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Abstract. In this paper, we introduce and develop the concept of generalized dual hyperbolic Pierre
numbers, a novel class of number sequences that extends the structural framework of classical Pierre-type
sequences through duality and hyperbolic transformations. This generalization offers a unified approach that
encompasses both established and newly constructed numerical models.

As distinguished special cases, we examine the dual hyperbolic Pierre numbers and their Lucas-type
counterparts, emphasizing their algebraic relationships and unique structural features. Our study presents
a comprehensive set of mathematical results, including closed-form identities, matrix representations, and
recurrence relations that define the behavior of these sequences.

We further derive Binet-type formulas for explicit term computation and construct generating functions
that capture their combinatorial and analytical properties. Additionally, we explore Simson’s formulas and
establish various summation identities that reveal deeper interconnections among sequence elements.

This investigation contributes to the broader theory of Pierre-type sequences and offers new tools for
research in discrete mathematics, algebraic structures, and computational number theory.
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1. Introduction

Hypercomplex number systems, as described in [14], extend the real numbers by introducing additional
algebraic structures that generalize classical systems such as the complex and quaternionic numbers. Complex

numbers are among the most well-known commutative examples of hypercomplex number systems,

C={z=a+ib:a,beR,i*= -1},
1
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hyperbolic (double, split-complex) numbers, [17],
H={h=a+jb:a,beR,j*=1,j#+1},

and dual numbers, [11],

D={d=a+¢cb:a,beR,e?>=0,¢e#0},

Some non-commutative examples of hypercomplex number systems are quaternions, [12],
Ho = {q = ap + ia1 + jaz + kas : ag, a1, az,a3 € R,i* = j% = k? = ijk = —1},

octonions [2] and sedenions [18]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras constructed from the real numbers R via a recursive doubling procedure
known as the Cayley—Dickson process. This process can be extended beyond the sedenions to generate
higher-dimensional algebras referred to as2™-ions (see, for example,[3], [13], [15].

Quaternions were introduced by the Irish mathematician W. R. Hamilton (1805-1865) [12] as a general-
ization of complex numbers. Hyperbolic numbers with complex coefficients were first proposed by J. Cockle
in 1848 [5]. Later, H. H. Cheng and S. Thompson [5] introduced dual numbers with complex coefficients,
termed complex dual numbers. More recently, Akar, Yiice, and Sahin [1] developed the concept of dual
hyperbolic numbers, further enriching the landscape of hypercomplex number systems.

A dual hyperbolic number is a four-dimensional hypercomplex number defined as
q = (ao + ja1) + e(az + jaz) = ao + ja1 + eaz + cjas,

where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao +ja1 + cag +5ja3 tap,a1,02,a3 € R, j2 = l,j 75 :|:1,€2 = 0,6 75 0}

The base elements {1,j,¢,e5} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = elj=j 2 =ce=(je)?=0, j2=34j=1,

£.j je, .(ej) = (e7).e =0, j(ej) = (e5)j = ¢,

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((j¢)? = 0).
The product of two dual hyperbolic numbers ¢ = ag + ja1 + €az + jeas and p = by + jby + €by + jebs is

qp = agby + a1b1 + j(a0b1 + albo) + E(aobg + asbg + a1b3 + a3b1) + jE(aobg, + a1by + asby + boag)

and addition of dual hyperbolic numbers is defined as componentwise.
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The set of dual hyperbolic numbers constitutes a commutative ring, a real vector space, and a real
algebra. However, the structure Hyp does not form a field, as not every dual hyperbolic number possesses a
multiplicative inverse. For a detailed discussion, see[l].

To proceed, we briefly recall the definition of the generalized Pierre numbers.

A generalized Pierre sequence {W,}n>0 = {Wy(Wo, W1, Wa, W3)},,>0 is defined by the fourth-order

recurrence relations

Wn - 2VVn—l - Wn—4a (11)

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative

subscripts by defining
W_pn=2W_(_3) — W_(n_a),

for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pierre numbers, corresponding to positive and negative subscripts, are listed
in Table 1.

Table 1. A few generalized Pierre numbers

n W W_n

0 Wo Wo

1 Wi 2Wy — W3y

2 Wy 2W, — Wy

3 Ws 2Wo — Wy

4 2Ws — Wy AWy — Wy — 2Ws

5 4Ws — Wy — 2W) AW1 — AWy + Wy

6 8Ws3 —2W1 — Wy — AW, AWy — AW + Wy

7 15W3 — AW, — 2W, — 8W, Wi — 4Wy + 8Wy — 4W3
8 28W3 — 8Wy — 4Wsy — 15W) Wo 4+ 8W71 — 12W5 + 4W3
9 52Ws — 15W7 — 8Wy — 28W, 8Wo — 12W1 + 6Wse — W3

10 96W3 — 28W; — 15Wy — 52W) 6W1 — 12W4 + 15Wy — 8W3

11 177TWs — 52W, — 28Wo — 96Wy  6Wo 4+ 16W; — 32W5 4 12W3
12 326W5 — 96W; — 52Wy — 177Wy  15Wy — 32W5 4 24W5 — 6W5
13 600W3 — 177W1 — 96Wo — 326Wy  24W; — 32W4 + 24Wo — 15W3

If we set Wy = 0,W; = 1, Wy = 2, W3 = 4 then {W,,} is the well-known Pierre sequence and if we set
Wo = 4, Wy = 2,Wy = 4, W5 = 8 then {IW,} is the well-known Pierre -Lucas sequence. That is, both the
Pierre sequence {P, },>0 and the Pierre-Lucas sequence{C}, },>o are governed by second-order recurrence
relations.

