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On Dual Hyperbolic Generalized Pierre Numbers

Abstract. In this paper, we introduce the concept of generalized dual hyperbolic Pierre numbers.
As particular cases, we examine the dual hyperbolic Pierre numbers and their Lucas-type counterparts.
Furthermore, we establish several identities and matrix representations associated with these sequences.
The study also includes recurrence relations, Binet-type formulas, generating functions, Simson’s formulas,

and summation identities, offering a comprehensive exploration of their mathematical properties.

Keywords. Pierre numbers,Pierre-Lucas numbers, dual hyperbolic numbers, dual hyperbolic Pierre
numbers.
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1. Introduction

The hypercomplex numbers systems, [14], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,

C={z=a+ib:a,beR,i*=—1},
hyperbolic (double, split-complex) numbers, [17],
H={h=a+jb:a,beR,j>=1,j# 1},

and dual numbers, [11],
D={d=a+ecb:a,bcR,e?=0,¢e#0},

Some non-commutative examples of hypercomplex number systems are quaternions, [12],

Hg = {q = ao + ta1 + jag + kas : ag,a1,a2,a3 € R,i? :j2 =k =ijk = —1},
1
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octonions [2] and sedenions [18]. The algebras C (complex numbers), Hg (quaternions), O (octonions) and
S (sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2"-ions (see for example [3], [13], [15]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [12] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[5]. H. H. Cheng and S. Thompson [4] introduced dual numbers with complex coefficients and called complex
dual numbers. Akar, Yiice and Sahin [1] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao+ja1) +e(az + jas) = ao + ja1 + €az + cjas,

where ag, a1, as and az are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ag + jai + cas + €jas : ap,a1,a2,a3 €R, j2=1,7#+1,e* =0, # 0}.

The base elements {1,j,¢,e5} of dual hyperbolic numbers satisfy the following properties (commutative
multiplications):

2 -2

le = glj=4j 2 =ce=(je)* =0, j2=jj=1,

ej = je& 5'(5j) = (Ej).E =0, ](5]) - (6.])] =&,

where ¢ denotes the pure dual unit (¢2 = 0,e # 0), j denotes the hyperbolic unit (j2 = 1), and ¢j denotes
the dual hyperbolic unit ((je)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeag and p = by + jby + by + jebs is
qp = apbo + a1by + j(aob1 + a1bo) + €(aoba + azby + a1bs + azby) + je(aobs + a1bs + azbi + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hy is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [1].

Now let us recall the definition of generalized Pierre numbers.

A generalized Pierre sequence {W,}n>0 = {W,(Wo, Wi, Wa, W3)}p>0 is defined by the fourth-order

recurrence relations
W, =2Wy_1 — Wy, _4, (1.1)
with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
W = 2W_ sy = W (s,
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for n =1,2,3,.... Therefore, recurrence (1.1) holds for all integer n.
The first few generalized Pierre numbers with positive subscript and negative subscript are given in the
following Table 1.

Table 1. A few generalized Pierre numbers

n W, W_n,

0 Wo Wo

1 Wi 2Wy — W3

2 Wy 2Wy — Wa

3 Ws 2Wo — Wy

4 2W3 — Wy AWy — Wy — 2W3

5 AWs — Wy — 2Wy AW, — 4AWs + W3

6 8Ws3 —2W1 — Wsy — 4W, AWy — AW + Wy

7 15W3 — 4W; — 2Wy — 8W) W1 — AWy + 8Ws — AWy
8 28Ws — 8Wy — 4Ws — 15W) Wo 4+ 8W7 — 12W5 + 4Ws
9 52W3 — 15W; — 8Wy — 28W, 8Wo — 12W1 + 6Wo — W3

10 96Ws5 — 28W; — 15Wy — 52W) 6W1 — 12Wy + 16Wy — 8Ws3

11 177TW3 — 52W1 — 28Wy — 96Wy  6Wo + 15W; — 32W5 4- 125
12 326Ws5 — 96W; — 52Wo — 177TWo  15Wo — 32W5 + 24W5 — 6W3
13 600W3 — 177TW; — 96Wo — 326W,  24W; — 32W4 + 24W, — 15Ws

If we set Wy = 0, Wy = 1,Wy = 2,W3 = 3 then {W,,} is the well-known Pierre sequence and if we set
Wo =4, Wy = 2,Wy = 2, W5 = 5 then {W,} is the well-known Pierre -Lucas sequence. In other words,
Pierre sequence {P,},>0 and Pierre -Lucas sequence {C),},>0 are defined by the second-order recurrence

relations

Pn = 2Pn,1 — Pn,4, Po = 0,P1 = 1,P2 = 2, P3 = 47 n 2 4, (12)

and

Cn = 2Cn71 — Cn74, C(] = 4, Cl = 2, CQ = 4, 03 = 8, n 2 4. (].3)
The sequences { P, },,>0 and {Cy}n>0 can be extended to negative subscripts by defining
P, =2P_(,_3y — P_(_4),

and

Con= 207(7173) - Cf(n74)7

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

We can list some important properties of generalized Pierre numbers that are needed.
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e Binet formula of generalized Pierre sequence can be calculated using its characteristic equation

which is given as
284 1=(P -2 -2 -1)(z—1)=0.
The roots of characteristic equation are

