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Improved Ratio-Cum-Product Exponential Estimator for Ratio of Two Population Means in Case of Post-Stratification

 

ABSTRACT
This paper focuses on the estimation and inference of two population means within the context of a post-stratified sampling framework. Post-stratification is a widely used technique in survey sampling that aims to correct for imbalances in sample representation across strata, thereby improving the efficiency and reliability of population parameter estimates. The intent of this study was to resolve the estimation of ratio of two population means in case of post-stratification. To achieve this goal, we develop a novel estimator termed the ratio-cum-product exponential estimator. This estimator is constructed by combining ratio and product estimation techniques within an exponential framework to capitalize on auxiliary information more effectively. The mathematical properties of the proposed estimator are thoroughly analyzed, with particular attention given to its bias and mean square error (MSE). These properties are derived analytically up to the first order of approximation, allowing for a theoretical comparison with existing estimators commonly used in post-stratified sampling settings.	Comment by Microsoft account: examines	Comment by Microsoft account: Recast
	Comment by Microsoft account: Using  taylor serie or what …., be specific
To further validate the theoretical results, an empirical illustration is provided using real or simulated data. This application demonstrates the practical utility and performance gains of the developed estimator relative to traditional methods. The results confirm that the ratio-cum-product exponential estimator offers improved efficiency and reduced estimation error under certain conditions, thereby making it a valuable addition to the toolkit of survey statisticians and applied researchers.	Comment by Microsoft account: Existing data set	Comment by Microsoft account: 	Comment by Microsoft account: Estimators not methods
	Comment by Microsoft account: This sentence doesn’t flow well
Keywords: Ratio of two population means, ratio-cum-product type exponential estimator, bias and mean squared error (MSE).
1. INTRODUCTION
Post-stratification is a powerful statistical adjustment technique commonly employed in the analysis phase of survey sampling to improve the authenticity, accuracy, and representativeness of population estimates. Unlike stratified sampling, which divides the population into subgroups (strata) before sampling, post-stratification is applied after the data have been collected. This allows researchers to correct for imbalances that may arise due to imperfect or non-probabilistic sampling methods, particularly when the final sample does not reflect the known structure of the population. 	Comment by Microsoft account: No citation

The process begins by categorizing the survey sample into post-strata based on auxiliary variables- characteristics of the population that are known in advance, such as age, gender, race, income level, education or geographic location. Once the sample has been divided into these subgroups, weights are applied to each subgroup’s responses to match their known proportions in the overall population. For example, suppose a national survey results in a sample that includes 40% women and 60% men, while census data indicate that the actual population consists of 50% women and 50% men. Post-stratification corrects this imbalance by increasing the weight of women’s responses and decreasing that of men’s responses so that the final weighted estimates more accurately reflect the population's true composition.	Comment by Microsoft account: Who say this, acknowledge the scholar
The primary objectives of post-stratification are threefold:	Comment by Microsoft account: The objectives of post-stratification are well stated; however, I suggest presenting them in paragraph form rather than as itemized points to improve the flow of the manuscript, and acknowledge the scholar
1. To correct for sampling bias that occurs when certain segments of the population are over- or under-represented in the sample;
2. To improve representativeness when there is a mismatch between the sample distribution and the known population distribution;
3. To enhance the precision and reliability of statistical estimates, especially when dealing with non-probability or unbalanced samples.
In the specific context of estimating the ratio of two population means, post-stratification plays a crucial role in improving estimator performance. Here, the sample is first divided into strata based on an auxiliary variable, and the two means are calculated separately within each stratum. These stratum-specific estimates are then aggregated using population-based weights, and the ratio is formed afterward. This approach allows for a more nuanced estimation process that takes into account the internal structure of the population. It is particularly effective when the auxiliary variable used for stratification is correlated with both variables whose means are being estimated. In such cases, post-stratification can reduce bias and variance, leading to a more efficient and reliable ratio estimator compared to methods that ignore stratification.	Comment by Microsoft account: No citation 
A notable advantage of post-stratification is that it does not require stratification to be built into the sample design. This makes it especially valuable in real-world survey applications where stratified sampling may not have been possible due to time, cost, or data limitations. If reliable auxiliary information about the population becomes available after the sample is drawn, post-stratification can still be implemented to improve estimates. This flexibility makes it a widely applicable technique in both official statistics and academic research, particularly in situations involving non-response, convenience sampling, or other forms of non-random sample selection.	Comment by Microsoft account: What do you mean by official statistics, recast this statement and make citation
In summary, post-stratification is a vital tool in the survey statistician’s toolkit. It serves to bridge the gap between imperfect sampling and accurate population inference, particularly in cases where auxiliary data can be leveraged to align the sample more closely with the true population structure. Its application to the estimation of the ratio of two population means further extends its utility, providing a pathway to more efficient, unbiased, and representative estimates in complex survey settings.	Comment by Microsoft account: Remove 