P, =2P,1— P4, Py=0,PA=1,Ph=2 P3=4, nx>4, (12)
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and
Cpn=2C,_1—Ch_y, Cyp=4,0C,=2,Cy=4,03=8, n>4 (1.3)
The sequences { P, },,>0 and {C}, }»>0 can be extended to negative subscripts by defining
Py, =2P (,_3) — P_(n_4),
and
Con =20_(n-3) = C_(n-),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.
The essential properties of the generalized Pierre numbers, required for the subsequent analysis, are

listed below.

e The Binet formula for the generalized Pierre sequence can be derived using its characteristic equa-

tion, which is given by
2841 =P -2 -2 -1)(z-1)=0.

The roots of characteristic equation are

14+ /19 +3v33 + /19 — 333

3
5 — 1+ w/19 +3v33 +w? /19 — 3V/33
- ; ,
 1+w?V/19+3vB3 + w19 - 3v/33
Y - 3 9

5§ o= 1,
where
—14+13v3
w= %[ = exp(27i/3).

The Binet formula, derived from the recurrence relation and its characteristic roots, is given by

_ pra” p2" p3Y" pad”
e (Y PN Rl e - ) Rl v  copiayc) | vy S T ) [ RS
_ pra” n 2" n p3Y" n D4

@ Bla-Nea-1 B-aB-nB-1) G-a0-Ar-1  (d-a)l-Al-7)
= A;a"+ AQ,B” + A3’Yn + Ay
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where p1, p2, p3s and p4 are given below

pr = Ws—(B+7+0)Wa+ (By+ B +~0)Wy — ByéWo, (1.5)
p2 = Ws—(a+v+0)Ws+ (ay+ ad +v0) W1 — aydWy,

ps = Wi—(a+8+5Wa+ (af + ad + BO)W1 — afdWy,

pa = Wy—=Wo=-W1-Wp

and

4 - W3 — (B4 + 8)Ws + (By + 86 + v6) Wy — BydWy (1.6)
b (= B)(a—=7)(a—0) ’ '

W3 — (a+ v+ )Wa + (ay + ad + y0) W1 — aydWy

A = CEDICERICED) |
Ay = Wi — (a+ B+ 0)Wa + (B + ad + B0)W1 — afdWy
(v = a)(y = B)(v =) ’

W3 —We — Wy — Wy

Ay = .

-2

Binet formula of Pierre and Pierre Lucas sequences are

. o2 . g2 .\ yrH2 1
"o@=-Pla=Na=98) B-a)B-NB-9 (G-a)y-F-9 2
and
Cp,=a"+p"+9"+1,
respectively.

The generating function for generalized Pierre numbers is

i g Wort (W = 2Wo)a + (Wa — 2W1)a? + (W5 — 2Wa)a”

1— 22+ 24 (1.7)

n=0
This paper defines the dual hyperbolic generalized Pierre numbers in the next section and outlines their

key structural properties.

o0
Next, we give the exponential generating function of Zo W, %5 of the sequence W,.
n=

oo
LEMMA 1. [16, Lemma 1.4]. Suppose that few, (x) = Zo W, 77 is the exponential generating function
=

of the generalized Pierre sequence {W, }. Then

iw " (awgfa(Qfa)Wng(faeraJrl)WlfWo)em
= "nl 202 + 200 — 2
+(ﬁW3 — B2 - B)Wa+ (=5 + B+ )W) — WO)e,Bz
26% +28 -2
(W3 =2 =)Wo+ (= +7+ DW= W) ., W —Wot WL -W,, ,
+ 5 e’ 4+ ( )e®.
22 4+ 2y — 2 -2

As direct consequences of the preceding lemma, we derive the following examples.
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COROLLARY 2. The Pierre and Pierre—Lucas numbers admit the following exponential generating func-

tions:

R e @ tata (BB (P 1
a)'ngop”ﬁ_ngo(%a”a—l) 28°+8-1) 202 +v-1) 2

_@ta+l) o BB+ 4 P+ o 1,

= e
2(a? +a—1) 2(8° +58—1) 2(4 +7 - 1) 2
[oe] fL'n [ee) x"l
b): Y Cp=— = Y (a® + "+ 4" + 1) = % + % + 77 4 2.
n=0 TL' n=0 n'
Next, we give some information on published papers related to hyperbolic and Dual hyperbolic numbers

in literature.

e Cockle [5] presented the hyperbolic numbers with complex coefficients.
e Akar at al [1] introduced the dual hyperbolic numbers.

e Cheng and Thompson[4] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [7] introduced dual hyperbolic generalized Pell numbers given by

‘//\;L - Vn +jVn+1 + EV7L+2 +j5Vn+3

where generalized Pell numbers are given by V,, =2V,,_1 4+ V,,_2, Vo = a, V1 = b (n > 2) with the initial

values Vp V1 not all being zero.

