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Abstract
In this paper, we conducted an in-depth study on the estimation of fuzzy parameters of the autoregressive (AR) process using the expected value method. By definition, a process is said to be stationary when its stochastic parameters, namely the expected value, the variance, and the autocorrelation function, are invariant over time. These three parameters define the conditions for stationarity of an autoregressive process.

Our main objective was to examine whether an AR model with fuzzy coefficients respects these stationarity conditions. After a rigorous analysis, we found that the introduction of fuzzy coefficients into the model does not alter the stationarity conditions of the process. However, the major challenge lies in determining the membership degree of the fuzzy parameters. To solve this problem, we resort to Zadeh 's extension theory , which allows defining the membership degree of fuzzy variables. In order to validate our results, we carried out several illustrations using AR models with fuzzy coefficients. The simulations confirm that the estimated stochastic parameters remain consistent with the stationarity conditions.

Furthermore, we studied the application of the Yule -Walker equations in a fuzzy context. These equations, which allow the estimation of the model coefficients from the autocorrelation (or autocovariance ) function , retain their validity even in a fuzzy environment. However, as before, the difficulty lies in the evaluation of the degree of membership, which requires the use of fuzzy arithmetic. Through our examples, we used Zadeh 's fuzzy theory to perform these calculations.

This study shows that the introduction of fuzziness into the coefficients of the AR model does not call into question its stationarity, but requires the use of specific tools for estimating the degrees of membership, such as fuzzy set theory.

Keywords : Fuzzy Autoregressive Process (), Mathematical Expectation ( ), variance ( ), autocorrelation ( ), auto covariance ( ). 

1.Introduction  
Formal modeling is a fundamental element in supporting decision-making. One of the main challenges of this study lies in estimating the parameters of a model representative of reality. The classical approach, based on traditional logic, allows for a description of the model using precise real numbers. However, this modeling proves unsuitable when analyzing systems whose parameters are imprecise or expressed in linguistic terms.

It is in this context that fuzzy set theory, introduced by Zadeh in 1965, opened the way to new solutions for dealing with this type of problem. It provides a mathematical framework for modeling uncertainty and imprecision.

In this work, we conducted an in-depth study on the fuzzy stationary process, which is defined as a stationary process whose parameters are fuzzy. We examined the conditions of stationarity in an uncertain environment, relying on the tools of fuzzy statistics, an emerging branch of statistics dedicated to the analysis and interpretation of imprecise or uncertain data.
In particular, the fuzzy autoregressive process is a stationary process whose coefficients are represented by fuzzy numbers. Our goal is therefore to design a model that best reflects reality, despite the imprecise nature of the data.

Faced with this problem, our work was structured around the following central question : 
"By what mathematical approach can we estimate the parameters of a stationary stochastic process in a fuzzy environment?"

To answer this question, we explored a method based on mathematical expectation, and attempted to verify whether this approach, which has already proven itself in the classical setting, could also be applied to the fuzzy context. In other words, we examined whether the estimation of the fuzzy parameters of a stationary stochastic process could be efficiently carried out using the expectation method, despite the inherent imprecision of these parameters.

2. Fuzzy autoregressive process
[bookmark: _Toc182830894][bookmark: _Toc189545917][bookmark: _Toc189643261][bookmark: _Toc203169891][bookmark: _Toc203171248]Starting from the definition of autoregressive process which constitutes a flexible class of model of many observed phenomena, they are built from the idea that the observation at time t is explained by the previous observations. The autoregressive process is fuzzy when the parameters of the model are formed of fuzzy number. The fuzzy autoregressive process is an autoregressive process formed of fuzzy parameter which is estimated with their degree of membership. An autoregressive process has a single estimation model while a fuzzy autoregressive process during estimation, it can end up with several models of the same order which can be partial (if the model is formed of parameter whose degree of membership is less than 1) or total (if the model is formed of parameter whose degree of membership is 1) .    
                                                                         (1)
[bookmark: _Toc182830896][bookmark: _Toc189545919][bookmark: _Toc189643263][bookmark: _Toc203169893][bookmark: _Toc203171250]With is the residual of the model in the autoregressive process but in the fuzzy autoregressive process, the parameters are fuzzy numbers which will be associated with their degree of membership which will influence the residual and transformed into degree of imprecision proportional to their membership function. 
The stationary process stationary conditions
(i) [bookmark: _Toc182830901][bookmark: _Toc189545924][bookmark: _Toc189643268][bookmark: _Toc203169898][bookmark: _Toc203171255]    
[bookmark: _Toc182830902][bookmark: _Toc189545925][bookmark: _Toc189643269][bookmark: _Toc203169899][bookmark: _Toc203171256]The process admits a mathematical expectation of the finite, constant and time-independent model  
(ii) [bookmark: _Toc182830903][bookmark: _Toc189545926][bookmark: _Toc189643270][bookmark: _Toc203169900][bookmark: _Toc203171257]
[bookmark: _Toc182830904][bookmark: _Toc189545927][bookmark: _Toc189643271][bookmark: _Toc203169901][bookmark: _Toc203171258]The process admits a finite and time-independent model variance
(iii) [bookmark: _Toc182830905][bookmark: _Toc189545928][bookmark: _Toc189643272][bookmark: _Toc203169902][bookmark: _Toc203171259] 
[bookmark: _Toc182830897][bookmark: _Toc189545920][bookmark: _Toc189643264][bookmark: _Toc203169894][bookmark: _Toc203171251]3. Theorem 1. Fuzzy Autoregressive Process of order p
[bookmark: _Toc182830898][bookmark: _Toc189545921][bookmark: _Toc189643265][bookmark: _Toc203169895][bookmark: _Toc203171252]Theorem 1 explains the three conditions of stationarity by the method of mathematical expectation for the autoregressive process of order p:
[bookmark: _Toc182830899][bookmark: _Toc189545922][bookmark: _Toc189643266][bookmark: _Toc203169896][bookmark: _Toc203171253]Starting from (1) which is the expression of the fuzzy autoregressive process model;                   
[bookmark: _Toc182830900][bookmark: _Toc189545923][bookmark: _Toc189643267][bookmark: _Toc203169897][bookmark: _Toc203171254]                                       
Proof of Theorem 1
[bookmark: _Toc182830924][bookmark: _Toc189545947][bookmark: _Toc189643291][bookmark: _Toc203169921][bookmark: _Toc203171278]Starting from (1), the implicit expression of the fuzzy autoregressive process of order p
3.1. Mathematical expectation
                
