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Abstract:
Nonresponse at the item level and other forms of missingness—arising from editing rejections, confidentiality requirements, or the treatment of extreme values—remain central obstacles in survey sampling and valid inference. To address these difficulties, we introduce a two-sample calibrated imputation approach that ensures consistent estimation of population and domain totals, together with their variances, while relying exclusively on variance formulae designed for complete data. Notably, the method does not depend on detailed survey design metadata or replication-based variance estimation procedures. The proposed framework combines data from the original survey with an auxiliary reference sample. This integration of information improves efficiency and reduces bias compared with methods based solely on a single survey sample. For continuous survey variables, the procedure can be carried out either through calibration-based reweighting or through imputation methods. Robust extensions are also available to limit the effect of outliers. The generality of the framework allows it to be applied in multivariate contexts, permitting the joint estimation of covariances across totals and enabling inference on contrasts such as ratios and differences. Its finite-sample behavior is examined through simulation experiments, with additional implementation guidelines provided in supplementary documentation. This approach is particularly beneficial for secondary data analysts, who can apply it to improve the accuracy and reliability of estimates derived from incomplete or combined survey data sources.
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INTRODUCTION
1.0 Background
Let U = {1, …, N} denote a finite population of size N, and let yi​ be the survey variable of interest for unit i. A probability sample S ⊂ U of size n is drawn according to a known sampling design, with inclusion probabilities πi = P (i ∈ S) and corresponding design weights di =1/πi​. In practice, not all values yi​ are observed due to item nonresponse. Denote the set of respondents by R ⊆ S and the set of nonrespondents by M=S∖R.
A common goal is to construct an imputed dataset ​ such that the estimator of the population total,

is design-consistent for the true total ​. However, applying standard complete-sample variance estimators to  typically leads to bias because the additional uncertainty due to imputation is ignored (Wolter, 2007).
Several variance estimation frameworks have been proposed in the literature, including reverse imputation approaches (Fay, 1991, 1992), replication-based methods (Rao & Shao, 1992; Shao & Sitter, 1996), and two-phase designs (Särndal, 1992; Deville & Särndal, 1994b). These methods, however, either require specialized software or rely on auxiliary information that is not available to secondary analysts.
Recent developments have extended calibrated imputation to multivariate and categorical data structures (de Waal & Daalmans, 2024), strengthening robustness under joint distributional assumptions.
We propose a two-sample calibrated imputation framework. The first sample is the actual survey sample S with incomplete observations. A second “synthetic” sample  is created by imputing values ​ for all i ∈ M. The imputation is defined through calibration constraints of the form
​,
where ​ is a known or estimated population benchmark (e.g., from auxiliary variables or design-based calibration). More generally, for a vector of auxiliary variables , the imputed dataset is constructed such that

where ​ is the true population total of . This ensures that estimators computed from the imputed dataset reproduce the design-calibrated totals of key variables.
Within this two-sample framework, the second sample  can be analyzed as if fully observed, using complete-sample estimators. Crucially, we show that under the proposed calibration scheme, the variance estimator

with ​, remains approximately unbiased, thereby accommodating both sampling variation and imputation uncertainty.
This approach differs from multiple imputation (Rubin, 1978, 1987) and fractional imputation (Kim & Fuller, 2004) in that it requires only a single imputed dataset satisfying calibration constraints. As a result, secondary analysts may employ standard survey software without special adjustments, while still obtaining valid point and variance estimates.
Population-calibrated multiple imputation frameworks (Pham, Carpenter, & Kenward, 2019) offer a design-consistent way to merge auxiliary population totals within the imputation process.
We further extend the method to multivariate settings, where the goal is to estimate a vector of totals

together with its covariance matrix, thus enabling valid inference for contrasts such as ratios and differences.
The rest of this paper is organized as follows. Section 2 formalizes the two-sample calibrated imputation approach. Section 3 describes its application to reweighting, domain estimation, and stratified multistage sampling. Section 4 develops the multivariate extension. Section 5 concludes with remarks on implications for data producers and directions for further research.
2 Calibration of a Single Variable
2.1 Estimation Setup
Let U = {1, 2, …, N} denote a finite population of size N. For each unit i ∈ U, let yi​ denote the value of the survey variable of interest. Suppose a sample S ⊆ U is drawn according to a probability sampling design with inclusion probabilities πi > 0. Let the sample indicator be defined as

