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The nth Power of 2x2 Matrix:
Applications to the Linear Recurring Sequence
of Order 2 and to
The Birth-Death Process.

Abstract

After exploring a robust method for calculating the nth power of a
2x2 matrix A™ [2] without resorting to diagonalization techniques, i.e., we
provided a unique formula for the nth power of any type of 2x2 matrix
(see Arbai [2]), whether diagonalizable or not, whether it has two distinct
eigenvalues or not, and whether these eigenvalues are real or not.

Our contributions in this paper would be applications of the above,
such as:

1) Application of the nth power of 2x2 matrices to recurrent linear

sequences of order 2
2) The (unsolved) problem of the birth and death process (BDP) with
constant coefficients and an infinite number of states.

1 A New Approach to Matrix Powers with Wide

Applications (Introduction):

This paper presents a unique and efficient method for calculating the nth power
of a 2x2 matrix (A™) without resorting to the traditional diagonalization method.
Although diagonalization is a widely used and effective technique for certain
classes of matrices, its dependence on distinct and real eigenvalues can be limit-
ing. Our approach, inspired by the work of Arbai [2], provides a single, unified
formula applicable to "any" 2x2 matrix, regardless of its characteristics. This
includes non-diagonalizable matrices, matrices with repeated eigenvalues, and
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those with complex eigenvalues. By providing a general and universally applica-
ble solution, we eliminate the need for case-by-case analysis, thus simplifying
and streamlining a fundamental operation in linear algebra.

- Key Contributions and Applications:

Our main contribution is the demonstration of the practical utility of this
new formula in two important areas:

1. Solving Second-Order Linear Recurrence Sequences:

We show how the shorthand solution of the nth term of a second-order linear
recurrence relation, such as the Fibonacci sequence, can be directly derived
using our general formula for A™. By representing the recurrence relation as
a matrix equation, we transform a recursive problem into a direct and explicit
computation. This method offers a more elegant and computationally efficient
alternative to traditional characteristic equation methods, especially for large
values of n.

2. Treating the Birth-Death Process (BDP) with an Infinite Number of
States:

We apply our methodology to the notoriously complex problem of the Birth-
Death Process (BDP) with constant coefficients and an infinite number of states.
Although the BDP is a cornerstone of stochastic modeling in fields such as
queuing theory, population dynamics, and epidemiology, finding an analytical
solution to its state probabilities in the case of an infinite number of states
remains an open problem. Our approach to the computation of matrix powers,
a key element in solving the BDP system of differential equations (as is also
the matrix exponential), offers a new perspective and a potential route to an
analytical solution. We believe this work could open new avenues of research
on this long-unsolved problem.

2 The power of any (diagonalizable or non-diagonalizable)
2x2 matrix:

Theorem 1 Let A = ( CCL Z > a 2X2 matriz, so¥n >2 (n € IN)
n—1 n—2 n—1
oS akay iR =S ekt ik by atay ik
An = h=0 n—1 h=0 n h=0 n—1 (Z)
¢y afay=tk > afay™F —a Y afaptF
k=0 k=0 k=0

with oy and ag solutions of |A — al| = 0.

Proof. We will demonstrate our formula using recurrence.
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1) For n = 2, we will show that we actually have

2 - a’+bc bla+d)
B cla+d) d®+bc

1 1
aY bl ™ —ajay by akal™*
A2 _ k=0 k=0
a Lok ek N Lok 1k
¢ ajay >, ajay " —a ), ajay
k=0 k=0

we must therefore show the following 4 equalities

1
a> +bc=a afai ™ —ajay
k=0

2 1
P +be=3Y abai ™ —a Y afad™"
k=0 k=0

b(+®_bz%dk
k_O

c(a +d)—02a1a1 *

what does it mean
a?+bc=a(as + 1) — aras

d? +bc= a3+ ajas +af —a(ag +ay)
bla+d)=b(az+ a1)
cla+d)=c(as+aj)

oy and ag solutions of |A — al| =0, so

art+ay=Tr(A)=a+d
arag = |A| = ad — be

So

a(as + 1) —aras = a(a+d) — (ad — be) = a® + ad — ad + be = a? + be
a3 +ajas+a? —a(as+ay) = (o + a2)2 —ajas —a(as +ay) =
2+ ajay+ 02 —a(as+ay) = (a+d)* = (ad — be) — a(a+d) = d2 + be
b(az+ai)=b(a+d)

clas+ar) =c(a+d)

hence the result is true for n = 2.

