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Norms of Pseudo-differential Operator related
to coupled fractional Fourier Transform

Abstract

In this paper, we introduce the characterization of norms of the cou-
pled fractional Fourier transform (CFrFT). Few results on norms of pseudo-
differential operators (P.D.O) connected with CFrFT are investigated. We
conclude the manuscript by applying some of axioms to obtain the proof of
the theorems.

1 Introduction and motivation

The well-known Fourier transform of a function f € L;(R), represented by ]/‘\, is
described as

Fn) =5 [ émérigat

S 2n
so that its inverse is given by

7€) = 5= [ ™ Fnyan

:27r
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provided the integrals exist.

The fractional Fourier transform, denoted by .%#¢ , which is a generalization of
the Fourier transform, depends on a parameter 0 < 6 < Z, so that when 6 = 0, .%
is the identity transformation and when 6 = %, Zr is the standard Fourier trans-
form. The transform has been extended to higher dimensions by taking tensor
products of one-dimensional transforms. In 2018, Ahmed 1. Zayed introduced a
novel generalization of the fractional Fourier transform to two dimensions, which
is called the coupled fractional Fourier transform [1] and is denoted by .7, 5. This
transform depends on two independent angles o and 8, with 0 < a, B < Z, so
that .%o is the identity transformation and 35%7%, is the two-dimensional Fourier
transform.

More explicitly, the fractional Fourier transform can be viewed as a family
of transformations, {.%4} indexed by a parameter o, with 0 > o < 1, such that
Z is the identity transformation and .%#, is the standard Fourier transformation.
That is Zof = f, .Zi|f] = f, where f is the Fourier transform of £, and, in
addition, #4735 = F4 . The range of the parameter does not have to be the
interval [0, 1] because this interval can be mapped by a simple substitution into the
interval |a, b], a < b. Because of its periodicity, the fractional Fourier transform is
parameterized by an angle 0 < 0 < 2m, where %), is the identity transformation
and the conventional Fourier transform is obtained when 6 = % The fractional
Fourier Transform or FrFT of a function f € L (R) , is defined by [2} 3,4, 5 [3, 3
6, (7,18, 19,10, 11, 10]

(Fof)(m) = Jo(n) = [ Ka(§,m)f(£)d (n
where the kernel Ko (&, 1) is given by
( i({z-&-nz)cote_.g csc
ge 2 eneset 9 Lnnnel
T
Ke(C,m) = 5(C—m), 6=2nn
§(C+m). 6=(n+ )
0 1L, 60=0

Co =1/ # and studied some properties of this transform.
The corresponding inversion formula of (#g¢)(n) is defined in the following

ways

10 = | KolT0)(Fof)m)an @

7i(C2+n2)cot9

K_O((:,n) 2?9672 +ifncscO
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and Cp = /D8 —C 4.
Hence, K_9(57 77) = K—G(Cv n)
It implies that the inverse of a FrFT with the parameter 0 is the FrFT with the

parameter —0.

The fractional Fourier transform in n-variables is defined by taking the tensor
product of n copies of the one-dimensional fractional Fourier transforms [4]. That
is

yel,ez, .......... 9,1 ](wlaaha """" 7wn)
// /K61 1, 01 ng(l‘z,(l)z) ............ Kgn(l‘n,(L)n)f(tl,tz,...,tn_l)
xdtidty.......... dt,,

where Ko (f;, @), i =1,2,3,......... ,n, is the kernel of the one-dimensional frac-

tional Fourier transform given by .... In particular, in two dimensions we have

[yel,ezf](wl,wz):/R/RKel(fl,wl)Kez(tz,wz)f(tl,tz)dtldtz 3)

in 2020 a novel two-dimensional fractional Fourier trans- form .7, g that is not
a tensor product of two one-dimensional fractional Fourier transforms was intro-
duced [5], [6]. Unlike in the tensor product case, this transform does not depend
on the two angles a and B separately but depends on the the sum and the dif-
ference of the two angles. This is the reason this transform is sometime called
the coupled two-dimensional fractional Fourier transform (CFrFT) [?]. Now we
introduce the definition of the two-dimensional fractional Fourier transform.

Definition 1. We assume that 6 = (0;,60,), x = (x,n), y = (,{), Kg(x,y) =

KG] (x7 T’)'Kez (y7 C) = KG] 6> ()C,y, n, C)? where K@] ()C, n) and ‘%/92 (ya C) deﬁned as
above.

The two-dimensional fractional Fourier transform [12} |I, [[3|] is defined as fol-
lows:

Z0911.0) = [Foa0)m.0) = [ [ Kolxy)o(ry)dxdy
= | [ Ko, (em)Ke, (.00 (x.v)dxdy
RJR
= //K91.,92(x7y7n7C)¢(x7y)dXdy~ “4)
RJR

The corresponding inversion formula of @ is defined as follows:

00 = [ [ Koo (. Dl Fo,0,91(n, O)dndg. )

3
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It is easy to observe that for 0y = 6, = 7, the two-dimensional fractional Fourier
transform Fg, o, becomes a classical two-dimensional Fourier transform.