Further, let Ri denote the response indicator, where

We partition the sample as  (respondents) and  (missing values). For ​, let ​ denote the imputed value. The complete (observed + imputed) dataset is thus , where

Let  denote the survey weights, often taken as ​, or suitably calibrated weights ensuring consistency with auxiliary totals. The estimator of the population total ​ is then given by
                                                         (1)
We next consider the variance estimation for . A complete-sample variance estimator, inspired by with-replacement PPS formulas, is expressed as
                               (2)
[bookmark: _Hlk209537681]Lemma 2.1 (Unbiasedness under Correct Imputation).
If the imputation mechanism is such that  for all ​, then
.
Proof. This follows directly from linearity of expectation and the unbiasedness of imputed values under the assumed mechanism. 
Theorem 2.1 (Design-Model Consistency).
Under a joint distribution combining the sampling design and the imputation model, the imputed estimator ​ is consistent for the true population total Y. Furthermore, the variance decomposition

provides the correct framework for evaluating precision.
Proof. Standard arguments combining the sampling design-based expectation with the imputation model lead to the stated decomposition, ensuring valid inference when imputations are generated in a calibrated manner. □\square□
2.2 The Calibrated Imputation Approach 
In the two-sample framework, let ​ denote the set of respondents and ​ the set of nonrespondents. The fundamental objective of the calibration method is to construct a set of imputed values ​​ such that the combined estimators based on ​ satisfy the calibration constraints
, ,                                                          (3)
where ​ and ​ are design-consistent targets for the population total and its associated variance, respectively. These targets encapsulate the sampling design, the response mechanism, and the desired inferential properties of the imputed estimators. 
To achieve (3), we consider the following two-step calibration algorithm:
Step 1 (Initial Imputation). Select a preliminary imputation rule producing values  for ​, such that
​.                                                               (4)
Step 2 (Calibration). Adjust the  minimally to yield calibrated values ​ satisfying
, ​,                                         (5–6)
while ensuring that for all ​, the observed values remain unchanged, i.e., ​.
The optimization problem underlying Step 2 is to minimize

subject to (5) – (6). The following result provides the closed-form solution.
Theorem 2.2.
Let ​​ be initial imputations with strictly positive weights . Suppose constants  satisfy
,   .                                    (7 - 8)
Then the minimizer of Q subject to constraints (5) – (6) is given by
,                                                   (9)
where λ1, λ2​ are determined uniquely from (5) – (6).
Proof. The proof follows by Lagrangian duality and quadratic optimization. Details are given in the Appendix. □□
The two-sample calibration procedure thus ensures that the imputed estimator inherits the correct design-based mean and variance, while secondary users can treat the completed data as if it were fully observed, free of additional adjustments.

3. SOME APPLICATIONS
This section illustrates how the two-sample approach and Theorem 1 (Section 2) may be applied in a number of standard survey estimation problems. The framework is sufficiently general to encompass reweighting, ratio imputation, general imputation-based estimation, domain estimation, and stratified multistage sampling. Each case is shown to follow directly from the calibration principle established in Theorem 1.

3.1 Reweighting
Let ​ be two independent samples drawn from the same finite population , with design weights ​and . Let ​ be auxiliary variables with known total .
Lemma 3.1 (Two-sample reweighting).
If calibrated weights  satisfy

then the calibrated estimator of the population total,
​,
is design-consistent and asymptotically normal:
.