1+ 319+ 3v33+ /19— 3v33

3

5 = 1+wV/19+ 3v33 +w?V/19 — 3v/33

= ; ,

1+ w?V19 4+ 3v33 +w/19 - 3v/33
0 - 3 )
s = 1,

where
—1 )
w= %\/g = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

B pra’ pa " 3y pad”
R A e o 5 L v vy o S e Y ) T
pra” p28" p3y" D4

@—Bla-Na-1 B-aB-nB-1_ G-ar-An-1  (d-a)l-Al-7)
= Ala" —+ Agﬁn + A3’7n + A4

where p1,p2, p3 and py are given below

pr = Ws—=(B+7+8Wa+ (By+ B0 +70)Wr — BrvéWo, (1.5)
p2 = Wi—(a+v4+0)Ws+ (ay+ ad +v0) W1 — aydWy,

ps = Wi—(a+8+§Wa+ (af+ ad+ B6)W1 — aBSdWy,

pa = Wy =Wy -W; —Wy

and

A4 = Wi — (B+7+8)Wa + (By + B +v0) W1 — ByéWo (1.6)
b (= B)(a—)(a—9) ’ '

Ws — (a+ v+ 0)Wa + (ary + ad +70) W1 — aydWy

A = CEDICEDICED) /
Ay — Ws — (a+ B+ )Wa + (aff + ad + SO W1 — afdWy
(v=a)(y = B)(y—9) ’

Wz — Wy — W, — Wy

A4 = .

-2
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Binet formula of Pierre and Pierre Lucas sequences are

P a71+2 67l+2 ,.Yn+2 1
" Aa-Na-0 B-aB-NB-9 (G -an-BH-0 2
and
Cn :an+5n+7n+1’
respectively.

The generating function for generalized Pierre numbers is

Nt —2 -2 2 -2 3
Z ann _ Wo + (Wl Wo)x + (WQ Wl)JZ + (W3 WQ)Q? . (17)
n=0

1—2z 4 a4

In this paper, we define the dual hyperbolic generalized Pierre numbers in the next section and give
some properties of them.
o0
Next, we give the exponential generating function of » W, Z; of the sequence W),.

n=0

o0
LeEMMA 1. [16, Lemma 1.4]. Suppose that fow, (z) = Zo Wy %y is the exponential generating function
=

of the generalized Pierre sequence {Wy }. Then

iW " (aWz—a-a)We+ (—a® +a+ )W —Wo)em
o "nl 202 + 200 — 2
+(5W3 — B2 = B)Wa+ (= + B+ W — WO)eﬁm
26% 428 — 2
(W3 =y =y )Wo+ (= +7+ DW= W) ., Ws—Wot W1 =W, ,
+ e’ 4+ ( )e®.
292 4+ 2y -2 -2

The previous Lemma gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pierre and Pierre-Lucas numbers are

& e & (@ ta+a”  (B+B+DB" | P+t 1a
a): 3 Pafr = 3 ( NP ta=1) 2P+ 1) 2P +a-1) 5)

_(@+a+l) o BPHBFD 5 P+ . 1,

= € € € €
a2 ta—1)" A8 +p-1) 27+ - 1) 2
S - z" : v
b): 3 Cop= 3 (o + 8" +9" + 1) = e + e 4 17 4 e,
n=0 n: n=0 n!

n!

Next, we give some information on published papers related to hyperbplic and Dual hyperbplic numbers

in literature.

e Cockle [5] presented the hyperbolic numbers with complex coefficients.
e Akar at al [1] introduced the dual hyperbolic numbers.

e Cheng and Thompson[4] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [7] introduced dual hyperbolic generalized Pell numbers given by
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‘771 =V, +jVn+1 + EVv’n—i—? +j5vn+3

where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_2, Vo = @, V1 = b (n > 2) with the initial

values Vp V1 not all being zero.

e Cihan at al [8] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHF, =F, +an+1 +5Fn+2 +j<€Fn+37

DHL, =1L, +jLn+1 + 5Ln+2 +j5Ln+3a

where Fibonacci and Lucas numbers, respectively, given by F,, = F,_1 + F,_2,Fy =0, F} = 1, L, =

Lp1+Lp2,Lo=211=1

e Soykan at al [20] introduced dual hyperbolic generalized Jacopsthal numbers given by

jn =Jn +jJn+1 + EJnJrQ +j€Jn+3

where J, = J,—1 + 2J,_2,Jp = a,J; = 0.