Definition 2. A tempered distribution ¢ belongs to the Sobolev type spce 7° (R x
R), and s € R if its coupled fractional Fourier transform Fg, ¢,¢ corresponding
to a locally integrable function (Fg, 0,9)(E,n) over R x R such that

1

@09, = ( L }{(1+\€|2>(1+!n!z)ﬁ(%l,em)(é,n)\zdndé)2 <o (6

and

g0 = (/R/RW&;11)\2clw7alc§)é <o, O

This space is complete with respect to the norm (0182 ||g ||,.

Definition 3. The space . (R x R) is the collection of all complex valued in-
finitely differentiable functions ¢ (&, M) € R x R for every choice of Iy, lp, my, m; €
No which for

xll I om  gm
Y dx™ dy™

I’k (9)=sup o (x,y)| < oo. (8)

(x,y)eERxR

The dual of . (R x R) is denoted by .’ (R x R).
If @ is a locally integrable and polynomial growth function on R x R, then ¢
generates a distribution in /' (R x R) as follows:

3 ¢>=/R/R¢(€,n)¢(5,n)d§dn, vp € S(RxR). ©)

The elements of /' (R x R) are known as tempered distributions.

Theorem 1. Let Ky, ¢,(x,y,1n,{) be the kernel of the two-dimensional fractional
Fourier transform. Then, for all (x,y) € (R xR), we have

(i) D;,yKel.,Gz (x7Y7 n, C) = {l(T[ csc 0 + CCSC 92)}rK91,92 (xayv n, C):

(”) fR fR (P(xay)D;,yKel,ez (X,y, 777 C)dXdy = f]R fR K91,92 (X,y, 77; C)(D;c,y)r(p(xay)dxa,yy
(iii) F,,6,{ (Dy,) @(x,y)}(n, &) = {i(n csc 01 + L csc 62) } (Fg, 6,0(x,)) (1, §),
forall r €N, where Dy, = [% + a% +i(xcotO; +ycot6,)]

and D, , = —[% + (% —i(xcot@; +ycot6,)].

Proof. See [12]. []
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2 Symbol Classes

Let [(s,t,u,v) be a complex valued function defined in [?] for s,¢,u # 0,v # 0 € R.
The function I(s,7,u,v) € C*(R xR xR —{0} x R—{0}) is said to be an element
of the class A if and only if I(s,t,tu,t,v) = I(s,t,u,v) for t; > 0, t, > 0, and
assume also that
lim I(s,t,u,v) =1(co 00, u,v)
(Is],[#1) = (o0,00)

exists for u # 0,v # 0 € R and (o0, 0, u,v) is a mapping C*-function.

Now we define I'(s,t,u,v) = [(s,f,u,v) — (0,0, u,v), and assume the estimates

ak al om on

2 2\p| 2 2 ¥ ¥
(s ) S 3 G g

U'(s,t,u,v)| < Corimpn s, t,u#0,v#0cR
(10)

here p=1,2,3,......k, 1, m, n are natural numbers.

Theorem 2. (i) We get
[1(00,00,,8) —I(00,00,8,m)| < C((1€ = 8|+ &)/ (IE+|C]+[8]+nl)),
VE, £, 8, n arbitray in R — {0}.
(ii) The estimates (1 +x*>csc>0y +y*csc?62)P | Fg, 6,(I') (x,9,E,8)| <M,
Vr,y, E£0, L £0ER, p=1,2,3,4, 5.
(iii) (1 +x%csc? 01 +y*esc?02)P | Fg, 0, (') (x,5,E,8) — Fo,.0,(I') (x,3,6,M)]
<M, (1§ = 8[+|E—nD(&[+E]+|8]+n)~", V&, &, 8, neR—{0},
Vx,y € R, p=1,2,...t0 o being

y@],@g(l/)(xa)@éaC) = fRfRK91,92<t7u7x7y)l/(t’u?&?C)dtdua
Vx,y,& #0,8 # 0 € R are verified.

Proof. (i) Similar proof of Theorem 1 (a)[14].
(ii) The proof is available in [?].

(iii) It can be easily proved from (ii), [?].

The term "pseudo-differential operators"[[15} (16} [17, [18] has a fairly broad
definition and covers such topics as harmonic analysis, partial differential equa-
tion, geometry, mathematical physics, microlocal analysis, time-frequency analy-
sis, imaging, computations, and quantum mechanics. In mathematics, natural sci-
ences, medicine, scientific computing, and engineering, current trends and novel
applications are highlighted. The emphasis is on contemporary developments in
different branches of engineering, mathematical sciences, the natural sciences,
medicine, scientific computers.
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In reality, Kohn-Nirenberg and Hérmander [19] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, primarily
in a local context, to examine local regularity and local solvability of PDEs.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types of
integral operators like Fourier transforms ( see [20, [14]), Hankel transform ( see
[21} 22, 123]] ), Fourier Bessel Transform on R (see [6}7]), Weinstein transform (
see [24] ), Laguerre hypergroups (see [25]) and Jacobi differential operators (see
[26]).