                                                 .
                                                 
                                                 
[bookmark: _Toc182830927][bookmark: _Toc189545950][bookmark: _Toc189643294][bookmark: _Toc203169924][bookmark: _Toc203171281]               
[bookmark: _Toc182830928][bookmark: _Toc189545951][bookmark: _Toc189643295][bookmark: _Toc203169925][bookmark: _Toc203171282]                
[bookmark: _Toc182830929][bookmark: _Toc189545952][bookmark: _Toc189643296][bookmark: _Toc203169926][bookmark: _Toc203171283]                                                                                                           (1.1)
[bookmark: _Toc182830930][bookmark: _Toc189545953][bookmark: _Toc189643297][bookmark: _Toc203169927][bookmark: _Toc203171284] Let us integrate the mathematical expectation in both members
[bookmark: _Toc182830931][bookmark: _Toc189545954][bookmark: _Toc189643298][bookmark: _Toc203169928][bookmark: _Toc203171285]                                      
[bookmark: _Toc182830932][bookmark: _Toc189545955][bookmark: _Toc189643299][bookmark: _Toc203169929][bookmark: _Toc203171286]                                        
[bookmark: _Toc182830933][bookmark: _Toc189545956][bookmark: _Toc189643300][bookmark: _Toc203169930][bookmark: _Toc203171287]The mathematical expectation is a Time-independent constant , hence the first condition of the theorem is satisfied.
3.2. Process variance
[bookmark: _Toc182830935][bookmark: _Toc189545958][bookmark: _Toc189643302][bookmark: _Toc203169932][bookmark: _Toc203171289]Starting from the implicit expression of the autoregressive process   
[bookmark: _Toc182830936][bookmark: _Toc189545959][bookmark: _Toc189643303][bookmark: _Toc203169933][bookmark: _Toc203171290]	 
[bookmark: _Toc182830937][bookmark: _Toc189545960][bookmark: _Toc189643304][bookmark: _Toc203169934][bookmark: _Toc203171291]The expectation of the process is independent of time, let us multiply both sides of the expression by .
[bookmark: _Toc182830938][bookmark: _Toc189545961][bookmark: _Toc189643305][bookmark: _Toc203169935][bookmark: _Toc203171292]. 
[bookmark: _Toc182830939][bookmark: _Toc189545962][bookmark: _Toc189643306][bookmark: _Toc203169936][bookmark: _Toc203171293]                   
[bookmark: _Toc182830940][bookmark: _Toc189545963][bookmark: _Toc189643307][bookmark: _Toc203169937][bookmark: _Toc203171294]Let's integrate hope into both members 
[bookmark: _Toc182830941][bookmark: _Toc189545964][bookmark: _Toc189643308][bookmark: _Toc203169938][bookmark: _Toc203171295]
[bookmark: _Toc182830942][bookmark: _Toc189545965][bookmark: _Toc189643309][bookmark: _Toc203169939][bookmark: _Toc203171296]                              +
[bookmark: _Toc182830943][bookmark: _Toc189545966][bookmark: _Toc189643310][bookmark: _Toc203169940][bookmark: _Toc203171297]If , the expression becomes 
[bookmark: _Toc182830944][bookmark: _Toc189545967][bookmark: _Toc189643311][bookmark: _Toc203169941][bookmark: _Toc203171298]           
[bookmark: _Toc182830945][bookmark: _Toc189545968][bookmark: _Toc189643312][bookmark: _Toc203169942][bookmark: _Toc203171299]                                    +
[bookmark: _Toc182830946][bookmark: _Toc189545969][bookmark: _Toc189643313][bookmark: _Toc203169943][bookmark: _Toc203171300]                                                                       (1.2)
[bookmark: _Toc182830947][bookmark: _Toc189545970][bookmark: _Toc189643314][bookmark: _Toc203169944][bookmark: _Toc203171301]The variance of the process is a time-independent constant, hence the second condition of the theorem is satisfied.
Autocovariance function s 
autocovariance function is a measure of the simultaneous variation between the variable and its shift relative to the index i,
[bookmark: _Toc182830948][bookmark: _Toc189545971][bookmark: _Toc189643315][bookmark: _Toc203169945][bookmark: _Toc203171302]If , the expression becomes 
[bookmark: _Toc182830949][bookmark: _Toc189545972][bookmark: _Toc189643316][bookmark: _Toc203169946][bookmark: _Toc203171303]
[bookmark: _Toc182830950][bookmark: _Toc189545973][bookmark: _Toc189643317][bookmark: _Toc203169947][bookmark: _Toc203171304]. 
[bookmark: _Toc182830951][bookmark: _Toc189545974][bookmark: _Toc189643318][bookmark: _Toc203169948][bookmark: _Toc203171305]                                    (1.3)
[bookmark: _Toc182830952][bookmark: _Toc189545975][bookmark: _Toc189643319][bookmark: _Toc203169949][bookmark: _Toc203171306][bookmark: _Toc182830953][bookmark: _Toc189545976][bookmark: _Toc189643320][bookmark: _Toc203169950][bookmark: _Toc203171307]If , the expression becomes 
                   