e Brod at al [6] studied dual hyperbolic generalized Balancing numbers are

DHB, = B, +jBn+1 + 5Bn+2 +j<€Bn+3

where Bn = 6Bn_1 — Bn—2aBO = O,Bl =1.

e Yilmaz and Soykan [10] introduced dual hyperbolic generalized Guglielmo numbers are

To =Ty + jTi + T + jeTy

where T,, =3T,,_1 — 3T, o+ T, 3, Ty =0,T1 =1,T, = 3.

e Dikmen [9] introduced dual hyperbolic generalised Leonardo numbers given by

Z;) = l() +jll +512 +j€lg

where ln = 2ln,1 - ln,3710 = 1711 = 1,12 = 3.
In this paper, we define the dual hyperbolic generalized Pierre numbers in the next section and give

some properties of them.
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2. Dual Hyperbolic Generalized Pierre Numbers and their Generating Functions and Binet’s

Formulas

In this section, we define dual hyperbolic generalized Pierre numbers and present generating functions
and Binet formulas for them. We now define dual hyperbolic generalized Pierre numbers over Hp. The nth

dual hyperbolic generalized Pierre number is

W =Wy + jWiit + eWiio + 6Wnas. (2.1)

The sequence {Wn}nzo can be extended to negative subscripts by defining

/an - an +jW7n+1 + EanJrZ +j5W7n+37

for n = 1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n.

Note that
Wo = Wo+ Wi+ eWs+ jeWs = Wy + jWi + eWs + jeWs,
Wi = Wi+ jWa+eWs+jeWy = Wy + jWa + eWs + je(2Ws — W),
WQ = Wo+ W3 +eWy + jeWs =W,y +jW3+€(2W3*WQ)+j€(4W3*W1*2/-‘/[\/0),
/Wg, = W3+ Wy +eWs+ jeWe =Ws —|—j(2W3—/V[70)+5(4/V[73 —Wl —ﬁo)

+ie(8Wy — Wy — 2T, — 4Wy).

It can be easily shown that
W, =2W,_1 — Wh_4 (2.2)

and

o~

an = 2/w?—(n—S) - W—(n—4)‘

The first few dual hyperbolic generalized Pierre numbers with positive subscript and negative subscript
are given in the following Table 2.

Table 2. A few dual hyperbolic generalized Pierre numbers
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n W, W_,

0 Wo Wo

1 W, W, — Wy

2 W, W, — W

3 Wi 2Wy — Wy

4 2W5 — W AWy — Wy — 2Ws

5 AWs — Wy — 2W, AW, — AWo + Wy

6 8Ws — Wy — 2W, — 4W, AWy — AW, + W

7 15Ws — 2W, — AW, — 8W, Wy — AW, + 8W, — AW
8 285 — AW, — 8 — 151, Wo + 8W; — 12Ws + 4W;
9 52W; — 8W, — 15W, — 28T, 8Wo — 12W; + 6Wo — W

10 96Ws — 15Wo — 28, — 52W,  6W; — 12W, + 15Ws — 8TV

11 17TWs — 15W, — 28W1 — 96Wy  6Wy + 15W, — 32Wa + 12
12 326Ws5 — 52Wo — 96W, — 17T7TWy  15Wy — 32W; + 24W, — 61V
13 600Ws — 96Wo — 177, — 326W,  24W; — 32W, + 24Ws — 15W;

As special cases, the nth dual hyperbolic Pierre numbers and the nth dual hyperbolic Pierre Lucas

numbers are given as

ﬁn = Pn + jPrL-i-l + 5Pn+2 + jEPIL+3 (23)

and

~

Cn = Cn + an+1 + €Cn+2 + jECn+3 (24)

respectively. The sequences {ﬁn}nzo and {én}nzo can be extended to negative subscripts by defining

P_,= 2P—(n—3) - P—(n—4)7

and

C_, = 2C_(n—3) = C_(n—g),

for n =1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n.

For dual hyperbolic Pierre numbers (taking W,, = P,,, Po=0,P, =1,P, =2, P3 = 4,) we get

Py

7+ 2e + 4je,
P = 2j+4c+8je+1,

P, = 45+ 8+ 155+ 2,
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and for dual hyperbolic Pierre Lucas numbers (taking W,, = C,,, Co =4,C; = 2,05 = 4,C5 = 8,) we get

Co = 2j+4e+ 8je +4,
Ci = 4j+8e+12je+2,
Cy = 8+ 12¢+ 22je + 4.