3 Pseudo-Differential Operator L(x,y,D’ ) related
to .7 91 6,

LetI(x,y,&,8) =1"(x,y,&,8) 4+ 1(o0,00,&, ) be a symbol, and, as previously,

ﬁ’ghgz(l’)(x,y,ﬁ,é):/R/Rthgz(t,u,x,y)l'(t,u,é,C)dtdu, vx7y7§7é07c7é06R'

Let us define, for any ¢ € S(R x R) and x,y € R, a function p(x,y) = (L(x,, D, ,)9)(x,y),
in [?] by

(L(x7y7D;,y)¢)(x y / /K91 92 Lu,x y)G91 92(l M)dtdu (11)

where the function Gg, g, (f,u) is given by

G91,92(t7u):l(°°,°°717u)($9],62(tau>+/R/RZ791,92(I_§a”_nJau)aO],Gz(garl)dgdn'
(12)

4 The pseudo-differential operator £ (x,y, D;’y)

We consider a symbol /(x,y,&, ). We introduce an operator .Z(x,y,D;.,,) from
[?], of (R x R) in .’ (R x R) by means of the formula

(2.0 )0)(x) = [ [ Koyt.0.5,9) Ho, o1, 0)ded
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where, for ¢ € .7, the function %, ¢, (t,u) is defined by the relation
‘%1792(t7”) = l(°°a°°>t7”)$91,92(t7u)
_'_m/ / ei(tllfllz)c()tel+i(ulzf).22)c0t92
1 2 RJR
XUgy 6,(t = A1, u—Ap,t,u) P, 9, (A1, A2)dA1d Az,
Vo € S andt#0, u#0ecR.

Theorem 3. Let [(s,t,u,v) be a symbol, L(s,t, D5 ,) the associated pseudo-differential

operator. Then, for every € > 0, there ia a semi-norm ¢||.|| on L*(R?), dependent
of €, such that every L*— bounded sequence contains a subsequence convergent
in ¢||.||, such that the inequality

COL(s,0, D)l < (7 + &)V 19llo+ell 0], Vo € L2(R?) (13)

is satisfied.

Proof. In fact, let us put mg(s,t,u,v) = \/7/2 +1(s,t,u,v)l(s,t,u,v)+ € which is
still a homogeneous symbol as we can easily see, and besides is

me(s,t,u,v) = meg(s,t,u,v), €>0,st,u#0,v#0€eR.

Let us consider the operator Me (s,t,D} ), .#e(s,t, D} ) associated with me (s,t,u,v)
and .Z (s, t,D;J) associated with (s,7,u,v). We have then the following ]

Lemma 1. The linear operator

Te=W*+e)l-L -L— M Mg : L*(R?) — L*(R?)
is a compact operator.
Proof. In fact, we have first of all the relation

Me-Mg = (Me—Me)Me +M? (14)

where 7] = (M — Mg )M, is a compact operator. So we arrive at the relation
Te=W*+e)-ZL - L— T —M->.
On the other hand, we have the equality

MM = (M —-MM+M-M
= H+M-M

7
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where .7 : L*(R?) — L?(R?) is compact, and hence we get
Te=(W*+e)-L-L-M?*— (T +.5).

Finally, we have ./ - Mg — (#*+¢€)I — (DI(s,1,D},)) = Fs: L*(R?) — L*(R?)
is compact and hence we derrive

MS(SvtaDg,t)Mg(sataD;,t) :Mg(s7l7D;,t) = (W2+8)I_ (Zl)(SJ?D;,t) + ‘%
and therefore

Te = W +e)|—L-L— W2 +e)l+(1l)(s,t,D,;) — (T + o+ T)
= (IN(s;t,D5)) —L-L— (T + P+ T5) = T

where .7 : L>(R?) — L?(R?) is compact.
Hence, LemmalI]is proved. O

Lemma 2. Given arbitrary € > 0, we have the relation

Re(7:9,0)0+£(*V o) > — - (“9| Tegllo)®, ¥ ¢ € LX)

Proof. In fact, we have

]Re(%amv)o < 09 7:0[09% o]0
1
— _- (00 (0,0)
278102V
1
< (V9o + 1= ("0 Zedll)?

and consequently

1
> —e(®O o o) - 5 (®¥

1 (V17010

‘ Re(’%¢7¢)0

follows. O]

Lemma 3. We have the relation, Ve > 0

1
(CONL(s.2,D5)9110)* < (77 +2e)(“V[9l0)* + E((O’O) 1 Zell0)®, Vo € L*(R?).
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Proof. In fact, this results from Lemma 2. We have
2 2
(7e0.0) = Or2+e)(“ollo) — (0 Lts.05)lo

2
—(<°f°>||Ms<s,t,D;,[>u) :

(T:0,9) is hence real-valued.
Hence, we deduce therefore, using Lemma 2] the estimate

2 2
(7:0,0) — (W2+8)((070)H¢H0) —(<°7°>\|L<s,r,og,t>¢uo)

2 2
(ot D) = 5 (01 Tl

and therefore

2 2 2 2
(o0l +(0mmeor) <002 +e)(Noll) + g (1701

and hence a fortiori ( with greater reason or for a still stronger reason )
2 2 2
(“onzolo) <2 +e)(*Ololo) + 40 (“17010)

which proves Lemma3]
Extracting the square root and for /K + 7 < /K ++/7, k >0, T> 0, we have