[bookmark: _Toc182830954][bookmark: _Toc189545977][bookmark: _Toc189643321][bookmark: _Toc203169951][bookmark: _Toc203171308]                                              
[bookmark: _Toc182830955][bookmark: _Toc189545978][bookmark: _Toc189643322][bookmark: _Toc203169952][bookmark: _Toc203171309][bookmark: _Toc182830956][bookmark: _Toc189545979][bookmark: _Toc189643323][bookmark: _Toc203169953][bookmark: _Toc203171310]                                                                       (1.4)  
If , the expression becomes 
[bookmark: _Toc182830957][bookmark: _Toc189545980][bookmark: _Toc189643324][bookmark: _Toc203169954][bookmark: _Toc203171311]               
[bookmark: _Toc182830958][bookmark: _Toc189545981][bookmark: _Toc189643325][bookmark: _Toc203169955][bookmark: _Toc203171312]                                              
[bookmark: _Toc182830959][bookmark: _Toc189545982][bookmark: _Toc189643326][bookmark: _Toc203169956][bookmark: _Toc203171313]                                                                          (1.5)
[bookmark: _Toc182830960][bookmark: _Toc189545983][bookmark: _Toc189643327][bookmark: _Toc203169957][bookmark: _Toc203171314]3.3 . Autocorrelation
[bookmark: _Toc182830961][bookmark: _Toc189545984][bookmark: _Toc189643328][bookmark: _Toc203169958][bookmark: _Toc203171315]Autocorrelation is independent of time, the third condition of stationarity, starting from the expression of autocorrelation:
[bookmark: _Toc182830962][bookmark: _Toc189545985][bookmark: _Toc189643329][bookmark: _Toc203169959][bookmark: _Toc203171316]                                                                                              
[bookmark: _Toc182830963][bookmark: _Toc189545986][bookmark: _Toc189643330][bookmark: _Toc203169960][bookmark: _Toc203171317]If the expression becomes 
[bookmark: _Toc182830964][bookmark: _Toc189545987][bookmark: _Toc189643331][bookmark: _Toc203169961][bookmark: _Toc203171318]                                   
[bookmark: _Toc182830965][bookmark: _Toc189545988][bookmark: _Toc189643332][bookmark: _Toc203169962][bookmark: _Toc203171319]                                                 
[bookmark: _Toc182830966][bookmark: _Toc189545989][bookmark: _Toc189643333][bookmark: _Toc203169963][bookmark: _Toc203171320]                                   From where 
[bookmark: _Toc182830967][bookmark: _Toc189545990][bookmark: _Toc189643334][bookmark: _Toc203169964][bookmark: _Toc203171321]If the expression becomes                        
[bookmark: _Toc182830968][bookmark: _Toc189545991][bookmark: _Toc189643335][bookmark: _Toc203169965][bookmark: _Toc203171322]                                                         
[bookmark: _Toc182830969][bookmark: _Toc189545992][bookmark: _Toc189643336][bookmark: _Toc203169966][bookmark: _Toc203171323]=
[bookmark: _Toc182830970][bookmark: _Toc189545993][bookmark: _Toc189643337][bookmark: _Toc203169967][bookmark: _Toc203171324]From where
[bookmark: _Toc182830971][bookmark: _Toc189545994][bookmark: _Toc189643338][bookmark: _Toc203169968][bookmark: _Toc203171325]By iteration, if 
[bookmark: _Toc182830972][bookmark: _Toc189545995][bookmark: _Toc189643339][bookmark: _Toc203169969][bookmark: _Toc203171326]                                   
[bookmark: _Toc182830973][bookmark: _Toc189545996][bookmark: _Toc189643340][bookmark: _Toc203169970][bookmark: _Toc203171327]                                                =
[bookmark: _Toc182830974][bookmark: _Toc189545997][bookmark: _Toc189643341][bookmark: _Toc203169971][bookmark: _Toc203171328]                                 From where                                   (1.6)
The autocorrelation of the process is a time-independent constant, hence the third condition of the theorem is satisfied for the fuzzy autoregressive process of order p.
The model parameter is expressed by the Yule Walker expression of the process, so we will exploit it to determine the fuzzy parameter of the model.
[bookmark: _Toc182830975][bookmark: _Toc189545998][bookmark: _Toc189643342][bookmark: _Toc203169972][bookmark: _Toc203171329]4. Fuzzy parameter estimation equation of the process
[bookmark: _Toc182830976][bookmark: _Toc189545999][bookmark: _Toc189643343][bookmark: _Toc203169973][bookmark: _Toc203171330]Starting from (1), let the process be of the form
[bookmark: _Toc182830977][bookmark: _Toc189546000][bookmark: _Toc189643344][bookmark: _Toc203169974][bookmark: _Toc203171331]                   
[bookmark: _Toc182830978][bookmark: _Toc189546001][bookmark: _Toc189643345][bookmark: _Toc203169975][bookmark: _Toc203171332]autocovariance function of order p if i =1,2,…,p 