A few dual hyperbolic Pierre numbers and dual hyperbolic Pierre Lucas numbers with positive subscript and
negative subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Pierre numbers

n P, P,

0 7+ 2e +4j¢ Jj+ 2e+4je
1 2j +4e +8je+1 €+ 2j¢e
2 4548+ 15je +2 je

3 8j+15e+28je+4 -1

4 155 4+ 28c 4+ 525 + 8 —j

5 285 + 52e + 965 + 15 —€

Table 4. Dual hyperbolicPierre- Lucas numbers

~

c, c_.,

n
0 2j +4e +8je +4 2j +4e +8je+4
1 45 4 8 + 12je + 2 45 + 4je + 2¢
2 87 +12e 4 225 + 4 4e + 2j¢e

3 125+ 22¢ +40je + 8 4je + 6

4 225 +40e + 725 + 12 —4 465

5 405 + 72 + 1325e + 22 —47 + 6¢

Now, we will state Binet’s formula for the dual hyperbolic generalized Pierre numbers and in the rest of

the paper, we fix the following notations:

a = l+ja+ea®+ jea’, (2.5)
B = 1+jB+¢eB+jep’. (2.6)
7 = 1+jy+er+jey? (2.7)
5 = T=1+7j4¢+Je, (2.8)
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Note that we have the following identities:

a? = 1—|—a2+2aj+2a2(a2+1)5—|—4a3j5

B = 148 +2iB+ (26 +26%)e + 44,

aB = 1+af+(a+pB)j+ (a®+ 8% +2a8 +a®B) e+ (a+ ) (a® + 7) je,
7= L 2y + (29" 29Y)e + ey’

5 = T2=1+42y+4e +4je,

6 = 17+ (P +0i+ (P2 e+ (P +1) e

THEOREM 3. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Pierre number is
W, = GA10" + BAsB™ +FA37™ + 0 A, (2.9)
where &, B, 7,06 are given as (2.5)-(2.8)
Proof. Using Binet’s formula of the generalized Pierre numbers given below
Wy = Ara™ + A" + Azy™ + Ay
where Ay, As, Az, Ay are given as in (1.6) we get

W, = W+ iWhir +eWpyo + jeWiyis,
= Aja" + AsB" 4+ Azy" + Ay + (Ara™ T 4 AT 4 Agy T+ Ay)j
+(A1a"T2 £ A" 4 Agy" T2 £ Ay + (A1a” T3 4 AR Agy TR 4 Ay)je.
= QA" + BAS" +FA" + 0 A

This proves (2.9).

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Pierre number is

5 _(@tatha'a (BP+5+1"8  (Prytyy 1 (2.10)
"T o 2Aeta-1) T 2F4p-1)  20P+y-1) 2
and the Binet’s Formula of nth dual hyperbolic Pierre Lucas number is
Cn =aa" + BA" + 77" + 1. (2.11)

Next, we present generating function.

THEOREM 4. The generating function for the dual hyperbolic generalized Pierre numbers is

=~ Wg + (/Wl — QWO).IT + (/WQ — 2W\1)x2 + (Wg — Q/WQ)Z‘?’
— = n - .
A Z Waz 1— 2z + at

n=0
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Proof. We assume that fw, () is the generating function of the dual hyperbolic generalized Pierre

numbers and then we can write

o0

fw (2) = Z Woa™.

n=0

Then, using the definition of the dual hyperbolic generalized Pierre numbers, and substracting z f(z) and

22 f(x) from f(z), we obtain (note the shift in the index n in the third line)

(1-2z+ $4)an (z)

i an” — 2z i Wnaﬂ" + a2t i an"
n=0 n=0

n=0

oo oo oo
E Wypa™ — 2 E W,z" Tt + E W, z" 4
n=0 n=0 n=0

> Waa" =23 Wi ya" + 3" W ga”
n=0 n=1 n=4
(Wo + WL’E + W2Z2 + ng?’) — Q(Wox + W1£E2 + WQCE?))
+ Z(Wn - 2/1/‘77171 + an4)x”
n=4

/W() + (/Wl - 2/W70)m + (WQ — 2W1)(E2 + (Wg — 2/1/172)%3.

As special cases, the generating functions for the dual hyperbolic Pierre and dual hyperbolic Pierre Lucas

numbers are

o0
E P,x" =

n=0

and

(j + 2 + 4je) + () + (—je)x? + (— — 2je)a®

1— 22+ 24

i B gt = (2] 4 4e + 8je + 4) + (=6 — 4je)x + (—4e — 2je)a® + (—4j — 2 — 4je)a’

n=0

respectively.

