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	Reviewer’s comment

Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.

	Author’s Feedback (It is mandatory that authors should write his/her feedback here)



	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.


	This manuscript contributes meaningfully to the field of harmonic analysis and operator theory by exploring compactness properties of pseudo-differential operators in the context of the coupled fractional Fourier transform.
	

	Is the title of the article suitable?

(If not please suggest an alternative title)


	Yes, the title is suitable and accurately reflects the content and focus of the manuscript.


	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.


	Yes, the abstract is comprehensive and clearly outlines the objectives, methods, and significance of the study. No additions or deletions are necessary.


	

	Is the manuscript scientifically, correct? Please write here.
	Yes, the manuscript is scientifically correct, with sound methodology and logical presentation of results.


	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	Yes, the references are sufficient and include recent and relevant literature. No additional references are required.


	

	Is the language/English quality of the article suitable for scholarly communications?


	Yes, the language is clear, grammatically correct, and suitable for scholarly communication.


	

	Optional/General comments


	[image: image1.png]\item In Eq. (2.3), the exponent should be — i /2 instead of —ix for consistency with the standard definition of the
fractional Fourier transform.

\item The integral in Eq. (3.1) lacks 2 differential element; please add d¢ .

\item In Eq. (3.5), the kernel K., (z, &) is missing a normalization factor of /T — i cot &

\item The equality in Eq. (4.2) assumes f & L!(E2) 1 L2(I2) , but this condition is not stated.

\item In the derivation of Eq. (4.7), the interchange of summation and integration requires justification via Fubini's theorem.
\item Eq. (5.1) uses F,, but does not define it explicitly in this section.

\item The symbol a(z, ) in Eq. (2.7) should satisfy a € S for the pseudo-differential operator to be well-defined.
\item In Eq. (3.9), the limit lim,, ., is applied without verifying uniform convergence,

\item The adjoint operator in Eq. (4.10) should involve complex conjugation: K} (y,z) = Ka (z,y)

\item Eq. (5.3) incorrectly drops the phase factor ¢*¢(*) in the asymptotic expansion.

\item The norm ||T;, f|| = in Eq. (4.12) is bounded by ||a]|z~ only if a is bounded and measurable—this assumption is
missing.

\item In Eq. (2.9), the coupled transform should read F, 5 [f](u, v) = [ f(.y)Ka (z,u)K5(y, v) dz dy

\item The compactness argument in Eq. (5.6) relies on the Arzela-Ascoli theorem, but equicontinuity is not verified.
\item In Eq. (3.12), the estimate | K, (2, €)| < C(1 + |/ + [¢]) ™ holds only for a ¢ 722

\item The symbol class in Definition 2.1 should include the condition: |37 87 a(z, £)| < Cj, (1 + |€])™ #N1+38] .
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