[bookmark: _Toc182830979][bookmark: _Toc189546002][bookmark: _Toc189643346][bookmark: _Toc203169976][bookmark: _Toc203171333][bookmark: _Toc182830980][bookmark: _Toc189546003][bookmark: _Toc189643347][bookmark: _Toc203169977][bookmark: _Toc203171334]                                                                            (1.7)
Starting from the expression of the autocorrelation function of order p if i = 1,2,…,p
[bookmark: _Toc182830981][bookmark: _Toc189546004][bookmark: _Toc189643348][bookmark: _Toc203169978][bookmark: _Toc203171335][bookmark: _Toc182830982][bookmark: _Toc189546005][bookmark: _Toc189643349][bookmark: _Toc203169979][bookmark: _Toc203171336]                                                                           (1.8)
Fouzifier equations
[bookmark: _Toc182830983][bookmark: _Toc189546006][bookmark: _Toc189643350][bookmark: _Toc203169980][bookmark: _Toc203171337]                                                       (1.8')
[bookmark: _Toc182830984][bookmark: _Toc189546007][bookmark: _Toc189643351][bookmark: _Toc203169981][bookmark: _Toc203171338]This vague expression allows us to:
1) [bookmark: _Toc182830985][bookmark: _Toc189546008][bookmark: _Toc189643352][bookmark: _Toc203169982][bookmark: _Toc203171339]determined the fuzzy autocorrelation coefficient from the fuzzy parameter of the model.
2) [bookmark: _Toc182830986][bookmark: _Toc189546009][bookmark: _Toc189643353][bookmark: _Toc203169983][bookmark: _Toc203171340]To estimate the parameter of an autoregressive process, in practice;
· [bookmark: _Toc182830987][bookmark: _Toc189546010][bookmark: _Toc189643354][bookmark: _Toc203169984][bookmark: _Toc203171341]We start by guessing a reasonable value for p (p is a natural number because the time shift is not a fuzzy number).
· [bookmark: _Toc182830988][bookmark: _Toc189546011][bookmark: _Toc189643355][bookmark: _Toc203169985][bookmark: _Toc203171342]We calculate the empirical values of the autocovariances …, which are fuzzy variables
· [bookmark: _Toc182830989][bookmark: _Toc189546012][bookmark: _Toc189643356][bookmark: _Toc203169986][bookmark: _Toc203171343]We deduce the values of and which are all the fuzzy variables. 
[bookmark: _Toc182830990][bookmark: _Toc189546013][bookmark: _Toc189643357][bookmark: _Toc203169987][bookmark: _Toc203171344]5. Corollary 1. First-order fuzzy autoregressive process  
[bookmark: _Toc182830991][bookmark: _Toc189546014][bookmark: _Toc189643358][bookmark: _Toc203169988][bookmark: _Toc203171345]The first-order autoregressive process is noted and is represented by the expression;
[bookmark: _Toc182830992][bookmark: _Toc189546015][bookmark: _Toc189643359][bookmark: _Toc203169989][bookmark: _Toc203171346]                                                                                        (2)
[bookmark: _Toc182830993][bookmark: _Toc189546016][bookmark: _Toc189643360][bookmark: _Toc203169990][bookmark: _Toc203171347]    From which we know its explicit form 
[bookmark: _Toc182830994][bookmark: _Toc189546017][bookmark: _Toc189643361][bookmark: _Toc203169991][bookmark: _Toc203171348]                                       
[bookmark: _Toc182830995][bookmark: _Toc189546018][bookmark: _Toc189643362][bookmark: _Toc203169992][bookmark: _Toc203171349]Thus its characteristic polynomial of the delay operator is:
[bookmark: _Toc182830996][bookmark: _Toc189546019][bookmark: _Toc189643363][bookmark: _Toc203169993][bookmark: _Toc203171350]	        
[bookmark: _Toc182830997][bookmark: _Toc189546020][bookmark: _Toc189643364][bookmark: _Toc203169994][bookmark: _Toc203171351]                      
[bookmark: _Toc182830998][bookmark: _Toc189546021][bookmark: _Toc189643365][bookmark: _Toc203169995][bookmark: _Toc203171352]                        
[bookmark: _Toc182830999][bookmark: _Toc189546022][bookmark: _Toc189643366][bookmark: _Toc203169996][bookmark: _Toc203171353]                          
[bookmark: _Toc182831000][bookmark: _Toc189546023][bookmark: _Toc189643367][bookmark: _Toc203169997][bookmark: _Toc203171354]Hence the characteristic equation of the delay polynomial is (the delay operator is not a fuzzy variable): 
[bookmark: _Toc182831001][bookmark: _Toc189546024][bookmark: _Toc189643368][bookmark: _Toc203169998][bookmark: _Toc203171355]                             	                                                          
[bookmark: _Toc182831003][bookmark: _Toc189546026][bookmark: _Toc189643370][bookmark: _Toc203170000][bookmark: _Toc203171357]Stationarity condition of Corollary 1
5.1. Mathematical expectation
[bookmark: _Toc182831004][bookmark: _Toc189546027][bookmark: _Toc189643371][bookmark: _Toc203170001][bookmark: _Toc203171358]Starting from expression (2), the implicit form of the autoregressive process                      
[bookmark: _Toc182831005][bookmark: _Toc189546028][bookmark: _Toc189643372][bookmark: _Toc203170002][bookmark: _Toc203171359]	  
                     
