:

1\2 5 \/5
Z=1/(5 12=,/2 =2 111
I QJ + ¢; 9 8

o For w = 21I:
fulla = VI T = Vi=2
Lemma 1:
Let z,y € X be elements of a neutrosophic normed linear space (X, |||z, |||, |- ]/1)

with truth, falsity, and indeterminacy membership functions. Then, for any =,y €

X, the following inequality holds:

[+ yllr < llelle +llylle, Nz +yle < llzlle+lyle, e+l <zl + vl

|11]
This lemma establishes the triangle inequality for the truth, falsity, and indetermi-

nacy components of the neutrosophic norm.

Lemma 2:
Let {z,} be a sequence in a neutrosophic normed linear space (X, |||z, || ||, || - |7)-

If for all € > 0, there exists an N € N such that for all m,n > N, the following



conditions hold:
Hxn - meT <€, Hxn - meF <€, Hwn - meI <€,

112]
then the sequence {z,} converges in the neutrosophic sense, meaning there exists

an x € X such that:

lim ||z, — z||r =0, lim ||z, —z||r =0, lim |z, —z|;=0.
n—00 n—00 n—r00

This lemma extends the concept of convergence in classical normed spaces to neu-

trosophic spaces.

Lemma 3
Let X be a neutrosophic normed linear space, and let {z,,} be a sequence in X. If

there exists a constant M > 0 such that:
|lenllr < M, |zn|lr <M, |zo|lf <M forall neN,

then the sequence {x,} is bounded in the neutrosophic sense. In other words, the
sequence does not "escape" to infinity with respect to any of the truth, falsity, or

indeterminacy components of the neutrosophic norm. 13|

3. Results

3.1. FEstablishing conditions for neutrosophic n - normed linear spaces

of truth membership function

This subsection presents the results which aimed at establishing condition for neu-
trosophic n - NLS of truth membership function.

Where p Represent truth-membership function, ¢ indeterminacy membership func-
tion and 7 falsity membership function

Theorem 3.1:

True membership functions are satisfied by a continuous t-norm and a continu-



ous t-co-norm in a binary operation (x,0). Then, the following conditions ap-

ply for a neutrosophic subset N;< p > on a space X and a field F(R/C): V

01,09, wous Ony Y15Y25 s Vn € X1, X2, ..., X, and ¢ € F

1. 0 < p((51,52, ...,(5n,b),§(51,52, ...,5n,b),77((51,52, (Sn,b) < 1Vvbe R

2.0 S p(51752, ---76n;b) + 5(51,(52, ,(5n,b> + 77((51,52, ceey

3. p((51,(52, ,5n,b) =0 with b <0

4. p(61,09,...,0n,b) =1 with b > 0 iff 41, do, ..., §,,, are independent.

5. p(c6y, 02, ...y 00, b) = p(81, 69, ..., O, 727) Ve # 0,6 > 0

llell

0.,b) <3VbeR

6. p(517527”'76n7s) * p(717/727"'77n7b) < P(51762>‘-‘75n7+71772w~7’7n73 + b)7 v

s,be R

7. p(d1, 92, ..., 0p, -) is anon - decreasing function for b > 0 lim, — 00 p(dy, 2, ..

=1.

Proof:
We have

1. Vb€ Rits clearly 0 < p(01, 02, ..., 0n, b), (61, 02, ..
Vbe R

2.0 S p((51752, -~-7§n; b) + €<51,62, ,(ST”b) —+ 7]((51, (52, ey

3. It is define that p(x,t) =

t+ [zl
we can now defined:
(01,02, -, Ony b) = b
P01, 09, ..., 0n, - b+|’51’52’,5n”

b
-
||517527 "'75n75n—1||

Therefore, b=b+ H517 52, vy 5n> 5n71H

hence p (61,02, ..., 0, 01, b)

. 67“ b), 7’](51, (52,

5,,b) <3VbeR

'75n7b)

;0n,0) <1



b

4. p(d1,09,...,0n,b) = 1 it implie that =

b+ 1|01, 02, .., On |
b=0>b+ H517(52, ,6n|| = H51,52, 7511”

hence 61, 0o, ..., d,, are independent

. From condition 5 of theorem 3.1 we have p(cdy, 0o, ..., 0n, b) = p(61, 82, ..., Op, ‘i)

Then, we have

0(51, 527 ceey 5717 ‘_3)
b

_ el
b\ | c | +||61)627 75n||

b
lel

" b+ ¢ [[61, 02, -, 0n]]
| c|

B b+ ||617527-~-766n
Hence p(d1, 09, ..., Oy, b)