1 -2z 424

X~ n =
Next, we give the exponential generating function of » W, Z; of the sequence W),.

n=0

O~ n
LEMMA 5. Suppose that an (z) = ZO W, %y is the exponential dual hyperbolic generating function of
n—=

the generalized Pierre sequence {Wn}

Then > /V[ZLL, is given by

n
n!
n=0

Proof. Using Binet’s formula

X n . N
D WaTr == A1 + Aoe™ B + Age™ T + AseT.
n=0 ’

where a, B, ﬁ,g are given as (2.5)-(2.8)

Wn = Al()[n + Agﬁn + Ag’yn + A4.
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where Ay, As, A3, Ay are given as in (1.6) we get

— x’!l ’ﬂ
;}an = ZW —+32Wn+1 +5Z()Wn+27+]f‘:zown+3
- n n :L.n ; - TL n n n
= ) (A1a" + AB" + Asy +A4)ﬁ+;§:( +1+A6+1+A7+1+A4)—'
n=0 ’ n=0

’ﬂ
nl

+EZ( n+2+A25n+2+A ’7n+2+A4)

"
n!

e Y (Ara™tE 4 ApBTER 4 Ayt 4 Ay)Y
= (A1e* + AseP® + Age?® + Age”) + j(Arae™® + AsBePT + Agvye™ + Aye”®)

+5(A1a26‘” + Ay, 8%eP7 + Azy2er® + Age®) + js(Ala?’eM + Ay 53T + Azy3er® + Ayge®)
= A1e*(1+ ja+ +ea® + jea®) + AT (1 + 5B + +e6? + jef°)

+ A3 (1 + jy + +ey? + jey®) + Age™(1 + j + +e + je)
= Ae*a+ Ageﬁz/ﬁ\ + Aze?*q + A4e‘rf

This proves (5). O

The previous Lemma gives the following results as particular examples.

COROLLARY 6. Ezponential generating function of dual hiperbolic Pierre and dual hiperbolic Pierre-Lucas

numbers are

a):
> 2 1 2 1 2 1 1
Zpi — (CY2+CY+ )eozw (62+6+ )eﬁx (72+’y+ )6775_,35)
= 2(0“ +a—1) 2(8% + 8 —1) 2(y2 +v—1) 2
2 1 2 1 2 1 1
+j(oz(oz2+oz+ Jgoa B8 P+ )egx+v(72+v+ ) e _ Loay
2(a2 +a—1) 282+ 8-1) 2 +v—1) 2
2 2 2 2 20,2
(2 (0; tatl) o B (52 tB+Y) o Y (72 +v+1)67x_}ew)
2(a? +a—1) 208+ 5-1) 2(v24+~v-1) 2
3 2 3 2 3.2
+]€(O‘ (O; +a+1)6am B (/62 +ﬂ+1)eﬁm i (’}; +7+1)6Vm*1€z)
2(a+a—1) 2(6%+8—1) 2(v2+v-1) 2
b):
ZCA'% = e‘”‘—l—eﬂw—&—e’”—l—e’”—l—j(aew—&—ﬁeﬁw—&—'yew—&—ew)

+€(a2€am+5266z+72€’ym+em)

+je(ade®® + B3Pt 4 43T 4 e?).
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3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized dual hyperbolic Pierre number {/Wn} by the use of generating

function for Wn

THEOREM 7. Binet’s formula of generalized Gaussian Pierre numbers

W qpa” n q2" q37" qa40"
To(a=-B)la=a=9) B-a)B-NB-90 (G-a)y-B—-09 (©@-a)i-H)- (7?3 ’1)
where
Q= /W\OOZB + (Wl — 2/W\0) a? + (/W2 — 2W1> o+ Wg — 2/W\2,
@ = Wop+ (W1 - 2/‘/‘7(]) B* + (Wz - 2W1) B+ Wy — 2Wh,
q3 = /VV\Q’)/3 + (Wl — 2/W\0) ’YQ + (WQ — 2W\1> v+ /W\3 —2Ws,
qs = Wg53 + (Wl — QWO) 52 + (WQ — 2W1) ) + Wg — QWQ.
Proof. Let
h(z) = 2* — 2z + 1.
Then for some «, 3,y and ¢ we write
h(z) = (1 — az)(1l — Bz)(1 — yz)(1 — o).
ie.,
2t =22+ 1=(1-ax)(1-Bx)(1—yz)(1 - o). (3.2)
Hence é, %, % and % are the roots of h(z). This gives a, 8,7 and § as the roots of
1 1 2 1
h(;)—h(f)—l—g—f—x—4 0
This implies 2 — 2z + 1 = 0. Now, by it follows that
o© (W3 - 2W2) 3 + (Wg - 2W1) z2 + (/V[71 - 2/1/170) z+ W
2 Wt = (1= az)(l = Bo)(1 —7a)(1 — 62) '
Then we write
(Wg - 2Wg) x> + (Wg - 2/1/171) z2 + (/V[71 - 2/1/170) z+ W B, B,
(1~ ax)(1 — pa)(L —2)(1 - 32) = U—an) T po) (3:3)
Bs By

o T
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So
(W3 — 2/1/172) 3+ (Wg — 2/V[71) z? + (Wl — QWO) T+ Wo
= Bi(1-pz)(1 —yz)(1 = 0z) + Ba(1 — ax)(l — yz)(1 - dz)
+B3(1 — az)(1 — z)(1 — éx) + Bs(1 — az)(1 — Bx)(1 — yx).
If we consider = = é, we get /WO + i (/Wl - 2/1/170) + % (/Wg - Qﬁ/\l) + $ (/Wg - QWQ)