	                                                                                (2.1)
[bookmark: _Toc182831008][bookmark: _Toc189546031][bookmark: _Toc189643375][bookmark: _Toc203170005][bookmark: _Toc203171362] Let's integrate mathematical hope
[bookmark: _Toc182831009][bookmark: _Toc189546032][bookmark: _Toc189643376][bookmark: _Toc203170006][bookmark: _Toc203171363]                               
[bookmark: _Toc182831010][bookmark: _Toc189546033][bookmark: _Toc189643377][bookmark: _Toc203170007][bookmark: _Toc203171364]                     From where             
[bookmark: _Toc182831011][bookmark: _Toc189546034][bookmark: _Toc189643378][bookmark: _Toc203170008][bookmark: _Toc203171365][bookmark: _Toc182831012][bookmark: _Toc189546035][bookmark: _Toc189643379][bookmark: _Toc203170009][bookmark: _Toc203171366]The mathematical expectation is a Time Independent Constant 
5.2. Process variance   

[bookmark: _Toc182831013][bookmark: _Toc189546036][bookmark: _Toc189643380][bookmark: _Toc203170010][bookmark: _Toc203171367]Starting from the implicit expression of the autoregressive process   
[bookmark: _Toc182831014][bookmark: _Toc189546037][bookmark: _Toc189643381][bookmark: _Toc203170011][bookmark: _Toc203171368]	           
[bookmark: _Toc182831015][bookmark: _Toc189546038][bookmark: _Toc189643382][bookmark: _Toc203170012][bookmark: _Toc203171369]The expectation of the process is independent of time, let us multiply both sides of the expression by 
[bookmark: _Toc182831016][bookmark: _Toc189546039][bookmark: _Toc189643383][bookmark: _Toc203170013][bookmark: _Toc203171370]                       . 
[bookmark: _Toc182831017][bookmark: _Toc189546040][bookmark: _Toc189643384][bookmark: _Toc203170014][bookmark: _Toc203171371]                                          
[bookmark: _Toc182831018][bookmark: _Toc189546041][bookmark: _Toc189643385][bookmark: _Toc203170015][bookmark: _Toc203171372]Let's integrate hope into both members 
[bookmark: _Toc182831019][bookmark: _Toc189546042][bookmark: _Toc189643386][bookmark: _Toc203170016][bookmark: _Toc203171373]                    .
[bookmark: _Toc182831020][bookmark: _Toc189546043][bookmark: _Toc189643387][bookmark: _Toc203170017][bookmark: _Toc203171374]If , the expression becomes 
[bookmark: _Toc182831021][bookmark: _Toc189546044][bookmark: _Toc189643388][bookmark: _Toc203170018][bookmark: _Toc203171375]                        
[bookmark: _Toc182831022][bookmark: _Toc189546045][bookmark: _Toc189643389][bookmark: _Toc203170019][bookmark: _Toc203171376][bookmark: _Toc182831023][bookmark: _Toc189546046][bookmark: _Toc189643390][bookmark: _Toc203170020][bookmark: _Toc203171377]                                            Process variance         (2.2)
Autocovariance function 
[bookmark: _Toc182831024][bookmark: _Toc189546047][bookmark: _Toc189643391][bookmark: _Toc203170021][bookmark: _Toc203171378]If , the expression becomes 
[bookmark: _Toc182831025][bookmark: _Toc189546048][bookmark: _Toc189643392][bookmark: _Toc203170022][bookmark: _Toc203171379]                          
[bookmark: _Toc182831026][bookmark: _Toc189546049][bookmark: _Toc189643393][bookmark: _Toc203170023][bookmark: _Toc203171380]                          
[bookmark: _Toc182831027][bookmark: _Toc189546050][bookmark: _Toc189643394][bookmark: _Toc203170024][bookmark: _Toc203171381]                                                   Gold
[bookmark: _Toc182831028][bookmark: _Toc189546051][bookmark: _Toc189643395][bookmark: _Toc203170025][bookmark: _Toc203171382]                                                        =
[bookmark: _Toc182831029][bookmark: _Toc189546052][bookmark: _Toc189643396][bookmark: _Toc203170026][bookmark: _Toc203171383]                                                       =
[bookmark: _Toc182831030][bookmark: _Toc189546053][bookmark: _Toc189643397][bookmark: _Toc203170027][bookmark: _Toc203171384]                          From where      The autocovariance of the process           (2.3)
If , the expression becomes
                          
                          
                                                     The autocovariance of the process                  (2.4)
[bookmark: _Toc182831031][bookmark: _Toc189546054][bookmark: _Toc189643398][bookmark: _Toc203170028][bookmark: _Toc203171385]5.3. Autocorrelation function 
[bookmark: _Toc182831032][bookmark: _Toc189546055][bookmark: _Toc189643399][bookmark: _Toc203170029][bookmark: _Toc203171386]Autocorrelation is independent of time, the third condition of stationarity, starting from the expression of autocorrelation:
[bookmark: _Toc182831033][bookmark: _Toc189546056][bookmark: _Toc189643400][bookmark: _Toc203170030][bookmark: _Toc203171387]                               
[bookmark: _Toc182831034][bookmark: _Toc189546057][bookmark: _Toc189643401][bookmark: _Toc203170031][bookmark: _Toc203171388]If the expression becomes 
[bookmark: _Toc182831035][bookmark: _Toc189546058][bookmark: _Toc189643402][bookmark: _Toc203170032][bookmark: _Toc203171389]                              
[bookmark: _Toc182831036][bookmark: _Toc189546059][bookmark: _Toc189643403][bookmark: _Toc203170033][bookmark: _Toc203171390]                          From where                                                                  (2.5)
If the expression becomes
                              
                          From where                                                                  (2.6)

[bookmark: _Toc182831037][bookmark: _Toc189546060][bookmark: _Toc189643404][bookmark: _Toc203170034][bookmark: _Toc203171391]6. Fuzzy parameter estimation equation of the process

Let the AR(1) process be of the form     
Starting from the implicit expression of the autocorrelation function And ;
Gold                 the implicit form of
= with
                           
                                                       with 
For 
                          
                                        
                                                             with    
So
For
                        
                            
                                          with   
                 So 
Which gives a system of two equations starting from And
                                                                                              (2.7)       
This expression can be written in matrix form of YW fouzifier ;
                       with                                                             (2.7')
7. Corollary 2. Fuzzy autoregressive process of order 2  
[bookmark: _Toc182831038][bookmark: _Toc189546061][bookmark: _Toc189643405][bookmark: _Toc203170035][bookmark: _Toc203171392]The second-order fuzzy autoregressive process is denoted , and it is represented by the expression ;
[bookmark: _Toc182831039][bookmark: _Toc189546062][bookmark: _Toc189643406][bookmark: _Toc203170036][bookmark: _Toc203171393]                                                                  (3)
[bookmark: _Toc182831040][bookmark: _Toc189546063][bookmark: _Toc189643407][bookmark: _Toc203170037][bookmark: _Toc203171394] From which we know its explicit form 
[bookmark: _Toc182831041][bookmark: _Toc189546064][bookmark: _Toc189643408][bookmark: _Toc203170038][bookmark: _Toc203171395]                                            
[bookmark: _Toc182831042][bookmark: _Toc189546065][bookmark: _Toc189643409][bookmark: _Toc203170039][bookmark: _Toc203171396]Thus its characteristic polynomial of the delay operator is:
[bookmark: _Toc182831043][bookmark: _Toc189546066][bookmark: _Toc189643410][bookmark: _Toc203170040][bookmark: _Toc203171397]	            
[bookmark: _Toc182831044][bookmark: _Toc189546067][bookmark: _Toc189643411][bookmark: _Toc203170041][bookmark: _Toc203171398]          .
[bookmark: _Toc182831045][bookmark: _Toc189546068][bookmark: _Toc189643412][bookmark: _Toc203170042][bookmark: _Toc203171399]             
[bookmark: _Toc182831046][bookmark: _Toc189546069][bookmark: _Toc189643413][bookmark: _Toc203170043][bookmark: _Toc203171400]                     
[bookmark: _Toc182831047][bookmark: _Toc189546070][bookmark: _Toc189643414][bookmark: _Toc203170044][bookmark: _Toc203171401]Hence the characteristic equation of the delay polynomial is (the delay operator is not a fuzzy variable): 
[bookmark: _Toc182831048][bookmark: _Toc189546071][bookmark: _Toc189643415][bookmark: _Toc203170045][bookmark: _Toc203171402][bookmark: _Toc182831049][bookmark: _Toc189546072][bookmark: _Toc189643416]                                                                               (3.1)
[bookmark: _Toc203170046][bookmark: _Toc203171403]Condition of stationarity 
[bookmark: _Toc182831050][bookmark: _Toc189546073][bookmark: _Toc189643417][bookmark: _Toc203170047][bookmark: _Toc203171404]7.1. Mathematical expectation
[bookmark: _Toc182831051][bookmark: _Toc189546074][bookmark: _Toc189643418][bookmark: _Toc203170048][bookmark: _Toc203171405]Starting from the implicit expression of the autoregressive process                      
[bookmark: _Toc182831052][bookmark: _Toc189546075][bookmark: _Toc189643419][bookmark: _Toc203170049][bookmark: _Toc203171406]	
                           