e Cihan at al [8] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHEF, = F, +an+1 +5Fn+2 +j5Fn+3;

DHL, =L, +jLn+1 + E':LnJrZ +j5Ln+3a

where Fibonacci and Lucas numbers, respectively, given by F,, = F,_1 + F,_2,Fp = 0,F17 = 1,

L,=L, 1+ Lp2,Lo=2,L =1

e Soykan at al [20] introduced dual hyperbolic generalized Jacopsthal numbers given by

jn =Jn +j<]n+1 + 5Jn+2 +j€']n+3

where Jn = Jn—l + 2Jn_2, JO =a, J1 =b.

e Bréd at al [6] studied dual hyperbolic generalized Balancing numbers are

DHB, = B, + .jBn+1 + 5Bn+2 + jEBn-i-?)
where Bn = 6371_1 - Bn_g, BO = O, Bl =1.

e Yilmaz and Soykan [10] introduced dual hyperbolic generalized Guglielmo numbers are
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To =Ty + jTi + T + jeTy
where T,L = 3Tn—1 - 3Tn_2 + T,L_3, TO = O7 T1 = 1, Tg = 3.

e Dikmen [9] introduced dual hyperbolic generalised Leonardo numbers given by

/l\o =g+ jli +els + jels
where ln = 2ln,1 - ln,3710 = ].,ll = ].,lg = 3.
We define the dual hyperbolic generalized Pierre numbers in the subsequent section and present selected

properties.

2. Dual Hyperbolic Generalized Pierre Numbers and their Generating Functions and Binet’s

Formulas

In this section, we introduce the dual hyperbolic generalized Pierre numbers and derive their corre-
sponding generating functions and Binet-type formulas. Specifically, we define these numbers over the

algebra Hpdual hyperbolic numbers. The nth dual hyperbolic generalized Pierre number is
Wy = Wi + jWai1 + eWnio + jeWn s, (2.1)
To extend the sequence {Wn}nzo to negative values of n, we define
Wy =W_p + iWeps1 + eWeppo + jeW_pnis,

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that
Wo = Wo+ Wi+ eWs + jeWs = Wo + jWq + eWa + jeWs,
/Wl = Wi+ Wy +eWs+ geWy =W, +jW2+EW3 +j5(2W3 —Wo),
WQ = Wo+ W3+ eWy+ jeWs =W, +jW3+5(2W3*W0)+]‘5(4W3*W1*2/-‘/1\/0),
/W\3 = W3+ jWy+eWs+ jeWe = W3 —|—j(2W3—/V[70)+E(4/W3 —Wl —Q/VI\/())

+ie(8Wy — Wy — 2T — 4Wy).
It can be easily shown that
W, =2W,_ 1 — W4 (2.2)

and

o~

W_n - Qﬁ/\_(n_g,) - W—(n—4)'

The first few dual hyperbolic generalized Pierre numbers, corresponding to positive and negative subscripts,

are listed in Table 2.
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Table 2. A few dual hyperbolic generalized Pierre numbers

n W, W_,

0 W\o W\O

1 W, W, — Wy

2 W, W, — W

3 Wi 2Wy — Wy

4 2W5 — W AWy — Wy — 2Ws

5 AWs — Wy — 2W, AW, — AW + Wy

6 8W5 — Wy — 2W, — 4W, AW, — AW, + W

7 15Ws — 2W, — 4W; — 8W, Wy — AW, + 8W — AW
8 28Ws — AW, — 8 — 151, Wo + 8Wy — 12Ws + 4W;
9 52W; — 8W, — 15W; — 28T, 8Wo — 12W; + 6W, — W

10 96Ws5 — 15Wo — 28W, —52W,  6W; — 12W, + 15Ws — 8TV

11 17TWs — 15W, — 28W1 — 96Wy  6Wy + 15W, — 32Wa + 1217
12 326Ws5 — 52W, — 96W, — 17T7TWy  15Wy — 32W) + 24W, — 61V
13 600Ws — 96Wo — 17T, — 326W,  24W; — 32W, + 24Ws — 15W;

The following identities represent the nth dual hyperbolic Pierre and Pierre Lucas numbers as special

cases

Py =Py 4 jPui1 +€Poys+ jePuys (2.3)

and

Cp = Cp 4 jCny1 +Crys + jeCypys (2.4)

respectively. The sequences {}3"}”20 and {én}nzo can be extended to negative subscripts by defining
P_,, =2P (,_3)— P_(n_4),

and

C_, = 2C_(n—3) = C_(n—g),

for n = 1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n.

For dual hyperbolic Pierre numbers (taking W,, = P,,, Pob=0,P, =1, P, =2, P; = 4,) we get

Py

7+ 2e + 4je,
P = 2j+4c+8je+1,

P, = 45+ 8+ 155+ 2,
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and for dual hyperbolic Pierre Lucas numbers (taking W,, = C,,, Co =4,C; = 2,05 = 4,C5 = 8,) we get

Co
Ch

~

Cs

= 2j+4e+8je+4,

= 4j+8+125¢+2

85 + 12¢ 4 22je +

?

4.

Tables 3 and 4 present selected values of the dual hyperbolic Pierre and dual hyperbolic Pierre-Lucas numbers

for both positive and negative indices.