2) Let’s Suppose

Zalanlk ZakJrl n—1—k bzalanlk
A'IL — n B
c Z akap=17k S k™ —a Y aban ok
k=0 k=0
3) Let us show that
Antl = A" A
n n
a akal™ Z okt lan=k b abay™*
An—i—l — k=0 k=0
n+1 n
¢y afay™ > afap™t Tt —a } afay
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A"A—

Z ak—i—l n—l

We have A"+1

o' afay i

n—1 1k
¢y afay”

n—1 n—2
x:agza]fag_ 7azak+1 n—

k=0

n—1 k1
y=ba Y afay™' " —b Z oy oy

k=0

n—1
z=ac

k=0

nl —1-k k k
t=bc Y akfay —|—d2alo¢§

k=0

z = (a® + cb) Ea’fag 1=k

y=>o [(a—kd) Z akaf =7k

_—
z=cYy p_ Oa’fag k
t = (bc — da) Z akad =17k 4
. k=0

x=[a(a + az) — ajas]

n—1
b by akay 'k

—a ) of

n & &
n—

Y. afay

— k=0

n—1

1= k+cb2a’fag‘ 1=k

1= k+dea’fa§ 1=k

1-k k —1-k
afal~ +ec Z afal ™" —ca Z akal

k=0

n—1
daZa’foag 1=k
aZak-i-l n—1-—k

E ak-‘rl n—1— k:|

E=0 E—=0
nl . -k "= k1 1-k
n—1— n—1—
y="0b|(a1+a2) > ajay - a1 Qg
k=0 k=0
_ n k n—k
Z=CY _,0ran
nl 1—k k
t=—ajap Y akal” +d E akal™
k=0

n—1—k
Qg

because a1 + s = a +d, OélO[Q =ad —be, a(a) + az) — ajae = a® + cb

n
a3 afay”
E=0 k=0

n
¢ afag”
k=0

An+1 —

because
n—1

xr = [a, (al —+ 042) — 0410[2] Z Oé’fOQ
k=0

n—1
=a(or+az) Y ofay™' "
k=0

— Qe

n—1 n—1
=an Z o rans Y akalT
k=0

n—1
“F _ ajan o«
k=0

n—1
=aaf +a 3 ajay
k=0

& n—1
—oog Y afay

n—1—

k n—1—k

n
b> «
n+1 F=0
> afaytTh -
k_a Z akJrl n 1-k

n—
5 afap 1 -a'¥ alfta
k=0

n—
1—-k k. . n—1—k
—qia Z af ol
k=0
k n—1—k
109

k n—k
109

nlk

azak+1nlk
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r=a) ofalF —aja E akal =17k
k=0 E=0
y="> (a1+a2) Zala” 1=k _ Eak“ n k]
k=0
yZb ZakJrlnlk_'_Zala Zak+1n1k:|
[ n
y=blar+'S atar*| =t 3> atap—*
L k=0 k=0
and
n—1 n
t=—ajap 3. ool R L d S abanh
k=0 k=0
=— Z a7k 4 (a4 ay — a) z": akal™F (as ay + ay = a + d)
k=0

:7Zak+1nk azala +Zak+lnk+zak ;L+l—k

:—aZala" k Zalan+l k

hence the result [

Remark 2 Let A = ( Z Z ) a 2X2 matriz and a1 and as solutions of

|A—al|=0.
1) Ifay =as=«, so

a+d\" [ (ntDa—(n-1)d nb
A" = 2 ,Vn>2(nelIN
( 9 ) ( ne (n+1)d;(n—l)a = ( )

with o = 25 and (a + d)* =4 (ad —be) ((a —d)* = —4bc)
And
A" =na" A - (n—1)a"I

2)Ifa; #£as so¥n>2 (n€IN)

o 1 (f(a-avaf—(a—a)a3 b(af — af)
ar — az c(af —ag) (@ —a)ay —(a—a)of
A" —ajl = u(A—ozgf) andA”—a?I:u(A—all)
o] — Q2 Q] — Q2
A" = (Oé?ag)AOqOAQ (0/11 170[3 1)[
o] — Qo Q] — Q2
n_ omeif na—(n—-1a nb
Proof. 1) A" =« ( ne (n+1)a—na
And
A7 — g1 na—(n—1)a nb
- ne nd+(n+1)a—n(a+d)
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n_ o1 na—(n—-1a nb

At=a ne nd+ (n+1)a — 2na
n_ o na—(Mm—-1)«a nb

At =a ne nd+ (1 —n)a

n _ ,n—1 na  nb n—1 _(n_l)a 0
At =a <nc nd>+a ( 0 —-n-1a

A" =na" A - (n—1)a"I

2)
A" = 1 ( a (a? - Otg) — Q12 (a?il - agil) 1 b (Ol’ill - Olg) >
o — ap c(ay —ay) (@t —a5™h) —a(af —a3)

3 Applications:

3.1 Linear recurrent sequence order 2:

A second-order linear recurrence sequence is a sequence in which each term is
defined as a linear combination of the two preceding terms. In simpler terms,
to find the next number in the sequence, simply multiply the two preceding
numbers by constants and add the results. A classic example is the Fibonacci
sequence, where each number is the sum of the two preceding numbers.

Upi1 = AUy + by 1 with (up,ug) € TK? and (a,b) € IK?