	                                         
[bookmark: _Toc182831055][bookmark: _Toc189546078][bookmark: _Toc189643422][bookmark: _Toc203170052][bookmark: _Toc203171409] Let's integrate mathematical hope
[bookmark: _Toc182831056][bookmark: _Toc189546079][bookmark: _Toc189643423][bookmark: _Toc203170053][bookmark: _Toc203171410]                                                                                (3.2)
[bookmark: _Toc182831057][bookmark: _Toc189546080][bookmark: _Toc189643424][bookmark: _Toc203170054][bookmark: _Toc203171411]                            From where             
[bookmark: _Toc182831058][bookmark: _Toc189546081][bookmark: _Toc189643425][bookmark: _Toc203170055][bookmark: _Toc203171412][bookmark: _Toc182831059][bookmark: _Toc189546082][bookmark: _Toc189643426][bookmark: _Toc203170056][bookmark: _Toc203171413]The mathematical expectation is a Time Independent Constant                            
7.2. Process variance   

[bookmark: _Toc182831060][bookmark: _Toc189546083][bookmark: _Toc189643427][bookmark: _Toc203170057][bookmark: _Toc203171414]Starting from the implicit expression of the autoregressive process   
[bookmark: _Toc182831061][bookmark: _Toc189546084][bookmark: _Toc189643428][bookmark: _Toc203170058][bookmark: _Toc203171415]	           
[bookmark: _Toc182831062][bookmark: _Toc189546085][bookmark: _Toc189643429][bookmark: _Toc203170059][bookmark: _Toc203171416]The expectation of the process is independent of time, let us multiply both sides of the expression by ;
[bookmark: _Toc182831063][bookmark: _Toc189546086][bookmark: _Toc189643430][bookmark: _Toc203170060][bookmark: _Toc203171417]                           . 
[bookmark: _Toc182831064][bookmark: _Toc189546087][bookmark: _Toc189643431][bookmark: _Toc203170061][bookmark: _Toc203171418]                                                   =
[bookmark: _Toc182831065][bookmark: _Toc189546088][bookmark: _Toc189643432][bookmark: _Toc203170062][bookmark: _Toc203171419]Let's integrate hope into both members 
[bookmark: _Toc182831066][bookmark: _Toc189546089][bookmark: _Toc189643433][bookmark: _Toc203170063][bookmark: _Toc203171420]                       .
[bookmark: _Toc182831067][bookmark: _Toc189546090][bookmark: _Toc189643434][bookmark: _Toc203170064][bookmark: _Toc203171421]If , the expression becomes 
[bookmark: _Toc182831068][bookmark: _Toc189546091][bookmark: _Toc189643435][bookmark: _Toc203170065][bookmark: _Toc203171422]                           
[bookmark: _Toc182831069][bookmark: _Toc189546092][bookmark: _Toc189643436][bookmark: _Toc203170066][bookmark: _Toc203171423]                                                                                                  (3.3)
[bookmark: _Toc182831070][bookmark: _Toc189546093][bookmark: _Toc189643437][bookmark: _Toc203170067][bookmark: _Toc203171424]Process variance
Autocovariance function 
[bookmark: _Toc182831071][bookmark: _Toc189546094][bookmark: _Toc189643438][bookmark: _Toc203170068][bookmark: _Toc203171425]If , the expression becomes 
[bookmark: _Toc182831072][bookmark: _Toc189546095][bookmark: _Toc189643439][bookmark: _Toc203170069][bookmark: _Toc203171426]            
[bookmark: _Toc182831073][bookmark: _Toc189546096][bookmark: _Toc189643440][bookmark: _Toc203170070][bookmark: _Toc203171427]            
[bookmark: _Toc182831074][bookmark: _Toc189546097][bookmark: _Toc189643441][bookmark: _Toc203170071][bookmark: _Toc203171428]                               Gold
[bookmark: _Toc182831075][bookmark: _Toc189546098][bookmark: _Toc189643442][bookmark: _Toc203170072][bookmark: _Toc203171429]                                 =
[bookmark: _Toc182831076][bookmark: _Toc189546099][bookmark: _Toc189643443][bookmark: _Toc203170073][bookmark: _Toc203171430]                                   =
[bookmark: _Toc182831077][bookmark: _Toc189546100][bookmark: _Toc189643444][bookmark: _Toc203170074][bookmark: _Toc203171431]                                   =
[bookmark: _Toc182831078][bookmark: _Toc189546101][bookmark: _Toc189643445][bookmark: _Toc203170075][bookmark: _Toc203171432]                     From where      The autocovariance ( ) of the process        (3.4)
[bookmark: _Toc182831079][bookmark: _Toc189546102][bookmark: _Toc189643446][bookmark: _Toc203170076][bookmark: _Toc203171433]If , the expression becomes 
[bookmark: _Toc182831080][bookmark: _Toc189546103][bookmark: _Toc189643447][bookmark: _Toc203170077][bookmark: _Toc203171434]         
[bookmark: _Toc182831081][bookmark: _Toc189546104][bookmark: _Toc189643448][bookmark: _Toc203170078][bookmark: _Toc203171435]         
[bookmark: _Toc182831082][bookmark: _Toc189546105][bookmark: _Toc189643449][bookmark: _Toc203170079][bookmark: _Toc203171436]                            Gold
[bookmark: _Toc182831083][bookmark: _Toc189546106][bookmark: _Toc189643450][bookmark: _Toc203170080][bookmark: _Toc203171437]                              =
[bookmark: _Toc182831084][bookmark: _Toc189546107][bookmark: _Toc189643451][bookmark: _Toc203170081][bookmark: _Toc203171438]                                =
[bookmark: _Toc182831085][bookmark: _Toc189546108][bookmark: _Toc189643452][bookmark: _Toc203170082][bookmark: _Toc203171439]               =
[bookmark: _Toc182831086][bookmark: _Toc189546109][bookmark: _Toc189643453][bookmark: _Toc203170083][bookmark: _Toc203171440]                From where     The auto covariance ( ) of the process            (3.5)
[bookmark: _Toc182831087][bookmark: _Toc189546110][bookmark: _Toc189643454][bookmark: _Toc203170084][bookmark: _Toc203171441]7.3. Autocorrelation function 
[bookmark: _Toc182831088][bookmark: _Toc189546111][bookmark: _Toc189643455][bookmark: _Toc203170085][bookmark: _Toc203171442]Autocorrelation is independent of time, the third condition of stationarity, starting from the expression of autocorrelation:
[bookmark: _Toc182831089][bookmark: _Toc189546112][bookmark: _Toc189643456][bookmark: _Toc203170086][bookmark: _Toc203171443]                               
[bookmark: _Toc182831090][bookmark: _Toc189546113][bookmark: _Toc189643457][bookmark: _Toc203170087][bookmark: _Toc203171444]If the expression becomes 
