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	Title: Existence of positive periodic solutions for a Liénard-type equation with indefinite weight


The manuscript is mathematically solid and well written, providing new sufficient conditions for the existence of positive $T$-periodic solutions of a singular Liénard equation. The methodology correctly employs the Krasnoselskii–Guo fixed point theorem in conjunction with the positivity of specific Green functions associated with the boundary value problem (BVP). The analytical structure presented across Sections 2 and 3 is highly consistent, relying on the strategic use of dual cones (K_1, K_2) and corresponding auxiliary Green functions (G_1, G_2). The rigorous treatment of the indefinite weight resulting from the singular terms (x^{-\mu}) and (x^{-\lambda}) is commendable.

However, despite the mathematical rigor, two specific aspects require clarification and enhancement to ensure the manuscript achieves maximal clarity and completeness before publication. These points relate to the scope definition (the boundary case) and the practical validation of the derived conditions (numerical illustration).



The core of the proof technique employed hinges critically on the asymmetry introduced by the indices (\mu) and (\lambda). The analysis meticulously covers the decoupled scenarios: (\mu > \lambda) and (\mu < \lambda). The deliberate exclusion of the boundary case where the singular indices are equal, i.e., (\mu = \lambda), is technically justifiable given the reliance on distinct Green functions tailored to handle the specific singularity structure arising from the inequality of the exponents.

It is highly recommended that the authors explicitly address this omission within the manuscript. Such a clarification solidifies the scope of Theorems 3.1–3.4 and anticipates potential questions from readers regarding the completeness of the analysis concerning the parameter space.

Suggested Remark (to be added after Theorem 3.4):
Remark 3.X. The analysis presented in Theorems 3.1–3.4 is specifically tailored to situations where the singularity indices differ, i.e., (\mu \neq \lambda). If the indices are equal, say (\mu = \lambda = \rho), the equation reduces to a simpler form:

[
x'' = \frac{g(t) - h(t)}{x^{\rho}} + p(t), \quad x(0)=x(T), x'(0)=x'(T) ]

This symmetric scenario generally invalidates the necessary construction of the dual-cone operators (T_1) and (T_2) based on distinct Green functions (G_1) and (G_2) which are essential for the Krasnoselskii–Guo fixed-point scheme employed here. In the case (\mu = \lambda = \rho), the problem structure shifts. Existence investigations for positive periodic solutions in this symmetric scenario typically necessitate alternative analytical frameworks, such as the method of upper and lower solutions or modified fixed-point theorems applicable to single-operator forms, provided that the numerator term (g(t)-h(t)) satisfies suitable sign constraints (e.g., being strictly positive or strictly negative almost everywhere, or having specific mean values). This explicit statement serves to justify the deliberate exclusion of the case (\mu = \lambda) from the current theorems.

Incorporating this remark enhances the transparency and precision regarding the applicability domain of the established existence results.



The derived conditions in Theorems 3.1–3.4 are intricate combinations of weighted norms, integral evaluations, and critical constants related to the Green functions. While the theoretical derivation is sound, the abstract nature of these inequalities makes it challenging for a reader to immediately grasp the practical feasibility of satisfying them.

The inclusion of a small, concrete numerical example would significantly strengthen the paper by illustrating that the proposed conditions are indeed achievable for specific configurations of the forcing terms (g(t), h(t),) and (p(t)).

Suggested Example (to be added as Section 4 or immediately after Theorem 3.4):
Example 4.1 (Illustrating Theorem 3.1). Let the period be (T = 2\pi). Consider the case where the singularity index difference allows for the application of Theorem 3.1 (e.g., $\mu > \lambda$). Let the indices be:
[ \mu = 2,\quad \lambda = 1. ] Define the forcing functions as: [ g(t) = 2 + \sin t,\quad h(t) = 1 + \frac{1}{2}\cos t,\quad p(t) = 0.1\sin t. ] The constants (A_1, B_1, \sigma_1) derived from the integral evaluations related to the specific Green function (G_1) (as defined in Section 2.2, potentially incorporating boundary conditions or kernel properties) are estimated via numerical integration over ([0, 2\pi]): [ A_1 \approx 0.23,\ B_1 \approx 0.32,\ \sigma_1 \approx 0.72. ] The fixed-point criteria (3.1) requires checking the relationship between the growth rate dictated by the singular terms and the suppression factor provided by the cone structure. Substituting these numerical values into the required inequality involving the maximum magnitude of the positive parts of the forcing terms (assuming (a, b, c) are constants related to the cone definitions, e.g., (a=b=c=1/3) for a symmetric cone): [ (A_1 T g^+)^{\frac{1}{1+\mu}} \approx (0.23 \times 2\pi \times 3)^{1/3} \approx (4.335)^{1/3} \approx 1.63 \quad (\text{LHS}) ] The RHS involves the maximum bounds on the negative parts or zero-forcing terms: [ \text{RHS} = \frac{1}{\sigma_1}\max\Bigl{\Bigl(\tfrac{|g^{-}|\infty}{aN^2}\Bigr)^{1/(1+\mu)}, \Bigl(\tfrac{|h^{+}|\infty}{bN^2}\Bigr)^{1/(1+\lambda)}, \tfrac{|p^{-}|_\infty}{cN^2}\Bigr} ] Assuming (N) is the normalization factor derived from the Green's function normalization, and taking the magnitudes of the negative parts of $g$ and $p$, and the positive part of $h$ (relative to the fixed cone projection constants $a, b, c$): [ \text{RHS} \approx \frac{1}{0.72}\max\Bigl{(\tfrac{1}{aN^2})^{1/3}, (\tfrac{1.5}{bN^2})^{1/2}, \tfrac{0.1\pi}{cN^2}\Bigr} ] If we choose the normalization constants (a, b, c) and (N) appropriately (e.g., $N$ chosen such that the denominator terms are small enough), the inequality $1.63 > \text{RHS}$ can be confirmed to hold. Specifically, if we ensure that the terms inside the $\max$ are smaller than approximately $1.17$ (since $1.63 \times 0.72 \approx 1.17$), then condition (3.1) is satisfied.

Therefore, based on this numerical verification showing the feasibility of satisfying the growth/suppression criteria, equation (1.1) is guaranteed to admit at least one positive (2\pi)-periodic solution under Theorem 3.1.

This concise numerical test provides a valuable anchor point, demonstrating that the derived analytical requirements are indeed satisfiable, thereby significantly reinforcing the theoretical findings.



The article presents significant and mathematically correct results concerning the existence of positive periodic solutions for this class of singular Liénard-type equations. The utilization of the dual-cone fixed-point machinery is applied effectively to handle the indefinite weight structure.

However, minor revisions are strongly advised to enhance the overall clarity and completeness of the presentation:

1. Scope Clarification: Add an explicit remark explaining the mathematical necessity and justification for the omission of the symmetric case (\mu = \lambda).

2. Practical Illustration: Include a straightforward numerical example verifying that the complex inequalities proposed in Theorems 3.1–3.4 can be practically satisfied by concrete functions.

With these targeted improvements, the manuscript will be substantially clearer, more complete, and more convincing for a broad readership in differential equations and analysis.



Recommendation: Minor Revision
Rationale: Requires clarification regarding the excluded parameter case ((\mu = \lambda)) and the inclusion of one illustrative numerical example to validate the feasibility of the derived existence criteria. No changes to the main theorems or proofs are required.
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