3.2 Ratio Imputation
Suppose item nonresponse occurs in  within ​, while  is fully observed in both ​ and ​. Assume the finite population satisfies the ratio model
​.
Definition (Ratio imputation).
Define imputed values by
,
where ​ is the response indicator and

is the two-sample ratio estimator.
Theorem 3.2 (Two-sample ratio imputation).
The ratio-imputed total

is design-consistent for  and asymptotically normal:
.
Model-assisted calibration techniques have been further generalized for multi-phase and second-phase survey designs (Wang, Lee, & Zhang, 2025), enhancing estimator efficiency under auxiliary information.

3.3 General Imputation-based Estimation
For a general prediction rule  estimated from , define
.

Jauslin and Matei (2023) proposed calibration-based statistical matching to combine multiple surveys, aligning well with our two-sample framework.
Lemma 3.3.
If  satisfies calibration constraints, then the imputed estimator


is design-consistent and asymptotically normal.

3.4 Domain Estimation
For a domain , with indicator  if , the two-sample calibrated estimator

is consistent and asymptotically normal for the domain total ​.

3.5 Stratified Multistage Sampling
Suppose the population is partitioned into strata . For each stratum, define weights  such that
​.
The overall two-sample calibrated estimator

is design-consistent and asymptotically normal with variance equal to the sum of stratum-level variances.

Summary
These results show that the two-sample framework provides a unified theoretical basis for reweighting, ratio imputation, general imputation, domain estimation, and stratified multistage sampling. In all cases, Theorem 1 ensures design-consistency and asymptotic normality of the resulting estimators.
In short, the two-sample approach is not just a theoretical exercise—it has concrete advantages in many real-world survey settings. It allows researchers to draw more reliable conclusions, make better use of auxiliary data, and handle common challenges such as missing data and subgroup analysis.
4. Calibration of Multiple Variables
We extend the two-sample calibration framework to the multivariate setting, where several survey variables may be subject to simultaneous item nonresponse. Let

denote the p-dimensional response vector for unit i. Define
,
as the corresponding calibrated imputed vector, subject to the restriction that ​ whenever ​ is observed.
Our objective is to determine  such that
 and ​, 
where ​ denotes a target estimate of the population total and ​ denotes the target variance–covariance matrix. Estimating  under multivariate nonresponse is nontrivial (Skinner & Rao, 2002; Chauvet & Haziza, 2012; Im et al., 2018).
We propose a two-phase calibration procedure.

Phase I: Transformation
Let the spectral decomposition of  be
,
where  is the orthogonal matrix of eigenvectors and Λ the diagonal matrix of eigenvalues. Define the orthogonal principal components
​.
The calibration problem is then solved in the transformed space.

Phase II: Optimization and Back-Transformation
We seek calibrated vectors ​ that minimize the Frobenius norm
​,
subject to

______________________________________________________________________________

Lemma 4.1. (Orthogonal Transformation Preserves Constraints)
Let  with  orthogonal. Then the calibration constraints on ​: 
​,
are equivalent to the constraints on ​:
.
Proof. Since  is orthogonal, ​. Therefore, both totals and covariance matrices are preserved under the transformation. □

Lemma 4.2. (Existence of Calibration Solution)
Suppose ​ is positive definite. Then there exists a unique linear mapping  such that

satisfies the calibration constraints.
Proof. Positive definiteness ensures that ​ and its inverse exist. Hence, the mapping ​ for a positive-definite  satisfies the moment equations. □


Theorem 4.1.
Let  satisfy
​,
with ​ positive definite. For a prespecified positive-definite matrix , the calibrated vectors minimizing the Frobenius norm subject to the above constraints are
​.
Proof. See Appendix. □\square□

Applying Theorem 2 with ​, the optimal solution is
​.
Back-transforming yields
,
with μ an adjustment ensuring preservation of observed values.