Table 3. Dual hyperbolic Pierre numbers

Table 4. Dual hyperbolicPierre- Lucas numbers

n P, P,
0 7+ 2e + 4j¢ J+ 2e+4je
1 2j +4e +8je+1 €+ 2j¢e
2 4548+ 15je+2 je
3 8+ 1be+28je+4 -1
4 155 4+ 28¢ + 52je + 8 —j
5 285 + 52e + 965 + 15 —€
n Cy C_,
0 2j 4+ 4e +8je +4 2j +4e +8je+4
1 45 4 8¢ + 12je + 2 45 + 4je + 2¢
2 87 +12e 4 225 + 4 4e + 2j¢e
3 125+ 22¢ +40je + 8 4je + 6
4 225 +40e + 725 + 12 —4 465
5 405 + 72 + 1325e + 22 —47 + 6¢

The Binet formula for the dual hyperbolic generalized Pierre numbers is introduced below, and the

subsequent notations will be employed consistently throughout the rest of the paper.

) 2 @™ Q)

= 14 ja+ea’ + jea®,

= 14 jB8+¢eB?+ jeB.

= l+jy+er’+jey°

= T:1+j+e+j5,
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We obtain the following identities:

a? = 1+a2+2aj+2a2(a2+1)5+4a3j5

B = 148 +2iB+ (26 +26%)c + 44,

aB = 1+af+(a+pB)j+ (a®+ 8% +2a8° +a®B) e+ (a+ ) (a® + 7) je,
To= 12+ (20 + 29" + 4y

5 = T2=1+42y+4e +4e,

30 = 147+ (P +0i+ (P +r+2)e+ (P +v+1)je

THEOREM 3. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Pierre number is
W, = GA10" + BAsB™ + FA37™ + 0 A, (2.9)
where &, B, 7,06 are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pierre numbers given below
W, = Aja™ + Ax8™ + Asvy™ + Ay
where Ay, As, Az, Ay are given as in (1.6) we get

W, = Wy+ Wi +eWyhpo + jeWigs,
= A" 4 A" + Az + As+ (A" 4 AT 4 Agy" T+ Ay)j
H(A1a™ T + AyB™T 4 Agy" T 4 Ag)e 4 (Ara™P + 4B + Agy™ T 4 Ay)je.
= QA" + A" +FAY" + Ay

This proves (2.9).

For each integer n, the dual hyperbolic Pierre number admits the following Binet-type expression

(2.10)

n =

5 _(@+atlama  (F4B+1DB"B  (Pry+1yy 1
202 +a—1) 208*+5—1) 2(v2+y-1) 2

Furthermore, the nth dual hyperbolic Pierre Lucas number admits the following Binet-type representation
Cn =aa" + BA" + 77" + 1. (2.11)
In the following, we derive the generating function.

THEOREM 4. The generating function for the dual hyperbolic generalized Pierre numbers is

=~ Wg + (/Wl — QWO)JT + (/WQ — 2W\1)x2 + (Wg — Q/WQ)Z‘?’
— no_ )
fiv, (@) = 3 Wz T

n=0
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Proof. Suppose that fi, (x) is the generating function of the dual hyperbolic generalized Pierre numbers

and then we can write
o0
f )= 3 T
n=0

Using the definition of the dual hyperbolic generalized Pierre numbers, and performing the subtraction

f(x) —zf(x) —a2f(x), we arrive at the following result (observe the shift in the index n in the third line)

(1-2x+ :c4)fwn (z) = Z W,a" — 22 Z Wa" + o Z W™
n=0 n=0 n=0

oo oo oo
= E Wox™ — 2 E Wzt + E W,z
n=0 n=0 n=0

= Z Wnﬂin -2 Z W(n_l):c" + Z W(7l_4):c”
n=0 n=1 n=4

= WQ + Wlx —+ Wgzz + ng’s) — Q(Wom + Wlxz —+ WQZES)
+ Z(Wn — QWn,1 + Wn,4).’£n

n=4

= W\() + (Wl - 2‘7{/\0)1' + (WQ — 2W1)(E2 + (Wg — 2/1/172)%3.

The generating functions corresponding to the dual hyperbolic Pierre and dual hyperbolic Pierre Lucas

numbers, in special cases, take the form

i p g U T2 +4je) + (Do + (—je)a? + (=& — 2je)a’
n=0

1— 22+ 24
and
i": G — (2j 4 4e + 8je + 4) + (=6 — 4je)x + (—4e — 2je)a? + (—4j — 2¢ — 4je)a?
o e 1—2x+ 24
respectively.

0~ . _—
Next, we give the exponential generating function of » W, Z; of the sequence W),.
n=0

O~ n
LEMMA 5. Suppose that fwn (z) = Eo W, % is the exponential dual hyperbolic generating function of
n=

the generalized Pierre sequence { Wi, }.