=-Bi(36-1) (Gv-1) (30-1).
This gives

B =a? (/Wo +5 (/Wz - 2W1> +% (ﬁ/\g - 2%) +1 (ﬂv\l - 2WO))
(= B) (e =) (e =)
Woad + (Wl - 2W0> o? + (Wg - 2W1> o+ Wy — 2T,
(o= B)(a = 7)(a=9) '

Similarly, we obtain

WoB® + (Wl - 2?170) 82 + </V[72 - 2Wl) 8+ Wy — 2W,

B = CECICERICED) |

b Wor? + (Wl - 2’1470) V24 (Wz . 2W1) Nt Wy — 2,
(v —a)(y = B)(y—9) ’

b Woo® + (I//V\l - 2/V[70) 52+ (I//V\g - 2/V[71) 5+ Wy — 20,

(0 —a)(6=5)(6 =)
Thus (3.3) can be written as

S Waa" = Bi(1 - ax) ™! + Ba(1 — f2) 7! + Bs(1 — y2) 7t + Ba(1 - 6x) 7

n=0
This gives
S Waa" =By a"a"+By Yy Bra"+Bs Y y"a"+By Y 0"a" =Y (Bia"+Byf" +Byy" + Bad")a".
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

o~

W, = Bia"™ + BQBTL + B3y" + B4o".

THEOREM 8. For all integers m,n the following identities holds:

—

Wm+n = m—2Wn+3 - Pm—5Wn+2 - Pm—4Wn+1 - Pm—BWn-

Proof. First we assume that m,n > 0 theorem 8 can be proved by mathematical induction on m. If

m =0 we get

Wp =P oW, — P sW, ., — P_sWyy1 — P_3W,.



UNDER PEER REVI EW

which is true since P =0,P_3 = —1,P_4 = 0,P_5 = 0. Suppose that the equality holds for m < k. For

m =k + 1, we obtain
Wition = 2Wopr + —Watis
= 2 (Pk72wn+3 — Pkf5wn+2 - Pk74Wn+1 — Pkf?)wn)
- (QPk—5/W\n+3 - Pk—8/W\7L+2 - Pk—6/V[7n+1 - Pk—G/Wn)

by mathematical induction on m, this proves Theorem 8.
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking Wn = ﬁn or /Wn = An in above Theorem, respectively, we obtain:

COROLLARY 9.

)

Pm72ﬁn+3 - Pm75ﬁn+2 - Pm74ﬁn+1 - Pm73ﬁn

m4+n Pm72Cn+3 - Pm75cn+2 - Pm74cn+1 - Pm73Cn~

SN

4. SIMSON’S FORMULA

In this section, we present Simpson’s formula for the dual hyperbolic generalized Pierre numbers . This

is a special case of [22,Theorem 4.1].

THEOREM 10. (Simpson’s formula for dual hyperbolic generalized Pierre numbers) For all integers n we

have,
/W\n—i- 3 Wn +2 Wn +1 /Wn /W\?) /W\2 Wl WO
Wn +2 Wn +1 Wn Wn —1 o WQ Wl WO W— 1
Wn +1 Wn Wn —1 /V[?n —2 Wl /VVO W, 1 W, 2
/V[?n /Wn—l /W’I’L—Q /Wn—?) /W\O /W—l /W—2 /W\—3

(W — W — Wi — Wo) (W — W5 — W3 — W + (—5TWa + W + Wo)W2 + (775 — 31T — W) 112
+(3Ws + Wa — Wo)W2 + (Wi + Wa + W1)WE + 4(—WaWs — WoWs + WoWa)Wh).

Proof. Using Theorem 10 it can be proved by using induction or use

[22,Theorem 4.1]

From the Theorem 10 we get the following Corollary.

COROLLARY 11. For all integers n, the Simson’s formulas of dual hyperbolic Pierre numbers and dual

hyperbolic Pierre Lucas numbers are given as,

Pn+3 Pn+2 PnJrl Pn
Pn+2 Pn+1 Pn 1—1

a): | . R =2+ 25 + 8 + §ye,

P,
P77.+1 Pn Pn—l Pn—2
n

~

Pn Pnfl n—2
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Criz C, C, C,_
b): | PO T TR 359 352 — 1408 — 14085e,
Cn+1 Cn Cnfl Cn72
an Anfl An72 An73
respectively.

5. Linear Sums

In this section, we give the summation formulas of the dual hyperbolic generalized Pierre numbers with

positive and negatif subscripts.
Now, we present the summation formulas of the generalized Pierre numbers.