Asymptotic Inference
Suppose with . For a smooth function h(⋅) with gradient , a Wald-type confidence interval is
​.
This result highlights a practical benefit: calibrated imputations allow secondary users to rely on standard variance estimation without specialized survey replication methods.
Why This is Useful
The calibrated imputation method has several advantages:
1. Preserves observed data. Any values that were originally reported remain unchanged. Only the missing parts are adjusted.
2. Maintains relationships. Important correlations between variables are preserved, which is especially important when secondary users study interactions across multiple measures.
3. Supports standard inference. Because the imputed data reproduce both totals and variance estimates, confidence intervals for functions like ratios or regression coefficients can be computed with standard formulas, without requiring specialized variance estimation software.
Example
Consider a health survey where some respondents skip reporting both income and number of doctor visits. Using this method, we first transform the variables into uncorrelated components, calibrate the missing cases, and then convert back to the original scale. The result is an imputed dataset that preserves both the total income in the sample and the relationship between income and health service use.

Summary
The two-phase calibration approach for multiple variables offers a principled and practical way to handle multivariate missing data. It provides imputations that are consistent with survey totals and relationships while keeping the data ready for secondary analysis using standard statistical tools.

5 Concluding Remarks
In this paper we have extended the calibrated imputation methodology to a two-sample setting under stratified multistage sampling. By combining two independent probability samples, ​ and , the imputed estimators constructed here replicate the inferential simplicity of complete-sample methods, while avoiding the need to publish multiple imputed or replicate datasets.
5.1 Main Theoretical Contribution
Theorem 5.1 (Two-Sample Calibrated Imputation Consistency).
Let ​ and ​ denote two independent samples from a stratified population . Suppose imputed values ​ satisfy the calibration equations
,
where ​ is a design-consistent estimator of the population total. Then the imputed estimator for any domain 

is unbiased up to  and its variance admits representation through standard complete-sample formulae.
Proof preserved under linear decomposition. Independence of , ​, allows additivity of variances. □
Corollary 5.1.
If ​ and ​ are drawn with equal probabilities within strata, the variance estimator reduces to
,
where , and  ​ ​ are the within-stratum variance estimates for the two samples.
5.2 Future Research Directions
(a) Categorical variables.
Let . Define dummy vector ​. Calibration requires
.
Allowing ​ to be real-valued rather than binary preserves totals while yielding smoother imputations.
(b) Quantile estimation.
Let  denote the α-quantile. For imputations , define adjustment step:
,
with variance
,
where  is the target complete-sample variance formula.
De Waal & Daalmans (2024) and Wang et al. (2025) emphasize the adaptability of calibration methods to modern high-dimensional survey settings.
5.3 Worked Example
Consider a population partitioned into two strata (h = 1, 2). Two samples are drawn:
· ​: 3 units from stratum 1, weights .
· ​: 2 units from stratum 2, weights .
Observed :  
· Stratum 1: .
· Stratum 2: . 
Step 1 (initial imputation): Use ratio estimator . Suppose this yields .
Step 2 (calibration): Adjust to match target totals . Scaling factor ensures
.
Resulting calibrated imputations yield unbiased estimator of total = 120 with variance estimated additively across the two samples.

5.4 Conclusion
Thus, the two-sample calibrated imputation approach offers a theoretically grounded and computationally straightforward method for handling missing survey data, with extensions to categorical and quantile contexts.
Study Contribution 
This study advances survey methodology by developing a two-sample calibrated imputation framework designed for quantitative survey data affected by item nonresponse. In contrast to traditional single-sample imputation techniques, the proposed method incorporates auxiliary information from a supplementary dataset while ensuring compatibility with the original sampling design. The resulting estimators achieve asymptotic unbiasedness, and their variability can be assessed using standard variance formulas applicable to complete data. The framework strengthens both the theoretical underpinnings and the applied use of imputation methods in secondary survey analysis.
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