1
CONLollo < (7 +v2e) Vg llo+ 522V 70l

Theorem 3 is proved if we put ¢||¢]| = we®9 | Ze0|lo and if we observe that

T being compact in L?(R?) the semi-norm ¢||¢|| = we(*0)||.Zz0 ||y satisfies the

required properties. [

Theorem 4. Let 7 be a Hilbertian space, and L € £ (. F). Let us assume
that ¥/ € > 0, There exists a seminorm (P002)€||.||c on S such that (©1:92)||.|| is rel-
atively compact with respect to (P02 ||.|| . and such that (©1:92¢||¢ || < w0102 ¢ s,
V¢ € and

G8)|Lo s < (W+2) 00| g||,+ 022 g||,, Vo €.
Then
inf{O8)L+ 7|, T eC)<W.
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Proof. In fact, it is sufficient to prove that for every € > 0 we find a compact
operator .7, in ¢, such that

O0)|(L— Zo)gll, < (# +&) @) |gll,, Vo €.

Let be #; C J; for ¢ € #; we have, (©1:92||¢||; < £(®1:02)||¢||; and - of
dimension .#¢ —finite.

Let us put &, the orthogonal Projection on .77;; hence, .¥ — &, projects on a
space of finite dimension and is therefore compact .¥ — P, : & — .

Hence, we put J; = L(.# — P¢); this is obviously compact, and besides we have:

ABNL= Ze)olls =N PNLPe)olls, V9 €.
By the hypothesis of the theorem, we arrive at
OO (L~ Te)olls < (O +€) @) | g+ OOF| Zegll,, Ve
Being now ¢ € J;, we have
@822 o9, < € x 8| Pep < & x @89, (15)

therefore we get,
©0)|(L— Ze)glls < (7 +26) @) g, (16)
This completes the proof of the Theorem 4] [

Theorem 5. Let [(s,t,u,v) be a symbol and W = max{|l(s,t,u,v)| : |u| = |v| =
1, s, t € R}; let L(s,t,D;J) be the associated pseudo-differential operator;
let L(s,t,Dy,) be the associated pseudo-differential operator. Let 6.={7 : T :

L>(R?) — L*(R?) is a linear compact operator}. Then we have the upper esti-

mates
inf{|L(s.1.D},)+ T||: T € €} < W
inf{||.L(s,t,D,)+ T : T €6} <W.
Proof. Applying Theorems [3|and 4], Theorem [5is proved. O

10
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5 A few further estimations

In this section, we consider the latter applications. We shall prove here the fol-
lowing

Theorem 6. Let [(s,t,u,v) be a symbol defined for s, t, u# 0, v#0€R, U an
open set, and W5 = max{|l(s,t,u,v)| s, t € U and |u| = |v| = 1}. Then, for every
€ > 0 there is a constant K¢ such that

OD|L(s,1,DL )9 llo < (#o5+€) V|9 llo+ke Ng]_y, V¢ € CT(D) A7)

be satisfied.

Proof. Firstly we have to prove the following Lemma.

Lemmad. Let[(s,t,u,v) be a symbol, G an open subset of R, #is = max{|l(s,t,u,v)| :
s, t € U and |u| = |v| = 1}. Then, ¥ € > 0 there is an open set U C Ug such that
the relation Wi5, < W5 + € is satisfied.

Proof. Actually, we have, for every sg, to € R, |I(s,t,u,v)—1(so,t0,u,v)| < €if [s—
so| < 8, |t —1y] < 8 and u #0, v # 0 € R; here &, and 6/ are independent of
so and 7y respectively. Let us consider here if dU is the boundary of U, for every
50, fo € AU the square {(s,7) : |s —so| < 8; and |r — 10| < &/}

Let us take

O, =0U {S(So,t(), 5é,5g) 180,00 € 8(5},

where S(so,%0, 04, 0y ) = {(s0,%0) : |s — so| < 6} and |t — 19| < 5/'}.
Therefore, if v, ¥ € Ug, we have v, ¥ € U or v, ¥ € S(s*,1*, 8/, 5;) for a certain
s*, t* € 0. In the first case, we have

(v, 0, u,v)| <max{|l(s,t,u,v)|: |u| =|v|=1,s,t 66} =Ws.
In the 2" case, we get
(v, 0,u,v)| <[1(V,0,u,v) = 1(V", 0" ,u,v)| + |[(V, 0", u,v)| < e+ W5

Hence, for every v, € Ug, u #0, v#0 € R we have |[(v,0,u,v)| < e+ #4.
Thus, #5, < W5+ €. [

Proof of the Theorem @: Given € > 0, and ¢ € CJ(0) we build U, given in
the Lemma . There exists also, a function W¢(v,®) € C7(R?), such that
_J 1 V(v,9)€suppy,
Fe(v,9) = { 0, V(0,8)¢U.

11
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Obviously We(s,) is a symbol, and ®¢(s,7,u,v) = We(s,1)ll(s,t,u,v) is another
symbol. Furthermore ®¢ (s,7,u,v) =0 if s, r € U%; hence we have

max{|De(s,t,u,v)|: s, t € Rand |u| =|v| =1}
<max{|l(s,t,u,v)|: s, t € V¢ and |u| =|v| =1} = W5 < #35, + €.