. Suppose p[(d1, 02, -y ) = (Y1572, <vs Yn )5 SHO—p(01, 02, ooy Oy $)kP(Y1, Y25 ooy Vs D)

s+b _ sb
(s +b+[[(01,62, ., 0n) + (1,72, s Y)l) (8 + (|61, 02, .5 0nl[) (b + |01, G2, -, )
s+b sb

> _
o (8 + b+ ||<517527 7571) + (717727 77’n)”) (8 + H617527 75”“)(b+ Hf}/hfy% 777”LH)

by taking the LCM we have

= (s+b)(s+ ||01, 02, .., Oul) (O + |71, Y2, s Wull) — 8b(s 4+ b+ |01, 2, ..., On| +

||’71772a"'77n||>\X
where X = (s 4+ b+ [|01, 02, ..., Oul| + 71,725 s Yall) (s + [|61, b2, ..., 6u]|) (b +

||717727---7”Yn‘|)

By expanding the bracket and collecting like terms we have

= b2H517 527 ) 5,1”82”’}/1,’}/2, 77”” + (8 + b)||<517 527 ) 5”)(717727 ern)H \ X
>0

Hence

pl(01,09, .0n) — (V1,72 -+, Vn)s S + b < p(01,09, ...y 0n-8) * P(V1, Y25 -y Y, O)
Vs,b e R



7. clearly p(d1, 09, ...,0,,b) is in b.
The Proof is complete.

3.2. FEstablishing conditions neutrosophic n - normed linear spaces of

falsy membership function

Where p Represent truth-membership function, ¢ indeterminacy membership func-

tion and 7 falsity membership function

Theorem 4.3:

Let * represent a continuous t-norm and o represent a continuous t-co-norm. Based
on this, a falsy membership function was defined for a neutrosophic subset N:< & >
on a neutrosophic n- normed linear space X, Xo, ..., X, the following hold for V
01,09, ..., Op,

V1, Y25 s Vn € X1, Xo, ..., X, and ¢ € F:

1. Zero property: £(d1,09,...,0,,0) =1 with b <0

2. Null elements: £(dy, 09, ...,0,,0) = 0 with b > 0 then 61,0, ...,9, are null

elements

3. Scalability: &£(cdy, g, ..., 0, t) = &(01, 02, ...0n, ﬁ) Ve #£0,0>0

4. Subadditivity: £(d1, 02, ..s 0,y 8) © E(V1,72, oy Vs 0) = E(01, 02, ooty OnFY15 725 ooy Yoy S+
b),Vs,beR

5. Continuinity and limit: £(d1, ds, ..., d,, +)is continuous non - increasing for b > 0

and lim, —o00 £(d1, 09, ...,0,,b) =0
Proof:

1. Given (61,02, ...,0,,0) =1

t
Therefore, it has define p(z,t) =

t+ [l

We now define £(3;. 0y, ... 0, b) —
e now define £(6;, &, ) b+ (01,0900
Then b =10+ H(51,(52, 75n|| = ||(51,(52, 75n||

iff 91, 09, ..., 9, are zero.



2. Given £(61, 02, ...,0,,0) =0

b b
Th 01,09, ...,0,,b) = if and only if
en {(01, 02, ..., ) b+ 101,02, 20l if and only i b+ |61, 02, vy Oy Or1 ||

Sb+b+ H(Sl, 52, e (Sn, (Snfln it 1mphes that 5(51, (52, ey 5717 571,1,75)
b

Tk 5;57"'75717 5”’i - H
aking &£(d1, 0o ¢ |c|) b\ | c| +|61,02, ..., 0n|

By taking the reciprocal we have
b

E]
b+ | c|||01,02, ..., 0n]

| ]

=

b+ |01, 09, ..., 0|
hence £(dy, 2, ..., Oy, b)

. Assume £[(01, 02, ooy On )+ (V15725 ooy Yn ), ST —E (01, 02, <y Oy $)OE (Y1, V2 ooy Yy D)

s+b sb

(S +b+ ||(61’627 7571) + (717727 )771)”) (8 + ||517527 767‘L||)(b+ ||717727 7’)/71“)

it show that the above expression is

s+b sb

>
(s b+ (01,02, 00) + (V1,725 W) ) (5 41101, 02, 05 0n D (0 + [l725 725+ )

Taking the LCM we have

= (s+b)(s+ |01, 02, ..., 0u|) (0 + |71, Y2y ooy Yull) — sb(s + b+ ||1, I2y .oy G || +

”717727“'7771H) \X
where X = (s 4+ b+ [|01, 02, .., Ou|| + 71,72, s Yull) (8 + [|01, 02, ..., 6u||) (b +

||’717’72a 7771“)
= b2“517 52’ ) 571”32”'717’727 '~-,'7n|| + (3 + b)“(517 52’ g) 571)(717727 7771)”\X >
0

Hence

E[(61, 02, .--0n) — (V1,72, -+, Vn)s S + b] > &(01, 02, ..y 0n.8) 0 E(V1, V2, -+, Vn, b) fOr
all s,b € R

10



5. 5(61,(52, ,5n,b) isin t

Hence The proof is complete

3.3. FEstablishing neutrosophic n - normed linear spaces of indetermi-

nacy membership function

This subsection presents the conditions of neutrosophic n - normed linear space of
indeterminacy membership function

Where p Represent truth-membership function, ¢ indeterminacy membership func-
tion and 7 falsity membership function.