0 - n
Then } W, % is given by
n=0

S Wl == A1+ AreP" B + Aye?™] + Age"1.
n:
n=0

where @, B, ﬁ,g are given as (2.5)-(2.8)

Proof. Using Binet’s formula

Wn = Al()[n + Agﬁn + Ag’yn + A4.
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where Ay, As, A3, Ay are given as in (1.6) we get

— x’!l ’ﬂ
;}an = ZW —+32Wn+1 +5ZOW77,+27+]€ZOW71+3
= ) (A1a" + AB" + Asy +A4)ﬁ+;§:( +1+A6+1+A7+1+A4)—'
n=0 ’ n=0

’ﬂ
nl

+EZ( n+2+A25n+2+A 7n+2+A4)

"
n!

e Y (Ara™td 4 ApBTER 4 Ayt 4 Ay)Y
= (A1e* + AseP® + Age?® + Age”) + j(Arae™® + AsBePT + Agvye™ + Aye”®)

+5(A1a26‘” + Ay, 8%eP7 + Azy2er® + Age®) + js(Ala?’eM + Ay 53T + Azy3er® + Ayge®)
= A1e*(1+ ja+ +ea® + jea®) + AyePT (1 + 5B + +ef? + jef?)

+ A3 (1 + jy + +ey? + jey®) + Age™(1 + j + +e + je)
= Ae*a+ Ageﬁ””ﬁ + Aze?*q + A4e‘rf

This proves (5). O

From the previous lemma, we obtain the following illustrative cases.

COROLLARY 6. The exponential generating functions corresponding to the dual hyperbolic Pierre and

dual hyperbolic Pierre—Lucas sequences are as follows.

a):
%) N 2 1 2 1 2 1
Z_P:L‘f _ ((CY + o+ )eaac (62+6+ )eﬁw (’Y +'Y+1) 6'}%—*6'2)
— 2(@®+a—1) 2(8°+8-1) 2(v2+~v-1) 2
(e ta+l) o BBPHB+D) 4 Y+ FD . 1,
Jr3(2(a2+a—1)€ +2(ﬂ2+ﬂ—1)e +2(72+’y—1)e 26)
20,2 2002 2(~2
(@ (o; tatl) g, B (52 +B+Y) o Y (WQ 4D e Loy
202 +a—1) 2(8°+ B8 —1) 2(v24+~v-1) 2
3 2 3/ 12 3(~2
i@ (o; tat+l) o, B (ﬂ2 +B+1) o, 7 (72 +7+1)6wilem)_
2(a+a—1) 2(8%+8—1) 2(v2+v-1) 2
b):
ZCA'% = eo‘x—l—eﬁw—&—e’”—l—e’”—l—j(aew—&—ﬁeﬁw—&—'yew—&—ew)

+€(a2€ax+6266z+72€’ym+em)

+je(ade®® + B2ePT 4 43T 4 e?).
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3. Obtaining Binet Formula From Generating Function
Next, we derive the Binet formula for the generalized dual hyperbolic Pierre numbers {ﬁ/\n}by employing

the generating function associated with Wn

THEOREM 7. Binet’s formula of generalized Gaussian Pierre numbers

W qa” q@0" n q37" qa0"
"oa=-Bla=-a=9) B-a)B-NB-90 G-a)r-B-09 ©@-a)i-pH)6— ??3 ’1)
where
Q= /VV\QOz3 + (Wl — 2/W\0) a? + (/Wz — 2W1> o+ Wg — 2/W\2,
@ = WoB®+ (W1 - 2/W70> B+ (Wz - 2W1> B+ Wy — 2Wh,
g = /W\O’YS + (W1 — 2/W\0) 72+ (WQ — 2W\1> v+ W\3 - Qﬁ/\z,
qs = WU(SB + (Wl — QW()) 52 + (WQ — 2W1) ) + Wg — 2/‘/172.
Proof. Let
h(z) = z* — 2z + 1.
Accordingly, for suitable parameters «, 5,7 and § we have
h(z) = (1 — az)(1l — Bz)(1 — yz)(1 — dx).
ie.,
2t =20 +1=(1-ax)(1—Bx)(1 —~z)(1 - dx). (3.2)
Therefore, since 1, %, % and % satisfy h(z) the values a, 3,7 and § must satisfy
1 2 1
h(=)=h(-)=1——4+— =
() =h()=1-2+ =0
This implies 2 — 2z 4+ 1 = 0. Now, by it follows that
i = (Wg — 2Wg) 3 + (Wg - 2/1/171) z? + (/V[71 - 2/1/170) z+ W
= .
s (1—azx)(1—Bz)(1—~yz)(1l—dz)
Consequently, we obtain
(/W;g — 2W2> 3 —+ (/W\g — 2/W71) 72 —+ (W\l — Q/W\0> T+ /W\O B By N By N Bs N B,
(1= az)(1 = Bo)(1 - 72)(1 — o2) “-aw)  0-pn) " (—ya)  U-62)

(3.3)
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So
(/V[73 — Qﬁ/\z) %+ (Wg — 2/17[71) 2%+ (W\l — QWO) T+ Wg
= Bi1(1-pz)(1—~x)(1 —0z)+ B2(1 — az)(1l —yz)(1 — dx)
+B3(1 — az)(1 — Bz)(1 — dz) + B3(1 — az)(1l — fz)(1 — yz).
Assume that we take z = é, we get W\O + é (Wl — QW\O) + é (W\Q — Qﬁ/\l) + $ (/W\g, — 2/V[72>

