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On Sum Cordialness of Some Fractal Graph 



Abstract:
 For a graph G with vertex set V is a function  with induced edge labeling such that  such that   for all is called a sum cordial labeling, If and . A graph that follows sum cordial labeling is called a sum cordial graph. We have shown that various types of fractal graphs are sum cordial graphs. 
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1 Introduction
Fractals [8] are complex geometric shapes that exhibit self-similarity, meaning their structure looks similar at different levels of magnification. They are often created by repeating a simple process over and over in an ongoing feedback loop. Its main key properties are infinite complexity, self-similarity and fractal dimension.
While the sum cordial labeling is investigated firstly by Visavaliya [10] and et.al. 
2 Some Terminologies
Definition 2.1: Sum Cordial Labling [10]
For a graph G with vertex set V is a function  with induced edge labeling such that  such that   for all is called a sum cordial labeling, If and .  Its abbreviation is SCL. 
Definition 2.2: Sum Cordial Graph [1]
A graph that follows SCL is called sum cordial graph. Its abbreviation is SCG.
Definition 2.3: Construction of Vicsek fractals (saltire form) [8]
In mathematics, the Vicsek fractal—also known as the Vicsek snowflake or box fractal—is a well-known example of a recursive pattern. It is generated using the cluster fractal method, also called generator iteration. The process begins by dividing a square into a 3-by-3 grid, forming nine equal smaller squares. The four corner squares and the central square are retained, while the remaining four edge-centre squares are removed. This same procedure is then applied recursively to each of the five remaining squares. The Vicsek fractal is the limiting set that emerges from repeating this process infinitely.

In nth iteration of vicsek fractals (saltire form), there are  squares, vertices and  edges.
Fig 1 : Construction of Vicsek fractals (saltire form) 
[image: ]
Definition 2.4: Construction of Vicsek fractals (cross form) [8]
[image: ]The construction of the Vicsek fractal in its cross form begins similarly to the saltire form, starting with a single square and using the cluster fractal generation method. The initial square is divided into a 3-by-3 grid, resulting in nine smaller squares. The four corner squares are removed, while the central square and the four edge-center squares are retained. This recursive process is then applied to each of the five remaining squares. The Vicsek fractal is the limit set formed through infinite repetition of this procedure.
Fig 2 :  Construction of Vicsek fractals (cross form)

In nth iteration of vicsek fractals (cross form), there are  squares, vertices and  edges.

Definition 2.5: Construction of Box Fractal (Type-2) [8]
[image: ]The construction of the Box Fractal also begins with a single square in the 1st iteration. In the next step, one square is added to each side of the original, forming a plus-shaped arrangement of five squares. This pattern is then repeated—adding new squares to each side of the existing ones—continuing the design in the same manner. Alternatively, this structure can be generated using the cluster fractal method, where certain squares are systematically removed at each stage to create the same overall pattern.
Fig 3 :  Construction of Box Fractal (Type-2) 

In nth iteration of box fractals (type-2), there are  squares, vertices and  edges.
Definition 2.6: Construction of Ladder Fractal Graph (Type - 1) [9]
[image: ]For Type-1 construction, we start by considering four squares in the 1st step. In the 2nd step, four additional squares are attached at the top-right vertex of the existing structure. This combined result from the first and second steps is regarded as the first iteration. In each subsequent iteration, four new squares are similarly attached at the top-right vertices of the existing squares, forming a ladder-like fractal pattern. This fractal structure can also be represented and studied as a graph. It is denoted by 
Fig 4 : Construction of Ladder Fractal Graph (Type - 1) 
From figure it is very clear that, vertex . i.e. one vertex is shared in next iteration. In nth iteration of ladder fractals (type-1), there are  squares, vertices and  edges.
Definition 2.7: Construction of Ladder Fractal Graph (Type - 2) [9]
For Type-2, the construction begins by considering four squares in the 1st step. In the 2nd step, another set of four squares is attached along the top-right edge of the existing structure. The combination of these steps forms the first iteration. In each following iteration, four new squares are added in the same way, progressively creating a ladder-like fractal pattern. This structure can also be modelled and analysed as a graph. It is denoted by 
[image: ]From figure it is very clear that, vertex and . i.e. two vertices and one edge is shared in next iteration. In nth iteration of ladder fractals (type-2), there are  squares, vertices and  edges.
Fig 5 :  Construction of Ladder Fractal Graph (Type - 2) 
Definition 2.8: Construction of Ladder Fractal Graph (Type - 3) [9]
For Type-3, the construction starts by considering four squares in the 1st step. In the 2nd step, four additional squares are attached along the upper edge at the top-right corner of the existing structure. This combined configuration marks the completion of the first iteration. In each subsequent iteration, four new squares are added in the same manner, gradually forming a ladder-like fractal pat tern. This fractal can also be represented and studied as a graph. It is denoted by 
Observe that, Ladder fractal of Type - 2 and Type – 3 are symmetrically same.
[image: ]
Definition 2.9: Construction of Ladder Fractal Graph (Type - 4) [9]
Fig 6 :   Construction of Ladder Fractal Graph (Type - 4) 
In Type-4, the construction begins similarly to Type-1, with four squares considered in the initial step. However, in the 2nd step, only three additional squares are attached to the top-rightmost square, resulting in a total of seven squares after this step. The addition of these three squares is considered the completion of the first iteration. In each subsequent iteration, three more squares are attached in the same manner to the top-rightmost square, gradually forming a ladder-like fractal graph. It is denoted by 
[image: ]From figure it is very clear that, vertex and . i.e. four vertices and four edges are shared in next iteration. In nth iteration of ladder fractals (type-2), there are  squares, vertices and  edges.
Fig 7 : Construction of Ladder Fractal Graph 
3 Main Results