Theorem 4.4:

Let * be a continuous t-norm and o be a continuous t-co-norm for a linear space
V and a field F = (R or C). Then, if the following criteria are true for every
01,09, s Ops Y1, V25 ooy Y € X1, Xo,..., X, and ¢ € F, then a neutrosophic subset

N:<n > on X, Xs, ..., X, defines an indeterminacy membership function.

1. Zero property: n(dy,d2,...,d,,0) =1 with b <0

2. Null property: 1(d1, 2, ..., 0p,b) = 0 with b > 0 if and only if d, o, ..., ,, are

null elements

3. Scalability: n(cdy, da, ..., 0n,b) = 1(d1, da, .., O, ﬁ) Ve #£0,0>0

4. Subadditivity: 1(d1, 62, ..., 6n, $) 0 (Y1, Y2y <oy Yny ) = N(01, 02, ooy OntY1, Y2y ooy Yy S+
b),V s,beR

5. Continuity and limit: 7(d, da, ..., 0p, -) is constant for b > 0
lim, —o0 n(d1,02,...,0,,0) =0
Thus, (X1, Xa, ..., X,, %, 0) is neutrosophic n - NLS.

Proof:

1. Suppose that 7(dy, 92, ..., 0,,0) = 1
Then we have n(dy, da, ...0,, b)
= b - b —|— "51,(52, ,6,1”

b
b4 |61, 62, ..y O]

11



— ||51752;--'5n||
hence 41, s, ..., d,, are zero

b

2. Given 0y, 0, .., 0n, b) = 0 we now defined (01,0, ., 0n, b) = =y
1, 27..., n

b

b + H617627 "'75717571—1”
= b4 b1, Fay e, Oy G |

= 7](617527 "'767L767L—17t)

if and only if

b

3. From scalability property we have 1(dy, g, ..., b, 22) = I
yp p y 77( 1 2 |C|) b\ | c | +||51,(52’...76n”

Taking the reciprocal we get
b
E]
b+ | C | ||51,52, 75n||
¢l

b
N b+ | & | ||gl,527...,5n||

" b |61, 09, ony O

therefore we have (1, da, ..., ¢dy,, b)

4. n[(01,09, s 0n) + (15,725 s Yn), S + 0] — (01, 02, ..y Ony 8) 0 E(Y1, Y2y ooy Yny D) =

s+0b _ sb
(5 + b+ H(51)527 7571) + (717727 ?’Yn)”) (S + H517527 7571“)(b+ Hfh?ﬁ)/?? ’}/TLH)
S s+b B sb

(8 +b+ ||<517627 7671) + (717727 7771)”) (8 + H517527 7571")(6 + H717727 7771”)

= (s +0)(s+ |01, 02, s 8| ) (D + 71,72, s Vull) — 8b(s + b+ [|01, 02, ..., O || +
171,725 s Yull) N X

let X = (s4b+]|01, 02, -0 ||+1|715 725 s Yull) (5101, 02, ey 0 |[) (0 V15 Y2, -5 V]
= 2|61, 02, oy 00|82 |71, Y2y -oos Vull + (8 4 B)]| (61, 2, vy 00) (Y1, Y2y - ) [ \ X >

0

Hence

N(01,02, .., 0n) — (V1,725 s Tn), S + b > (01,02, ..., 0,-8) © N(V1,725 -y Yn, 0)
Vs,b e R

5. 1n(d1, 02, ..., 0,) is continuous in t

12



Thus, (z1, %2, ..., Ts, IV, *0) is a Neutrosophic n - NLS of indeterminacy func-

tion

4. Discussion

The study bridges a critical gap in mathematical modeling by integrating neu-
trosophic logic with n-normed spaces. The results highlight the robustness of the
proposed framework in handling uncertainty and indeterminacy. Applications could
span disciplines such as physics, engineering, and decision sciences, where data im-
precision is a significant factor. Truth, falsity, and indeterminacy functions are
mathematically validated to ensure consistency and robustness within the frame-

work.

5. Conclusion

This research successfully generalizes neutrosophic normed spaces to n-normed lin-
ear spaces, defining Cauchy sequences and establishing completeness. The study
lays a theoretical foundation for further exploration and application of neutrosophic

theory in complex, real-world problem.

13
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