We define Ye(s,z, D} ;) the pseudo-differential operator associated with e (s, 7, u,v).
We have
Tg(S,l,D;J) = L(s,t,D;J)(‘Pg (s,)).

Actually,

0,0, [TE(SJ:DQJW](”,V) :/R/RKel,ez(s,t,u,v)[l(s,t,u,v)‘l’g(s,t)]¢(s7t)dsdt
= c9\91’91 [L(SvtaD;,t)(T£¢)](u=V)a Voes YVu#0,v#0eR.

Hence we get
Ye(s,1,D,)¢ = L(s,1,D,) (Pe(5,1)9(s,1)), ¥V ¢ € S (R?).
Now we have decomposition
O (s,1) = We(s,)0(s,0) + {1 = We(s,1)}¢(s,1)
and

L(SvlaDiv,t)q) = L(SatvD;,t)lyé‘q)+L(Sat7D;,t){1_lP€(S7t)}¢
= Y€<S7I7D;,l>¢+L(S7I7D;,t){1_‘PS(SJ)}qbv

as itis 1 — We(s,t) = 0 on supp¢, then it is (1 —We(s,1))¢(s,2) = 0 on R?, and
therefore
L(Svtvav,t)(p :TS(sJ?D;J)q)'

Hence, we obtain
OONL(s,1,04,)8ll0 = O Ye(s,2, D)9 lo
< (max{|D¢(s,t,u,v)| :s, t € Rand |u| = |v| = 1}+8)(0’0)||¢H0 +ks(91’92)”¢||7%
< (#e+26) 209 ]lo+ ke 09|, .

[S]

This completes the proof of the Throrem [6] 0

12
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Theorem 7. Let I(s,t,u,v) be a symbol, and [(so,to,ug,vo) = ko for a certain
50, to € R, |up| = |vo| = 1. Then ¥ € > 0, 3 ¢ (s,1) € 5 (R?), such that (0| ¢||o #
0 and estimates

OO (5,2,D%,)Bello — ko™ [|9e[lo| < & ©O|gello (18)

00 -1 < € V) gelo 4
are satisfied.

Corollary to the above Theorem [7; Let [(s,¢,u,v) be a symbol such that the
estimate

CUIPYIS k/<(0’0)||L(S,I7va,t)¢”0+ “’"92)||¢||1>, Ve s (R?), (20)

18 satisfied.

Proof. There exists a real number 6 > 0, such that
[1(s,t,u,v)| >86>0,Vs,teR, u#0,v#A0€eR.
In fact, otherwise we could find the sequences {s,}, {t,} € R and {u,, v,} on the
unit interval, such that |I(sy, ty, up, vy)| < rlﬂ n=1,2,3,... . Then,Vn=1,2,3,...,
take 9, (s,t) € C5(R?) corresponding to €, = 1. We get
&%WMOSM(QWM@%D@WMWM&@W%MA),V¢€54R5,

and applying we deduce

1 1
OOl < 1 ntotnr ) 0l + 0Ol V0110

( when is also used ): it follows 1 < 3k’/n, n=1,2,3,..., which is impossi-
ble.

We have: inf{(®1.8)||L + .7, : € |} = w* < W, there could be taken w such that
w* < w < W at least one .7, € €_1 so that

w <O Ly Fl <w<W

and therefore

1
* (00 : 22
w §sup{(070)||¢H0 I(L+ Z)dllo: ¢ € L7(R )}§w<W

13
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whence ©O||(L+ 7)o <w g ll0, ¥ ¢ € L*(R?).

Being w < W = max{|l(s,t,u,v)|:s, t € R, & |u| = |v| =1} we find at least two
50, o € R and ug, vy, |u0] = |V()| = 1 such that w < |l(S(),l‘(),Lt(),V0)| = ]k6 <W.
We find ¢ (s,¢) € C3(R?) such that

£V gello < Lgello — k1 9ell
or

00 Lge g

OO L+ F) e — Tudello
CONL+ Z)gello+ 01 Fndello
w0 1o [lo+ K01 p]

w0 gello+k - €| gello
(w+ke) Vg lo

(kg — ) 9ello

VAN VAR VAN

and being (%0)(|¢¢||o # O we get, V &
ko—e<w+k'-¢e

and
w < kg,

we have a contradiction, as easily seen.
We pass now to the

Proof of Theorem(7: Let us take €’; we have |I(s,t,u,v) — I(so,t,u,v)| < € if
|s—s0| < 8 and |t —1y] < &, u#0, v# 0 € R. We consider a function y € C°
with support contained in the square {(s,¢) : |s —so| < 8¢ and |t —ty| < 8¢}, and
the sequence

(Pn,g’(s, t) _ e%[—Zn(uuocotﬂl—i—vvo cot 6y)]+in(sugcscOy+tvycsc 6;) Ve (S, l‘) 1)
where by hpothesis is
|l(S(),t0,u(),V())| = ]k6 and |u0| = |V()| =1.
Let be W(4,1) € C(R?) such that
|1, JAl<Tland|u| <1,
Pp) = { 0, for|A|>2and |u|>2.

14
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Hence we write

@) = w( 0 RO ),

The following estimate is valid:

k/
|grad®,(u,v)| < —.