THEOREM 12. For the dual hyperbolic Pierre numbers, we have the following formulas:
(a): k’zio Wi = 3(—(n+3))Woss + (n+4) Woga + (n+3)Wo g1 + (n+ )W, +3Ws — AW, — 3W; — 2Wp).
(b): kgijo Wk = (= (n+2) W2+ (1+3) Wap a1 + (n-+3) Wy + (n+2) Wap_y +2W;s —2Wa —3W3 —Wo).
(c): 2 Waksr = (= (n+ )Wansa + (04 3)Wanss + (0 + 2)Way + (1 + 2)Wan_y + 2W5 — 31W;

k=0
Wy — 2W).
Proof. For the proof, see Soykan [19, Theorem 3.10 |]. O

THEOREM 13. For the dual hyperbolic Pierre numbers, we have the following formulas:
(a): éo Wy = 2 (—(n43))Wois+ (n4+4)Woio+ (n+3)Wogr + (n+4) W, + 3Ws — 4Wo — 3W; — 2Wj).
(b): é@ Wak = (= (04+2) Wan o+ (n+-3) Wan 1+ (n+-3) Wan + (n+2) W1 + 23— 2Ws — 3, — W)
(c): éo Waksr = 2(—(n + 1)Wansa + (04 3)Wanss + (1 + 2)Way + (1 + 2)Wan_y + 25 — 3105 —

Wy — 2W,).
Proof. Use Theorem 12 and the definition of Wn |

As a special case of the Theorem 13, we present the following Corollary.
COROLLARY 14. For n > 0, dual hyperbolic Pierre numbers have the following properties:
(a): kio Po=1(—(n+3)Poys + (n+4)Prss+ (n+3)Poss + (n+4) P, + 1 — 8j — 3¢).
(b): é@ Pop, = 3(—=(n+2))Panyo + (0 +3)Payyr + (4 3) Poy + (0 + 2) Popoy + j — 2j + 1).

(€): 3 Porp1 = 2(=(n+1)Ponsa + (n+ 3)Pang1 + (n+ 2)Poy + (n+ 2) Po_y + 1 — 5je — 2e).
k=0

As a second special case of the above theorem, we have the following summation formulas for dual

hyperbolic Pierre Lucas numbers:

COROLLARY 15. For n > 0, dual hyperbolic Pierre Lucas numbers have the following properties.
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(@): > Ch=3(-(n+3)Coys+ (n+4)Cria+ (n+3)Cry1 + (n + 4)C,, — 125 — 142 — 20j2 — 6).
k=0

(b): > Cor = 3(=(n+2)Canya + (n+3)Cans1 + (n+3)Cap + (n+2)Can1 + —65 — 82 — 8= — 2).
k=0

(€): 3 Cokyr = 2(=(n+1)Conya+ (n+3)Copi1 + (n+2)Cop + (n+2)Cop1 + —8j — 8 — 145 —6).
k=0

Next, we give the ordinary generating functions of some special cases of dual hyperbolic generalized

Pierre numbers.

THEOREM 16. The ordinary generating functions of the sequences ﬁ/\gn, /WQn+1 are given as follows:

= % (2z2)+‘7[7 2?4z +) =Wy (223 +Wo (22 —4z+1
(a): Yoplo Wapa" = — ol z4+2z)2—4;5-1 AR )

— Wi (22 +2)—Wa (223) = Wi (22 —4z+1) - W, (2z?)
(b): ZZO:O W27l+1xn = 3( ) 2($4+)2$2:45w+1 ) : .

Proof.Similarly,the proof can be constructed as in[4].

From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic
Pierre numbers (Take Wn = ]3n with ]30 =Jj+2+ 4j5,]31 =27 +4e+8je+1, P, = 47 +8e+ 15je + 2, ﬁg =
8j + 15e + 28je +4 )

COROLLARY 17. For n > 0 dual hyperbolic Pierre numbers have the following properties.

. © B oon_ (jH2e+4je)+(2—je)rtju’—jex®
(a)‘ Zn:O P2n£C - x4 +4+2x2 —4x+1 :

. o D n _ (—2j—4e—8je—1)+(84+31e+1654+60je)x+(—4j—8s—1—16je)x>+(—e—2je)x>
(b)' Zn:O P2“+1m - 44222 —4x+1 .

6. Matrices related with Dual Hyperbolic Generalized Pierre Numbers

We define the square matrix A of order 4 as

2 0 0 -1
1 0 0 O
A=
01 0 O
0 0 1 O
such that detA = 1. Note that
Pn+1 —In-2 —In-1 *Pn
A" — -Pn —4n-3 —In-2 —In-1
Pnfl ~—4In—-4 —4In-3 —In-2
Pn—2 ~—4In-5 —"In-4 —In-3

for the proof see [21].