Initially, the post stratification idea was explained by [9]. The idea of post-stratification was first formally introduced by [6] in his paper “The estimation of the yields of cereal experiments by sampling for the ratio of grain to total produce” published in the Journal of Agricultural Science.  Later the method was generalized and widely discussed in Cochran’s classic book “Sampling Techniques”. Ratio estimator was later investigated by [9] in the problem of post stratification. [11] developed an exponential type estimator for estimating population mean under simple random sampling without replacement and also utilize this estimator for missing data under varied imputation techniques and [14] presented some improved estimators of population mean using auxiliary variables in stratification.	Comment by Microsoft account: remove	Comment by Microsoft account: remove	Comment by Microsoft account: recast	Comment by Microsoft account: Recognize more relevant works in the literature


2.REVIEW OF LITERATURE 




















Consider a population with a finite size of  that is separate into  strata of sizes  such that , a sample size is drawn using post-stratification technique. Let  and are the study variables making ratio of means to be estimated with the use of information on auxiliary variables and . Population Means of study variables and are and  and population means of auxiliary variables and are  and  respectively. Let be the size of the sample falling in  stratum such that .	Comment by Microsoft account: This part should be moved to the Materials and Methods section and recast 
The usual estimator for the ratio of two population means in post-stratification was pioneered by Hansen et al. (1953).	Comment by Microsoft account: I noticed that the references are scattered across different formats. I recommend making them consistent by following a single referencing style, such as IEEE or APA, as required by the journal.
The usual estimator for ratio of two population means in post-stratification is expressed as 	Comment by Microsoft account: By who? Provide citation

 											(2.1)






where   and   are the unbiased estimates of population means  and  respectively and is the known proportion of population in stratum .

Upto the first degree of approximation the bias of usual estimator for ratio of two population means   is as follows	Comment by Microsoft account: the expressions for the bias and MSE of (2.1), up to the first order of approximation, are given below.

								(2.2)

and upto the first degree of approximation the mean squared error of usual estimator for ratio of two population means   is as follows	Comment by Microsoft account: Remove 

.						(2.3)
The ratio-type exponential estimators for estimating the ratio of two population means were pioneered by Bahl and Tuteja (1991). They introduced the concept of using an exponential function to improve ratio and product type estimators, which has since been extended and built upon by numerous other researchers in the field of finite population sampling. 	Comment by Microsoft account: I noticed that the references are scattered across different formats. I recommend making them consistent by following a single referencing style, such as IEEE or APA, as required by the journal, and recast the sentence

Ratio type exponential estimator for ratio of two population means is expressed as follows 	Comment by Microsoft account: By who? Provide citation

									(2.4)
and product type exponential estimator for ratio of two population means is expressed as follows	Comment by Microsoft account: Provide citation

.									(2.5)

The bias of ratio type exponential estimator is acquired as	Comment by Microsoft account: recast

					(2.6)

and the mean squared error of ratio type exponential estimator is acquired as	Comment by Microsoft account: Recast


				(2.7)

The bias of product type exponential estimator is acquired as	Comment by Microsoft account: Recast


							(2.8)

and the mean squared error of product type exponential estimator is acquired as	Comment by Microsoft account: recast

						(2.9)










where   ,  ,  ,  , ,  ,  ,  ,  ,  .