N

Let us consider now the operator ®, (D5 ,) and observe the obvious decomposition

L(SatyD;,t)‘Pn,e’ = 1(s0,%0,u0,v0)Pp e + q)n(D;,t) (L(S7Z7D;,t) — I(s0, 10, uo, VO)I) Dpel
+ (1 — CDn(D;,t)) (L(S%D;,z) — (50, 10, MO,VO)I) Pne’
= 1(50,20,40,v0)Pper + F1+ 52 (say),
where [ being the identity mapping and therefore we get

©.0) IL(s,2,Df ) $n.erllo = ©01(s50,10,0,v0) Pne + 71 + F2 0

ans hence

©.0) HL(S7 tvD;,t)(pnﬁ’ |0 - k0(070) H (pn,e’

lo

©O[1(s0,10, 10, v0) 9 er + 21 + Fallo — “O||1(50, 10, 0, v0) e [l0

©.0) ||l(S(),t(),l/t(),V())¢n7£/H0 + ©.0) Hﬂl + j2H0 ~ 00 HI(S(),I(),M(),V())QDH’S/H()

< 097+ 7l < O o + O] A o.

We consider hence the expression

(070)”%1”0 = (00 ||q)n(D;7t) (L(S7Z7D;,t) - l(SO,tQ,MQ,VO)I) ¢n78’||0

which is estimated by
©.0) ||q)n(D_/y7t) (L(S7t7D{9,t) - L(S05t07D;0,t0)) ¢n78' ||O

+09|®, (D}, (L(S’t7D{v7t) — (50,1, uo,voﬂ) Pnerllo

15
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where

991792[L(so,tO,D;(),,O)q)](u,v) = l(S(),t(),u,v>[y91’92¢](u,\)), V(l) € y(RZ)

Hence, we have
(0.0) Hq)n(D;,t) (L(s7t7D;,t) - l(S(),t(), uop, VO)I) (Pn,s/ HO
= 09)e,D,,) (L(s,t,DgJ) —1(s0, o, nto, nvo)l> Onerlo

— (/IRZ |¢n(u,V)|2|l<so,tO7M’V) — l(SO7l‘O’nMO7nVO)|2
1

2
1[0 0 0) Pl )

By the inequality, we have
|u — nug| + [v — nvo|
|ul + |nuo] + [v] + nvg
k|u—nu0| + |v — nv|
2n ’
p=123 ... t00, u#0,v£0ER, |ug| =|vo| =1, s, t €R.
Therefore, considering too that

|1(s0,t0,u,v) — 1(s0, %0, nug,nvo)|

<

P, (u,v) =0

for |u —nug| > 2+/n and |v —nvy| > 2/n, we have
00|, (Df,) (L(So,fo,DsO 1) — (50,10, uO7V0)1) On.erllo

u—nug<2y/n  pv—mp<2y/n | 5 )
k(/ / —— (|u = nuo|* + [u — nug|”)
—2y/n<u—nug J —2+/n<v—nv 4n

IN

1

<[ 00 () Puy )
ki
2y/n
Besides, we observe that we have also estimate
OO\, (D}, (L(s,1,D5,) = L(s0, 0, so,,(,))% e'llo
< 0.0) ||(L(s7t7D{v,t) —L(So,to, so,to))(pn 4

< ©0))19,,.¢l0-

16
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If m(s,t,u,v) =1(s,t,u,v)—1(so,t,u,v) is the symbol associated with the operator
L(s,t,D5 ) — L(s0,t0, D5, 1, ), we have [m(s,t,u,v)| < &' for [s —so| < &/, [t —10| <
Og/, |ug| =1 & |vg| = 1. On the other hand, the functions ¢, o in (21]) belong to
Cy({(s,2) : |s —s0| < 8y & |t —to| < 8¢}) and hence (by Theorem [6)), we have,
given € > 0, a constant ks, such that

|0+k8’(91792) H(pn,E’H*la

O||(L(s,8,D5,) = L(s0,10, D3 1)) Bmerllo < (2€") ©Vg e

n=1,2,3,4,5... to co.
Up to now, we have arrived at estimate

o+ ke %19y e -1,

k
(O7O)Hj1 HO < % (O7O)H¢n,8’”0 +28/(0’0)H¢n,£’

n=1,2,3,4,5... tooe.
We will consider the expression for .#,. Obviously, we have

SH = (L(s,t,D;J)—l(so,to,nuo,nvo)(l—CID,I(D;J))) One’

— |:L(S,I,D;7t) —1(s0,to, nug,nvo)l, I — @n(D;’,)} Op e

On the other hand, we see that the considered commutator is equal to the commu-
tator [L(s,t,D5,), ®n(D5,)], and therefore

SH = (L(S,I,D;J) — l(S(),t(),nu(),nV())(l— CI)n<D;7,))) (bn,g/
2L @Dl o= 2 ().