=B (28-1) (2y-1) (20 -1).
This gives

B, = a® (/V[?o + 5 (/V[?g - 2Wl) + 54 (/Wg - 2W2) +1 (/Wl - 2W0>>
(a—=p)(a—7)(a—-9)
Wg@ﬁ + (Wl — QWO) o? + (/V[?g — 2W1> o+ Wg — 2W2
(a—=pB)(a—7)(a—19) '

Similarly, we obtain

W\Oﬁg + (W1 — QW\()) B+ (W2 - 2W1) B8+ Ws —2W,

e = R CERICED) /

b - Wory® + (Wl - QWO) v+ (Wg — 2/1/171) N+ Wy — 2Ws
(v —a)(y = B)(y—9) ’

— Woo® + (Wl - 2/V[70) 62 + (W2 - 2/V[71) 5+ Wy — 2W,

(0 —a)(6 =)0 —7)

Thus (3.3) can be written as

> Waa™ = Bi(1— ax) ™" + Ba(1 — Bz) ™! + B(1 — y2) ™! + Ba(1 — o),

n=0
This gives
Z ann =B Z o™+ By Z B"z" + B3 Z ~"z" + By Z a™ = Z(Bla" + By3" + B3y" + Byd" )z,
n=0 n=0 n=0 n=0 n=0 n=0

Hence, comparing the coefficients of corresponding terms, we derive
W, = Bia" + Bo" + Bay™ + Bad™.
THEOREM 8. The following identities are valid for every pair of integers m and n:
Wintn = Pm-2Wats = PovesWaio — P aWai1 — Po_s Wi,

Proof.Assuming m,n > 0, we prove TheoremM8 by induction on m. In the base case m = 0, we have

Wp =P oW, — P sW,,, — P_yWyy1 — P_3W,.
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which is true since P = 0,P_3 = —1,P_4 = 0, P_5 = 0. Suppose the identity is valid for m < k. For
m =k + 1, it follows that

Wk-{-l-{-n = Q/Wn—i-k + _/W\n-‘rk—?)
= 2 (Pk72wn+3 - Pkf5wn+2 - Pk74Wn+1 - Pkf?)wn)
- (QPk—5/W\n+3 - Pk—S/W\n-‘rQ - Pk—6/V[7n+1 - Pk—G/Wn)

By applying mathematical induction on m, we complete the proof of Theorem 8.
The remaining cases of m and n can be proved similarly for all integers m,n. O

Taking Wn = ﬁn or /Wn = An in above Theorem, respectively, we obtain:

COROLLARY 9.

)

Pm72ﬁn+3 - Pm75ﬁn+2 - Pm74ﬁn+1 - Pm73ﬁn

m4+n Pm72Cn+3 - Pm75cn+2 - Pm74cn+1 - Pm73Cn~

Q)

4. SIMSON’S FORMULA

This section introduces Simpson’s formula for the dual hyperbolic generalized Pierre numbers, derived

as a particular instance of [22,Theorem 4.1].

THEOREM 10. (Simpson’s formula for dual hyperbolic generalized Pierre numbers) For all integers n we

have,
/W\n—i- 3 Wn +2 Wn +1 /V[?n /W\?) /W\2 Wl WO
Wn +2 Wn +1 Wn Wn —1 o WQ Wl WO W— 1
Wn +1 Wn Wn —1 /V[?n —2 Wl /VVO W, 1 W, 2
/V[?n /Wn—l /W’I’L—Q /Wn—?) /W\O /W—l /W—2 /W\—3

(W — W — Wi — Wo) (W — W5 — W3 — W + (—5TWa + Wi + W) W2 + (775 — 317y — W) 172
+(3Ws + Wa — Wo)W2 + (Wi + Wa + W1)WE + 4(—WaWs — WoWs + WoWa)Wh).

Proof. Using Theorem 10 it can be proved by using induction or use

[22, Theorem 4.1]

From Theorem 10 we get the following corollary.

COROLLARY 11. The Simson formulas for the dual hyperbolic Pierre and Pierre—Lucas numbers hold for

all integers n and are stated as follows.

~ ~ o~ ~

Pn+3 Pn+2 PnJrl Pn
Pn+2 Pn+1 Pn 1—1

a): | . R =2+ 25 + 8 + §ye,

P,
P77.+1 Pn Pn—l Pn—2
n

~

Pn Pnfl n—2
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Cn+3 Cn+2 C(n+1 Cn

Cosa C, C, C._
b): | TPt T el 350 - 35925 — 1408¢ — 1408je,
Cn+1 Cn Cn—l Can

5. Linear Sums
This section provides the summation identities for the dual hyperbolic generalized Pierre numbers,

encompassing cases with positive and negative indices.