3. DEVELOPED ESTIMATOR
In survey sampling and population studies, accurate estimation of the ratio of two population means is often crucial, especially when auxiliary information is available. Traditional ratio or product estimators, while useful, may not fully exploit the information when the study and auxiliary variables are both positively and negatively correlated. To address this, we propose a ratio-cum-product exponential estimator, which leverages the benefits of both ratio and product-type estimators and improves efficiency under certain correlation structures.	Comment by Microsoft account: This paragraph needs to be recast appropriately to improve clarity and ensure the ideas are conveyed more effectively, you should avoid itemizing 
This estimator is suitable in real-world situations where:
· Reliable auxiliary information is available from multiple sources.
· There is a mix of positive and negative correlations among variables.
· High efficiency in estimating ratios is required (e.g., economics, agriculture, health statistics).
Ratio-cum-product exponential estimator for ratio of two population means is as follows

 							(3.1)






Under certain regularity conditions and assuming simple random sampling without replacement, the estimator is approximately unbiased and to obtain the bias and mean squared error of the developed estimator  , it is assumed as, and  such that  and










,  ,  , , , , ,, ,.


Expressing    in terms of   provides

  							    (3.2)

The bias of the developed estimator  is as follows	Comment by Microsoft account: The authors may consider adding some preliminary explanatory steps before the final derivations to enhance clarity and help readers follow the development of the results.	Comment by Microsoft account: Modified or develop be specific 

   (3.3)

and the mean squared error of the developed estimator  is as follows

	    (3.4)
4. THEORETICAL COMPARISON
Efficiency of the estimators are compared by comparison of mean squared error (MSE) or the variance of different estimators. 	Comment by Microsoft account: The authors should consider comparing their proposed estimator with more recent estimators available in the literature (particularly from 2010–2024), as numerous relevant papers exist in this period. Doing so would make the research more advanced than simply comparing the proposed method with the baseline ratio and product estimators under post-stratification.


Comparison of (2.3) and (3.4) shows that the developed estimator  would be proficient than the usual ratio estimator  if
i) 


<0  					(4.1)


Comparison of (2.7) and (3.4) shows that the developed estimator  would be proficient than the usual ratio type exponential estimator  if
ii) 
<0

 						(4.2)


Comparison of (2.9) and (3.4) shows that the developed estimator  would be proficient than the usual product type exponential estimator  if
iii) 
<0

					(4.3)
5. NUMERICAL ILLUSTRATION 
To demonstrate the practical applicability and efficiency of the developed estimator, we present a numerical illustration using a natural population data set. The source of the data is K.C. Bhuyan (P. No. 4), which provides information on demographic and socio-economic variables. The variables considered for the study are:

 Number of ever born children

 Number of dead children under age 5

 Level of education of father (in complete years)

 Level of education of mother (in complete years)
The parameters of interest are the ratio of under-five deaths to ever born children and its estimation under different strategies. For comparison, the usual ratio estimator, ratio type exponential estimator, product type exponential estimator and the developed estimator are applied to the data. The population is stratified according to the cross-classification of parents’ education levels, which serves as auxiliary information. The efficiency of the estimators is evaluated in terms of their point estimates and associated standard errors. The results clearly exhibit that the developed post-stratified estimator yields a more efficient estimate of the population ratio compared to the usual ratio estimator, ratio type exponential, product type exponential estimator thereby justifying the use of stratification based on auxiliary characteristics.
Table 1- Comparison of constants between Stratum I and Stratum II across 16 observations.	Comment by Microsoft account: Table 1 appears to present the summary statistics of the existing dataset, yet it is titled ‘Comparison of constants between Stratum I and Stratum II across 16 observations’ and is also referenced this way in the conclusion. This title and description are misleading. The authors should recast the table title and clarify its content to accurately reflect that it shows summary statistics rather than a comparison of constants.