Then we give the following lemma.
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LEMMA 18. For n > 0 the following identitiy is true:

o~ o~

Woss 2 00 -1 Ws
Warz | | 200 0 Wa
Wor | | 010 o0 Wi
W, 001 0 W

Proof. The identitiy(18) can be proved by mathematical induction on n. If n = 0 we obtain

0

Wi 2 -1 1 -1 Ws
W | |1 0 0 0 W,
wo| o 1 0 o W
W 0 0 1 0 Wo

Wiis 2 0 0 —1 Ws
Wee | | 100 0 W,
Wer | 010 o0 W
W, 001 0 Wo
Forn =k + 1, we get
k41, E o,
2 0 0 —1 Ws 2 0 0 -1 2.0 0 -1 Ws
100 0 W | [ 100 0 100 0 W,
010 0 Wil lo1o o 010 0 W,
001 0 Wo 001 0 001 0 Wo
2.0 0 -1 Wiis
| too0 o W2
o190 o Wit
001 0 Wi
Wk+4
| W
| W |
W1

Hence,the proof completed .



UNDER PEER REVI EW

We define

Now, we have the following theorem with Ny and Eq,

THEOREM 19. Using Ny and Ey; , we get

Proof. Note that we get

Prp
P,
P
P,_s

A'Ng =

ail
a21
a31

a41

A"Ng = B

—1Ln-2 —In-1

—14n-3 —1In-2

a12 a3 0ai4
a22 A23 0424
a32 as3z as4

G422 A43 QA44

W,
Wi
Wi
Wo-s
Wy W, W,
Wo Wi W
W W, W,
Wo Woi Wos

(6.1)

(6.2)
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where

a1
a12
a3
a14
a21
a22
a23
24
asi
a32
as33
a34
41
42
43

44

PosaWs = P oWy = Py s Wi = PaWo = Wiy,

Py iWa — Py s Wy — Py Wy — P,W_y = Wy,
Pn+1w1 — Py oWy — Py AW — P,W_5 = WnJrla
PpiiWo— Py oW1 — Py W_g — P,W_3 = Wh,
PyWs — Py 3Wa — Py aWi — Py Wo = Wi,
PyWa = Py Wi = P s Wo — Py i Wy = Wiy,
PWy — Py_sWo — PygW_1 — Py i W_g = Wy,
PaWo— Py sW_ 1 — Py oW o — P, \W_5 =W, 4,
Py Wy = Py aWa = Py s Wi — Py oW = Wiy,
Py i Wa — Py y Wy — P_3Wo — PyoW_1 = W,

Py Wi = Py aWo — P g Wy — P oW = Wy,
Py aWo— Py sW_y — Py sW_5— Py oW g5 =W, o,
Py_oWs — Pyu_sWa — Py g Wy — Po_sWo = W,
PyoWs — Py_sWy — Py qWo — Pr_sW_1 = W,_1,
P oWy — Py sWo— Py yW_1 — Py sW_5 = W, o,

Pn72/w7() - Pn75W71 - Pn74W72 - Pn73W73 = an“i'

Using the theorem (8) the proof is done. O

By taking Wn :ﬁn with ﬁo,ﬁl,ﬁg,ﬁg, in (6.1) and (6.2)
W, =C,, with Cy,Cy,C,, Cs in (6.1) and (6.2)
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respectively, we get:

8j+15c+28je +4 4j+8 +15je+2 2j+4de+8je+1 j+ 2 +4je

N 4748+ 15je+2 25+ 4e+48je+1 7+ 2e +4j¢ €+ 2j¢e
" 2j + de + 8je + 1 o+ 2 + 4je e+ 2je je ’
J+ 2e + 4j¢e €+ 2j¢e je -1
ﬁnJrS ﬁn+2 ﬁnJrl ﬁn
Elg _ §n+2 ﬁ7/1\+1 Aﬁn :n—l 7
Pn-l—l Pn Pn—l Pn—2
ﬁn ﬁnfl An72 Anffj
125 +22e +40je +8 8+ 126 +22je +4 45 +8e+125e+2 2j+4e+8je +4
N 87+ 126 +22je +4 45+ 8+ 12je+2 25+ 4e+8je+4 47 + 4je + 2¢
c = )
47 4+ 8 + 12je + 2 2j +4e +8je +4 —47 + 4je + 2¢ 4e + 2j¢e
2j +4e 4 8je +4 47 +4je + 2¢ 4e + 2j¢ 4je +6
an+3 an+2 an-‘,—l én
E é\177,Jr2 é\177,Jr1 an anfl
c = ~ ~ ~
n+1 Cn C(nfl Cn72
An é\1n—1 an—Q an—3

From Theorem [19], we can write the following corollary.
COROLLARY 20. The following identities are hold:

a): Aang = EIS‘
b): A”Né = Ea.
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