[bookmark: _Hlk195860965]Theorem 3.1: The vicsek fractals (saltire form) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 
Table 1 : Vertex and edge counts grow exponentially with each iteration
	Iteration
	Vertex count
	Edge count
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	nd
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	th 
	
	

	 
	
	



So, it is clearly visible that  Hence, the vicsek fractal (saltire form) admits SDCL.
[image: ]In below figure, sum labeling is applied on 3rd iteration of vicsek fractal (saltire form). In this figure, a small thick red coloured line denote edge with label 1.
Fig 8 : Sum labeling on 3rd iteration of vicsek fractal (saltire form)

Theorem 3.2: The vicsek fractals (cross form) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 
Table 2 : Vertex and edge counts increase with each iteration
	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd 
	
	

	th 
	
	

	 
	
	



So, it is clearly visible that  Hence, the vicsek fractal (cross form) admits SDCL. 
[image: ]In below figure, sum labeling is applied on 3rd iteration of vicsek fractal (cross form). In this figure, a small thick red coloured line denote edge with label 1.
Fig 9 : Sum labelling on the 3rd iteration of the Vicsek fractal (cross form)

Theorem 3.3: The box fractal (type-2) admits sum cordial labeling (SCL).
Proof: For vertex labeling, allot 0 label all vertices of 1st column and allot 1 label to 2nd column and repeat it alternatively for all columns. i.e. If any column is labelled with 0 then next column is labelled with 1. 
For such vertex labeling, it is clearly visible that in each box 2 edges are labelled with 1(an edge with small thick vertical line in between the edge) and remaining 2 edges are labelled with 0. 
Table 3 :  Vertex and edge counts grow quadratically with each iteration
	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd 
	
	

	th 
	
	

	 
	
	



Fig 10 : Sum labelling on the 3rd iteration of box fractal (type-2). 
So, it is clearly visible that  Hence, the box fractal (type-2) admits SDCL. 
[image: ]In below figure, sum labeling is applied on 3rd iteration of box fractal (type-2). In this figure, a small thick red coloured line denote edge with label 1.
Theorem 3.4: The ladder fractal (type-1) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling as 


Now the induced edge labeling is defined as  as .
As per vertex labeling, 


Table 4 : Vertex and edge counts in each iteration follow linear growth
	Iteration
	Vertex count
	Edge count

	st
	
	

	nd
	
	

	rd 
	
	

	th 
	
	

	 
	

	



So, it is clearly visible that  Hence, the ladder fractal (type-1) admits SCL. 
[image: ]In below figure, sum labeling is applied on 3rd iteration of ladder fractal (type-1). In this figure, a small thick red coloured line denote edge with label 1.
Fig 11 :  Sum labeling is applied on 3rd iteration of ladder fractal (type-1)
Theorem 3.5: The ladder fractal (type-2) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling as 
Case – 1: 
 and 
Case – 2: 
 and 
Case – 3: 
 and 
[bookmark: _Hlk200474715]Now the induced edge labeling is defined as  as .
As per vertex labeling, 
Case – 1: 
 and 

Case – 2: 
 and 

Case – 3: 
 and 

Table 5 : Vertex and edge counts​​ grow linearly with iteration, showing slight differences between even and odd steps
	Iterations
	Vertex count
	Edge count

	st
	
	

	
	
	


	

	

	



So, it is clearly visible that  Hence, the ladder fractal (type-2) admits SCL. 
[image: ]In below figure, sum cordial labeling is applied on 3rd iteration of ladder fractal (type-2). In this figure, a small thick red coloured line denote edge with label 1.
Fig 12: Sum cordial labeling is applied on 3rd iteration of ladder fractal (type-2)



Theorem 3.6: The ladder fractal (type-4) admits sum cordial labeling (SCL).
Proof: Let us define vertex labelling such that 
Case – 1: 
 and 

Case – 2: 
 and 
Case – 3: 
 and 
Now the induced edge labeling is defined as  as .
As per vertex labeling, 
Case – 1: 
 and 

Case – 2: 
 and
 
Case – 3: 
 and 





[bookmark: _GoBack]Table 6: Vertices grow linearly with slight even-odd variation; edges increase steadily
	Iterations
	Vertex count
	Edge count

	st 
	
	

	
	
	

	
	

	


So, it is clearly visible that  Hence, the ladder fractal (type-4) admits SCL. 
In below figure, sum labeling is applied on 3rd iteration of ladder fractal (type-4). In this figure, a small thick red coloured line denote edge with label 1.
Fig 13 :   Sum labeling is applied on 3rd iteration of ladder fractal (type-4).
[image: ]









Conclusion:
 The vicsek fractals (saltire form), the vicsek fractals (cross form), the box fractal (type-  2), the ladder fractal (type-1) , the ladder fractal (type-2) , the ladder fractal (type-4) admits sum cordial labeling (SCL).
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