Hence, first of all we have ( being |I(so, %o, nug,nvo)| <k’ ) that

0Nl < Kk CON(S — Du(D],)dnerll0

1

< k(/R JRCER XOINIES ez%e’](”’v)'z"”dv) 7

Now we observe that we have @, (u,v) = 1 for |u — nug| < /n & |[v—nvy| < /n;
hence 1 — ®,(u,v) =0 for |u —nug| < \/n & |v—nvy| < y/n and besides it is

Fo atnelen) = [ [ Koy oy(s,t,v)et et
RJR

5 ein(suocsc(')l +tvpcsc6y) W (57 t)dsdt

= [Fe,, 0,Ve')(u—nug,v—nvy)

17
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and therefore

(0.0) Il < k(/ / Z Yer| (4 — nug, v —nvy 2dudv)
il < x(f [ e el )

1

2
= k([ [ |ZaevelUy 2dUdv) ,
(fon o [0 svelwv)

where u — nug = U and v — nvg = V, we have:

1
2

2 2
n n y / 7V dUdV

1
2
Se’(//|[991792‘lfe/](UaV)|2dUdV)
RJR
_¢ (O’O)H%,e’“o if n> No(€', Fo,, 0, V)
Then we have

OOzl = ©0

[ 176, 0010 L) (@afu) ~ @,(.£))
X[feh 92¢n,£’](n7§)dnd(:”0-

We see that

|@n(u,v) =@, §)| < (Ju—n[+|v—C)|grad®,(U,V)]

1

1 2 2) 2
<k— - - .
_k\/r_z<1+|u n=+\v C|)

Hence, we obtain

[ [0 0= i) (@) < 0 (1.0) T, 0010, ana

k —4+3
<5 [ (1P =gR) "l el Slands

Vg=1,2,3,...
from where we arrive easily at estimate,

(0,0)

k
‘j“'HO < %(O’O)”(Pn,&"”()? n= 172737"'

18
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Adding the different inequalities obtained up to now, we have

k
OONL(s,2,D5,)0nerllo ko O |9nello] < %(O’O) 19n.erllo +2€" |9, erllo
k
‘I‘ke’wh%) [9nerl|—1 + g'*0) [9nello+ —00) |n.erllo, forn> No(&').

n

Now let us prove that for every €” > 0 there is [Fy, g,n](€",€") such that we have

(61792)||¢n e

|,1 S ke//(o’o)‘|¢n7€/||0 for n 2 [ﬁghgzn](&‘//,el).
In fact, we have

2
((el,ez)H(pn o ‘_1>

_ 2
— //(1+|u|2—|—|v|2) 1) [Fo, 6 Wl (1 — ratg, v — mv) | duclv

- / / Hyel Gzl//,g/](u—nuo,v—nvo)‘zdudv
u—nuo|>py J [v—nvo|>p2 ’

- 2
/u o] <p /v wol<p (L4 |ul>+ *) [ Fo, 0, Wer] (u — nuag, v — nvo) | dudv,
—nho 1 —nvo|<p2

for every p; >0 & pr > 0.
Given now €” > 0 there is p; (€', €") & p;(€’,€") such that

2
Lo ] Faavelvavay < e (©oqo)
Ul>p; JIVI=ps ’

We observe that if |u —nug| < pj and |v —nvg| < p3, it results |u| > n — p; and
|v| > n— p; and therefore, for n > p;{ 4 p; + 1, we get

/ <p*/ |<p*(1+|u’2+|v|2)_1‘[ﬁ91,921//8’](”_nuo,V—nvo)\zdudV
U—nio| <SPy J [Vv—nve|<py

<(rropi-pi2) ([ [1F0mvel )Py
2

—(1+0-pi=p52) (©Vl0uelh)

< (&) (<°v°>||¢n,g/

-1
-1

2
|o) it > max{p] 495+ 1, N}

and therefore, for n > Ny (&',€"), we get

0 gy el-1 < 26"V g, el

19
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Hence we arrive at inequalities

k
OOL(s,1,D,,)dnerllo — ko V|9 ello| < f°°||¢ngfuo+zs°0||¢ne,||o

forn > N(g',e") and (09 ||¢, || 1 <k ¢, S/HO forn > N (€', 8”)

Let us take €”(€’) small enough to have ke” < €’ and 2k,.€” < €'; hence, for
n>AN"€).

We have

0182)),, or[| -1 < €'CV|g, or]l0

and

©.0) HL(Svt>D§,t)¢n,£’ 0

k
ko onelo] < ==V gnello+ 3¢V [ gnelo
<4009, ollo ifn> A ().

Finally, given € > 0, let us take €’ < £ and the result is proven.
This completes the proof of the Theorem 7} [

Theorem 8. If(s,,u,v) is a symbol, L(s,t, D ,) the associated pseudo-differential
operatot, 6, = {7 |.7 : L*(R?) — L*(R?) is a compact operator},
A =max{|l(s,t,u,v)|: s, t € Rand |u| = |v| =1}, we get

M <inf{||L(s,t,D§, )| : T € C.}. (23)
Remark 1. As a simple corollary of we obtain also the estimate
M <inf{|ZL(s,t,D5,)+ T||: T €€} (24)
In fact, if we take an arbitrary J, € 6., we obtain

X(SJ,D;J)JF% = X(S,I,D;J)—L(s,t,D;J)—|—L(s,t,D;7,)+%
— L(s,t,D;t)#—:%

where 7y € 6.. Consequently, applying (23)), we obtain || £ (s,t,Ds,) + Jo|| =
|L(s,t,D5,) + Al > A . As T, is arbitrary in G, we get the equality

inf{H.i”(s,t,D;?,)—FfH T €6 =M. (25)
Corollary 5.1. Combining with Theorem[S|we get the interesting the result

inf{||L(s,t,D},)+ 7| : T € 6.} = M. (26)