[bookmark: _Toc182831091][bookmark: _Toc189546114][bookmark: _Toc189643458][bookmark: _Toc203170088][bookmark: _Toc203171445]                              
[bookmark: _Toc182831092][bookmark: _Toc189546115][bookmark: _Toc189643459][bookmark: _Toc203170089][bookmark: _Toc203171446]                          From where  the explicit form of                     (3.5)
[bookmark: _Toc182831093][bookmark: _Toc189546116][bookmark: _Toc189643460][bookmark: _Toc203170090][bookmark: _Toc203171447]If , the expression becomes 
[bookmark: _Toc182831094][bookmark: _Toc189546117][bookmark: _Toc189643461][bookmark: _Toc203170091][bookmark: _Toc203171448]                                      
[bookmark: _Toc182831095][bookmark: _Toc189546118][bookmark: _Toc189643462][bookmark: _Toc203170092][bookmark: _Toc203171449][bookmark: _Toc182831096][bookmark: _Toc189546119][bookmark: _Toc189643463][bookmark: _Toc203170093][bookmark: _Toc203171450]                            From where the explicit form of                      (3.6) 
8. Fuzzy parameter estimation equation of the process
[bookmark: _Toc182831097][bookmark: _Toc189546120][bookmark: _Toc189643464][bookmark: _Toc203170094][bookmark: _Toc203171451]Let the AR(2) process be of the form     
[bookmark: _Toc182831098][bookmark: _Toc189546121][bookmark: _Toc189643465][bookmark: _Toc203170095][bookmark: _Toc203171452]Starting from the implicit expression of the autocorrelation function And ;
[bookmark: _Toc182831099][bookmark: _Toc189546122][bookmark: _Toc189643466][bookmark: _Toc203170096][bookmark: _Toc203171453]           Gold                 the implicit form of
[bookmark: _Toc182831100][bookmark: _Toc189546123][bookmark: _Toc189643467][bookmark: _Toc203170097][bookmark: _Toc203171454][bookmark: _Toc182831101][bookmark: _Toc189546124][bookmark: _Toc189643468][bookmark: _Toc203170098][bookmark: _Toc203171455]                           
For 
[bookmark: _Toc182831102][bookmark: _Toc189546125][bookmark: _Toc189643469][bookmark: _Toc203170099][bookmark: _Toc203171456]                          
[bookmark: _Toc182831103][bookmark: _Toc189546126][bookmark: _Toc189643470][bookmark: _Toc203170100][bookmark: _Toc203171457]                                        
[bookmark: _Toc182831104][bookmark: _Toc189546127][bookmark: _Toc189643471][bookmark: _Toc203170101][bookmark: _Toc203171458]                                                             with    
[bookmark: _Toc182831105][bookmark: _Toc189546128][bookmark: _Toc189643472][bookmark: _Toc203170102][bookmark: _Toc203171459]                          So
[bookmark: _Toc182831106][bookmark: _Toc189546129][bookmark: _Toc189643473][bookmark: _Toc203170103][bookmark: _Toc203171460]For
[bookmark: _Toc182831107][bookmark: _Toc189546130][bookmark: _Toc189643474][bookmark: _Toc203170104][bookmark: _Toc203171461]                        
[bookmark: _Toc182831108][bookmark: _Toc189546131][bookmark: _Toc189643475][bookmark: _Toc203170105][bookmark: _Toc203171462]                            
[bookmark: _Toc182831109][bookmark: _Toc189546132][bookmark: _Toc189643476][bookmark: _Toc203170106][bookmark: _Toc203171463]                                         with   
[bookmark: _Toc182831110][bookmark: _Toc189546133][bookmark: _Toc189643477][bookmark: _Toc203170107][bookmark: _Toc203171464]                 So 
[bookmark: _Toc182831111][bookmark: _Toc189546134][bookmark: _Toc189643478][bookmark: _Toc203170108][bookmark: _Toc203171465]Which gives a system of two equations starting from And
[bookmark: _Toc182831112][bookmark: _Toc189546135][bookmark: _Toc189643479][bookmark: _Toc203170109][bookmark: _Toc203171466]                                                                                       (3.7)
[bookmark: _Toc182831113][bookmark: _Toc189546136][bookmark: _Toc189643480][bookmark: _Toc203170110][bookmark: _Toc203171467]This expression can be written in matrix form of YW fouzifier ;   
[bookmark: _Toc182831114][bookmark: _Toc189546137][bookmark: _Toc189643481][bookmark: _Toc203170111][bookmark: _Toc203171468]                           
[bookmark: _Toc182831115][bookmark: _Toc189546138][bookmark: _Toc189643482][bookmark: _Toc203170112][bookmark: _Toc203171469]                                   
[bookmark: _Toc182831116][bookmark: _Toc189546139][bookmark: _Toc189643483][bookmark: _Toc203170113][bookmark: _Toc203171470]                         From where                                                                                             (3.7')    
· [bookmark: _Toc182831117][bookmark: _Toc189546140][bookmark: _Toc189643484][bookmark: _Toc203170114][bookmark: _Toc203171471]This equation allows us to determine the fuzzy autocorrelation coefficient from the fuzzy parameter of the model. 
· [bookmark: _Toc182831118][bookmark: _Toc189546141][bookmark: _Toc189643485][bookmark: _Toc203170115][bookmark: _Toc203171472]YW equations can then be used for parameter estimation of an autoregressive process:
(i) [bookmark: _Toc182831119][bookmark: _Toc189546142][bookmark: _Toc189643486][bookmark: _Toc203170116][bookmark: _Toc203171473]We start by determining the value of (is a natural number because the time offset is a fuzzy number).
(ii) [bookmark: _Toc182831120][bookmark: _Toc189546143][bookmark: _Toc189643487][bookmark: _Toc203170117][bookmark: _Toc203171474]We calculate the empirical values of the autocovariances which are fuzzy variables or .
(iii) [bookmark: _Toc182831121][bookmark: _Toc189546144][bookmark: _Toc189643488][bookmark: _Toc203170118][bookmark: _Toc203171475] We deduce the values of and which are all the fuzzy variables and values.      
[bookmark: _Toc203170119][bookmark: _Toc203171476]The fuzzy autoregressive process of order (p) does not have a single model, it is formed by several models of order (p) which will be partial or total, determined by their degree of membership.  
8. illustration
1. Let is a white noise of variance a triangular fuzzy number whose mode has a membership degree of 1. The process is defined by:
                                           