	Constant 
	Stratum I
	Stratum II

	

	15
	13

	

	10
	10

	

	6.33
	3.07

	

	0.8
	0.15

	

	8.66
	11.92

	

	5.66
	9.92

	

	1.44
	1.03

	

	0.94
	0.37

	

	4.70
	4.78

	

	4.77
	4.53

	

	0.85
	0.15

	

	-3.66
	-2.99

	

	-2.66
	-2.82

	

	-2.85
	-0.30

	

	-1.14
	-0.40

	

	15.80
	18.91








Table 1: The Mean Squared Error and Percent Relative Efficiencies of usual estimator  ratio type exponential estimator , product type exponential estimator  and ratio-cum-product exponential estimator with respect to  usual estimator.
To show the superiority of the developed estimator we compute efficiency gains over other estimators:
Table 2- Comparison of estimators based on Mean Squared Error (MSE) and Percent Relative Efficiency (PRE), where Estimator 1 is used as the baseline (PRE = 100%).
	Estimator
	Mean Squared Error (MSE)
	Percent Relative Efficiency (PRE)

	

	0.202
	100.00

	

	0.178
	113.00

	

	0.230
	87.55

	

	0.160
	125.74



6. CONCLUSION
he post-stratification technique has been established as a powerful tool for improving the estimation of population parameters, especially when reliable auxiliary information on stratification variables is available. By adjusting the sample distribution to align with known population margins, this method reduces bias and provides notable gains in efficiency. In particular, for ratio estimators, post-stratification proves especially valuable since the numerator and denominator means may be influenced differently by the distribution of auxiliary characteristics, making adjustment critical for accurate inference.	Comment by Microsoft account: The section presented as a conclusion reads more like an explanation; please revise it to clearly state the key findings and contributions.
Theoretical results and empirical studies consistently demonstrate that post-stratification produces estimators that are nearly unbiased and highly efficient under mild conditions. The efficiency gain is most pronounced when the stratification variables exhibit strong correlations with both the study variables. This advantage, however, is dependent on sufficient sample sizes within each post-stratum, as very small cell sizes can increase variance and reduce stability. In such cases, collapsing strata or employing model-assisted extensions can help to mitigate the issue, thereby preserving the benefits of stratification.




In the present research, the population mean of the study variable was estimated using a ratio-cum-product type exponential estimator under a post-stratified framework. The empirical analysis based on natural population data reveals that the developed estimator consistently performs better than the usual estimator , the ratio type exponential estimator , and the product type exponential estimator . Under the first-degree approximation, the developed estimator achieves the minimum mean square error, confirming its theoretical superiority. The relative efficiencies and mean square errors of the various estimators, presented in Table 1, provide strong numerical evidence of this improvement.
From a practical perspective, these findings hold significant implications for demographic and health research, where auxiliary information such as parental education, socioeconomic indicators, or regional characteristics is often readily available. Incorporating such information through post-stratification not only enhances precision but also ensures that estimates better reflect population heterogeneity. This makes the method particularly valuable in contexts like fertility and child mortality studies, where accurate ratio estimation plays a key role in policy planning and evaluation.
In conclusion, the developed post-stratified estimator represents a meaningful advancement in survey sampling and estimation methodology. By combining the advantages of exponential estimators with the efficiency gains of post-stratification, it provides a reliable, accurate, and practically implementable tool for researchers. Future work could extend this framework to more complex designs, multi-stage surveys, or situations involving multiple auxiliary variables, thereby broadening its scope of application and reinforcing its importance in statistical research and applied studies.
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