20
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Proof. First of all, we have the following. [

Lemma 5. Let [(s,t,u,v) be a symbol and k, = |l(So,t5,U0,V0)| for a certain
Soy to € Rand |u,| = |v,| = 1. There is then, for every € > 0 a sequence ¢, (s,t) €
Co (U x UL); By x Upy = {(s5,1) : [s— 50| < L and |t —t,| < 1} with OO gnllo =1
and k, — € < (00) |IL@n||0-

Proof. As we have seen in Theorem [7, given € > 0, the function ¢ is obtained
= "SUot Vo) yr (5,1), where We € C7{(s,1) : |s—5,| < 8¢ & |t —1,| < 8/}. Hence,
for n > n, we get % < Og, and all the functions

One(s,1) = ei(In(~Y”0+fV0)Wn(s,t)
( with g, big enough, fixed, dependent from € > 0 and from v, ), verify estimate
(ko = €)@ @ ello < *V|L(s.2,D,) Bnelo-
Dividing by (*9)||¢, ¢||0, we can have the sequence of norm 1. We have

ko —& < CO|L(s,1,D0,)dullo-

Lemma 6. We have

lim / / OneW(s,1)dsdt =0, Yy e L2(RxR).

n—oo

Proof. In fact, we have

J[onctsnwisnasa = [ [ gyl nasi
ls—so|>p J|t—to|>p
+/ / One(s,1)W(s,t)dsdt.
|s—so|<p J|t—to|<p

For n big enough, ¢, ¢ = 0 when |s —s,| > p, |t —1,| > p and therefore

/ Pne(s, 1)WY (s,t)dsdt = /|S_s - /t—t - One(s,1) Y (s,t)dsdt

< oo [ [ wlsnPasar)
|s—so|<p Jt—to|<p

%
-~ ( / / |y/(s,t)\2dsdt) .
ls=so|<p J]t—to|<p
21
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Hence, given v > 0, we take p(v) such that

%
( / / |l//(s,t)|2dsdt) <.
s—so|<p Jlt—to|<p

At last, we take n big enough to have ¢, ¢(s,7) = 0 when |s —s,| > %
& [t —t,| > 1. O

Proof of the Theorem: We assume, that
inf{||L(s,t,D;J) +7: T e€Ct=m< M. 27

Hence, take ' such that m < m’ < M there is atleasta .7 € €, such that || L(s,,D5 )+
|| < m'. Hence we get

CONL+ T)9llo <m’ ©Vgllo, ¢ € LX(RxR).

Being m’ < M, we find at least two s,, 7, € R, u, #0, v, # 0 € R and |u,| =
[Vo| = 1 such that m’ < |I(so,t0,Up,v0)| = ko < A .
Hence, we get, for ¢ — ¢, ¢ (applying Lemmal5)), that

(ko — &) < CONL(s,t, D N nello < VLA TIdnello+ V1T buello
< m' + VT g elo-

If n — oo, TPy — 0 strongly in L>(R x R); hence k, — & < m/, absurd for €
small enough.

Taken then |s,| < A5, |uo| =1, such that |I(s,, 20, U0, Vo) | = A 43 then (s,t,u,v) €
Cx(|s| < A5 x |t| < A;) and the function @ (s,7) # 0 and the sequence

0 (5,1) = D59 ((s — 50)VD, (t — 1,) V) HoFTv)0 9 — 1,2 3, 10 0.
It follows [|9s [ 122y = 9] 12 (r2) and
lim ¢g(s,7) = 0 in L*(R?)
VY—roo

By direct computation one gets

[3@9] (S,t) = ﬁgxﬂ«s _ SO)\/E7 (l‘ _ to)\/g)ei(s.uﬁ-t.v,,)\/@

where

1 1
xo(s0) = [[Usot s tot st uot VB, B, +EVD)( T, 0,0](n.E)
xe ML) dndé; (28)
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it follows |29 12(r2) = [| X9 ]| 12(r2): some simple estimates give also that
1%1_1’)[1 ’x@(svt)lz = |Z<S0, IO,MO,V0)|2’¢<S,Z‘)‘2,

uniformly on bounded sets in R x R.
Then apply FATOU’s lemma to sequence |y (s,?)|>. We get

J[ Wortorttor ) P16 .00 Pdsdt = i(sostortorv) P19 ey

.. 2
< glglomf||$¢l9||Lz(R2).

Take now arbitrary .7 € %,. Then it follows readily estimate

2

12002 e < (||z+9||Lz<Rz)H<z>u T umumz))

and consequently
. . 2 2 2
Tim infll 200 32 52) < 12+ T[22 191

We obtained this way the inequality

[1(50, 05 4o, Vo) P91 7252y < 1€ + T | 2 191172 2y

05%,%0,Vo L2(R2) = L2(R?) L2(R?)

hence My, < ||.£ + .7 ||, which gives the desired result.
This completes the proof of the Theorem 7]
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