We proceed to present the summation identities pertaining to the generalized Pierre numbers.
THEOREM 12. For the dual hyperbolic Pierre numbers, we have the following formulas:
(a): éo Wi = L (—(04+3))Wass + () Wi go + (1 3)Wiir + (n+ AW,y + 3Ws — AW, — 3W; — 2W5).
(b): éo War, = 3(—(n+2)Wapn 2+ (n+3)Wap g1+ (n+3) Wap + (n+2) Way 1 +2W3 —2Wo — 3W; — W),
(©): 32 Warps = (= (n + DWansa + (1 + 3)Wans1 + (1 + 2)Wap + (0 + 2)Wan_y + 2Ws — 3Ws —

k=0
Wy —2W).
Proof. For the proof, see Soykan [19, Theorem 3.10 ]. O

THEOREM 13. The formulas governing the dual hyperbolic Pierre numbers are presented below.
(a): k’zio Wi = 3(—(0+3)) Wi + (04 4) Woso £ (n+3) Wogr + (n+ )W, +3Ws — AW — 3W, — 2T7y).
(b): kgijo Wak = L(—(n+2)Wan o+ (n+-3) Wan 41+ (1+3) Wan 4 (n+2) Wa_y +2Ws —2Wa —3W, — Wo).
(c): kio WQkJrl =2(—(n+ 1)W2n+2 +(n+ 3)W2n+1 + (n+ 2)/V[72n +(n+ Q)Wznﬂ +2Ws5 — 3W, —
W — 217).

Proof. Use Theorem 12 and the definition of Wn O

As a special case of Theorem 13, we state the following corollary.

COROLLARY 14. For n > 0, dual hyperbolic Pierre numbers have the following properties:
(@): Y Pe=3(=(n+3))Puya+ (n+4)Puia+ (n+3)Pay1 + (n+4)P, + 1 - 8je — 3¢).
k=0

(b): > Py = H(—(n+ 2))Pan 2+ (n+3)Pans1 + (04 3) P + (n+ 2) Popy_1 +j — 2je + 1).
k=0

(€): 3 Porp1 = 2(=(n+1)Ponsa + (n+ 3)Pang1 + (n+ 2) Po + (n+ 2) Po_y + 1 — 5je — 2e).
k=0

As a second illustrative case of the preceding theorem, the dual hyperbolic Pierre-Lucas numbers satisfy

the following summation identities:

COROLLARY 15. For n > 0, dual hyperbolic Pierre Lucas numbers have the following properties.

~ ~ ~

(): > Ch=3(-(n+3)Coys+ (n+4)Cria+ (n+3)Cry1 + (n + 4)C,, — 125 — 142 — 20 — 6).
k=0
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(b): 3 Cop = 2(=(n+2)Canya + (14 3)Coni1 + (n+3)Cap + (14 2)Cop1 + —65 — 8 — e — 2).
k=0

(€): 3 Coprr = 2(—(n+1)Canta+ (n+3)Cont1 + (n+2)Cop + (n+2)Cap_1 + —8j — 8¢ — 14je — 6).
k=0
The ordinary generating functions for representative special cases of the dual hyperbolic generalized

Pierre numbers are given below.

THEOREM 16. The ordinary generating functions of the sequences /Wgn, /W2n+1 are given as follows:

= w. (2x2)+/V[7 23 —dx’+x —W, (223 +I//V\ 22 —4x+1
(a): Doy Wapa" = - o x4+22274;£1 AN )

s Wa (2?42 ) =W (223 ) =W (22 —4z+1)— W (222)
(b): Yoot Wang1a” = o ) 2(Z4+)212:4£Z+1 UL :

Proof.Similarly,the proof can be constructed as in[4].

From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic
Pierre numbers (Take Wn = ﬁn with ]30 =742+ 4j5,ﬁ1 =27 +4e+8je+1, ]32 =47+ 8+ 15je + 2, ﬁg =
8j + 15 + 28je +4 )

COROLLARY 17. For n > 0 the dual hyperbolic Pierre numbers satisfy the following properties.

. N0 B on _ (JH2etdje)+(2—je)atja’ —jea’
(@) >, Pona™ = 2312224z +1 :

. o D n _ (—2j—4e—8je—1)+(84+31e+1654+60je)x+(—4j—8c—1—16je)x>+(—c—2je)x>
(b)' Zn:O P27L+1x - xi4+2x2—4x+1 :

6. Matrices related with Dual Hyperbolic Generalized Pierre Numbers

The matrix A, a square matrix of order 4, is defined as

2 0 0 -1
A 100 O
01 0 O
001 O
where detA = 1. Note that
Poy1 =Py —Poa —F,
An = P, —P,3 —P,2 —P,
Po1 —Phy —Py3 —Pho
Poo —Po5 —Pyq4 —Pnps
for the proof see [21].
We now state the following lemma.
LeMMmA 18. For n > 0 the following identity holds:
Wois 200 1Y) [ W
Wagz | | 200 0 Wo
Wi | | 010 o0 W,
W, 001 0 Wo
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Proof. Identity(18) admits a proof via mathematical induction on n. If n = 0 we obtain

0

Wi 2 -1 1 -1 Ws
Wo | |1 0 0 0 W,
wol o 1 0 o W
W 0 0 1 0 Wo

Wits 200 -1\ (W
Wiea | | 100 0 W,
Wia | 010 o0 W
W, 001 0 W
For n =k + 1, we get
k+1 . k —
2 0 0 —1 Ws 2 0 0 —1 2 0 0 —1 Ws
100 0 Ws B 1 00 0 100 0 W,
010 0 w, | o110 o 010 0 W,
001 0 Wo 001 0 001 0 W
2 0 0 -1 Wits
100 0 Wi
o110 o Wit
001 0 Wi
Wita
B Wk+3
| W |