Question
Check stationarity using the mathematical expectation method.
2. Starting from the writing of a triangular fuzzy number whose mode has a membership degree of 1, we have a process formed by a fuzzy number defined by:
                        Gold
Question
    (a). Determine the different fuzzy autocovariance functions .
(b). Determine the different fuzzy autocorrelation functions.
(c). Representing fuzzy autocorrelation functions
Solution 1.
 (a). Fuzzy mathematical expectation

              
                
                  
Let's integrate mathematical hope
                                        
                             From where             
The fuzzy mathematical expectation is a zero constant independent of time.
(b). Fuzzy variance
Starting from the expression, let us multiply both sides by
                       .
= 
Let us integrate the mathematical expectation in both members .
                     
= 
To determine the variance of the model, we must set , the expression becomes ;
                        
                                        gold 
From where
Autocovariance function 
autocovariance function of the model, it is sufficient to pose , the expression becomes;
                     
                                      
                              From where
The variance of the model is a time-independent finding. The second condition for stationarity is met.
(c). Autocorrelation
The autocorrelation is expressed as;  
We will determine the fuzzy autocorrelation function from the fuzzy variance obtained by the interval. We have;
                                                     
From where
Thus, we verified the stationarity by the method of mathematical expectations
Solution 2.
The fuzzy number process defined by:
                         Gold

autocovariance functions .
The expression for autocovariance is ;
We have a triangular fuzzy parameter which we will determine and the calculation will depend on the spread of the fuzzy number and the extension of zadet will allow us to determine the membership function of each value found.
For And 
From where and      
For And 
From where And
For And  
                  From where And
For And 
                  From where And
For And 
From where and 1
For And 
From where And
For And 
From where And
For And 
                  From where And
For And 
                  From where and
We have the following autocovariances and their membership degrees.
                
Starting from the membership function, we have a single autocovariance whose membership degree is 1, which is a proof that our first-order fuzzy autoregressive process.
(b). Fuzzy autocorrelation functions
Starting from the expression ;
For 
                  From where 
For 
                 From where 
For 
                From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
                     From where 
For​
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
For 
From where 
We have a single value of the fuzzy autocorrelation whose membership function is 1. This also confirms that we are dealing with an autoregressive process of order 
   
(c). Represent fuzzy autocorrelation functions

The resulting fuzzy autocorrelation function is a triangular fuzzy number of the form
. The others are all zero. Here is the representation.
[image: ]
9. Conclusion
After making a thorough analysis of the stationarity of fuzzy autoregressive process. We concluded that the model parameter does not influence the stationarity conditions and the white noise but rather it modifies the autocorrelation function by a multitude of partial and total model. The fuzzy parameter plays a very important role in determining the order of autoregressive. In the fuzzy models are numerous differentiated by the degree of membership of each model and it is necessary to apply fuzzy arithmetic to determine the degree of membership of fuzzy parameter of the autoregressive process formed by fuzzy coefficient. In the illustration we have exploited fuzzy arithmetic by the zadet extension approach to facilitate the task of determining the membership function of each fuzzy parameter and the method of trees by part also gives the expected result.

After making a thorough analysis of the fuzzy stationarity of autoregressive process. We concluded that the model parameter does not influence the stationarity conditions and the white noise but rather it modifies the representation of the partial and total autocorrelation function. The fuzzy parameter modifies the graphical representation of the partial autocorrelation function and the total autocorrelation which plays a very important role in determining the order of autoregressive and average . This chapter teaches us the essential elements of fuzzy set theory which will allow us to approach the analysis of the problem posed in this work, namely the estimation of fuzzy parameter in a stationary stochastic process. Among the methods exploited by fuzzy arithmetic, in our work we opt for fuzzy arithmetic by the zadet extension approach. In this chapter we have demonstrated by illustration the ease of the zadet extension approach .
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