Hence,the proof completed.[]

We define
Ws W, Wi W
N . /V[72 W1 Wg /W_ 1
v W Wo Wo, W |
Wo W, W, W
/Wn+3 Wn—&-Q Wn,-{—l /W\n
B = Wn+2 /Wn+1 Wn anl
v /V[7n+1 Wn anl /V[7n72
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Now, we have the following theorem with Ny; and Eyp,

THEOREM 19. Using Ny and Ey; , we get

W
ANz = B
Proof. Note that we get
Py —Pho —Po1 —P, Wy W, W,
AN = P, —Po3 —P,2 —Py ?2 ?1 AWO
Pow =Py —Phz —Pho Wiy W, W_
P o —P,5 —Poqa —Pyh3 Wo Woi Wos
ailr G2 a1z a4
_ a1 Gz G23 A24
asz1 Q32 G33 a34
A41 Q42 Q43 Q44
where
a1 = PoyiWs— Py oWa — Py Wy — P,Wo = W, s,
ay = PuyiWo = PyaWi — Py Wo — PuW_y = Wi,
a3 = Pn—i—l/Wl - Pn—ZWO - Pn—lw—l - Pnﬁ/\—2 = Wm—l,
a1y = PoiiWo— PyosW_1 — Py iW_o— P, W_5=W,,
az1 = ins - Pn73W2 - Pnﬁwl - Pnﬂwo = Wnu,
azy = PuWa— Py gWy — Py oWy — Pym i Woy = Wi,
ass = P,Wi— Py sWo— Py oW 1 — Py \W_y = W,,
azs = Pn/WO - Pn—B/W\—l - Pn—QW—Z - Pn—lw—?) = /Wn—la
agi = Py Wy — Py 4Wy — P, sW) — Py oWy = W1,
agzp = Py Wa — Py yWy — Py_sWo — Py s W_y = W,,
azg = PuiWi— Py aWo — Py s W1 — Py osW_y =W, _1,
ass = P aWo— Py aW 1 — P, sW 5 — Py oW g5 =W, s,
an = PuoWs — Py sWa — Py sWy — Py 3Woy = W,,
agg = PuoWs — Py sWi — PyoaWo — Pu_sWoy = W,
(43 = Pn72W1 - Pn75WO - Pn74W71 - Pn73W72 = Wn—Q,
g = Py oWo— Py sW_1— Py yW_o— Py sW_5=W,_s.

Using the theorem (8) the proof is done. O
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By setting Wn :ﬁn with ]3(),}31,?27ﬁ3 in (6.1) and (6.2)
/Wn :Cn with 60,61,62,63 in (61) and (62)
respectively, we get:

8 +15e +28je +4 45+ 8+ 15je+2 2j+4e+8je+1 j+ 2+ 4je

Ny — 47+ 8+ 15je +2 25+ 4e+8je+1 Jj+ 2e +4j¢e €+ 2je 7
2j +4e +8je +1 J+2e+4je €+ 2j¢e je
Jj+2e+4j¢e €+ 2j¢e je -1
ﬁn+3 ﬁn+2 ﬁn+1 P,
Eﬁ _ ?in+2 ﬁz—&-l Aﬁn ?in—l :
Poi1i P, Po1 Poo
P, Py Poo Py
125 +22e +40je +8 8+ 126 +22je +4 45 +8e+12je+2 2j+4e+8je +4
N, - 87+ 126 +22je +4 45+ 8+ 12je +2 25+ 4e+8je+4 45 + 4je + 2¢ 7
47 4+ 8 4+ 12je + 2 2j +4e +8je +4 475 + 4je + 2¢ 4e + 2je
2j +4e 4 8je + 4 45 4+ 4je + 2¢ 4e + 2j¢ 4je +6
aﬂ+3 é7n+2 an+1 Cy
By = §n+2 énJrl Aan ?nfl
Cot1 Cn Cpo1 Chos
Cn Cuy Cug Cyus

From Theorem [19], we can write the following corollary.
COROLLARY 20. The following identities hold:

a): Aang = E};.
b): AnNa = Ea.

7. Conclusions

Sequences governed by recurrence relations have long stood as a cornerstone of mathematical inquiry,
valued for their inherent structure and wide-ranging applicability across disciplines such as physics, engi-
neering, architecture, biology, and the arts. Classical second-order integer sequences—such as the Fibonacci,
Lucas, Pell, and Jacobsthal numbers—exemplify this versatility. The Fibonacci sequence, introduced by
Leonardo of Pisa in his 1202 treatise Liber Abaci, was originally formulated through a rabbit population
model and has since become a foundational tool for analyzing recursive behavior and mathematical identities.

In this study, we extend the classical framework to fourth-order recurrence systems by introducing
the dual hyperbolic Pierre numbers, along with two distinguished subclasses. For these newly defined

sequences, we establish Binet-type formulas, derive ordinary and exponential generating functions, and
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formulate generalized Simson-type identities. Our investigation further includes closed-form summation

expressions, algebraic characterizations, recurrence dynamics, and matrix-based representations. We present

our fourth-order generalizations as a natural evolution within this broader mathematical landscape—offering

novel insights and robust tools for modeling, analysis, and optimization in both pure and applied domains.
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