IK=IRorC

- ZZH Lf g ) < ZZJ > and (u1,uo) € IK?
- ( ' ) - ( Lo ) ( o > and (w1, uo) € TK?
= ()= () () et e 15
such

a b\" [ Tn yn
(i) -(= %)
So, according to our formula (¢) "the n-th Power of 2x2 Matrix" in the first
theorem

o ik " kb o1k
o1 el
Th=a ), ajal - > ayal
k=0

k=0

n—1 & 1—k

_ n—1—
yn =0 > ajay
k=0

n—1 k -k
n—1—
= ). ogag
k=0
n

n—1
> ooy~ a5 atag ok
=0 k=0

tn

b
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with a7 and ay are solutions of @® —aa —b =0

—b

Remark 3 o) + a3 = a and ajag =
Theorem 4 Let w11 = au, + bu,_1 with (ui,up) € IK?, so
n—1 n
= (u1 — aug) Z ool R g Za’fag k
k=0 k=
such ay and as are solutions of a®> —aa—b =0
n
PI‘OOf. Un+41 — a b Ui — Tn Yn Uy
U, 1 0 Ug Zn tn UQ
— Un+41 — TpUy + YnlUo
Znu1 + thug

T =a Z alan—l k Z ak"'l n—1—k

Un b E alan—l k

Zn = Z alan—l k
tn = Z akal ™k —q Z akaf=1i7k
=0

n— 1 n n—1

SO, Up, = Zpui+taug = uy Y, akal™ =k 4o (Z o/foz;_k —a ) okal” 1= k>
k=0

n—k

such

k 0

= up = (w1 — aug) Y3, o/fag g Si—oatay " m
Remark 5 Ist case: If a®> +4b =10, s0 a1 = ap = 3 and
up = [(ur+ (1 —a)ug)n +upa]a™ !
up = [n(uo+u1)+ (1—2n)aug]a™ !

2nd case: If a® +4b # 0, 50 a1 # ap = 5 and

Uy = ﬁ [(u1 — auo) (af — o) +uo (o' — aj™)]
Proof. 1)
= (u1 — auy) z_: afalh 7 g i ko F —
= (uy —auo);;:" Lt g (n+1)
since a1 = ay = kz ko 17k = :Zlagl = af! Z 1 = nay~! and
=0 =
> afay ™ = (n+1)a3
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1 n
u, = (u1 —aup) a§a§717k+uo E a’foz;*k
k=0

0

af —af aftt —aftt
= (m—aw) | — | fu | ———
a1 — Q2 Q1 — Q2

1
T ai—a [(u1 = aug) (aF — aF) +ug (4 F! — a5 )]

S
|

e
I

3.2 The birth-death process (BDP):

The birth-death process (BDP) is a classic example of a continuous-time, discrete-
state Markov process that is used to model population growth over time. It was
introduced by Feller (1938) [7] and has been used in various fields, such as
biology, physics, ecology, queuing theory, ...

Mathematically, birth and death processes are often modeled using systems
of differential equations, called direct Kolmogorov equations. These equations
describe the evolution of the probability distribution of the number of indi-
viduals in the system over time. However, these equations can be notoriously
difficult to solve analytically or even impossible, especially for complex systems
with non-constant birth and death rates.

As a result, researchers often resort to approximation methods or numerical
simulations to study birth-death processes (see [5]). These methods can provide
valuable insights into the behavior of these systems, but they also have limita-
tions. Therefore, there is a constant search for new methods to resolve theses
équations.

The use of spectral methods to study birth and death processes was pioneered
by S. Karlin and J. McGregor (see [8] and [9]). They defined a sequence of
polynomials Qj, (x) such that Qo (z) =1 and zQ = AQ.

This article focuses on general birth and death processes with an infinite
number of states:

Postulates. The system changes only through transitions from states to their
nearest neighbors (from E, to Eni1 or E,_1 if n > 1, but from Ey to E;
only). If at epoch t the system is in state E,, the probability that between t and
t+h the transition E,, — E, 1 occurs equals Ap,h+ o (h), and the probability of
E, — E,_1 (if n>1) equals p,h+o0(h). The probabilitynthat during (t,t + h)
more than one change occurs is o (h). ([6] page 454).

This paper builds upon our previous work [1], [2], [3], [4] which laid the
foundations for this approach. However, the current study extends and refines
these methods, making significant new contributions, especially by applying our
formula that gives the nth power of any 2x2 matrix.

Let (Xt),crp+ be the discret and homogeneous "Birth and Death" stochas-
tique process such V (i, ) € IN?
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Py (t)
Py (t)
Pi(t)=P(X;=1),P(t) =
P, (t)
1
0
with Y P(X; =i) =1, P(0) = and
i>1
v(i,j) € IN?
NAt+o(At);ifj=i+1
Pij(At) = P(Xypar=j/Xe=1) = piAt +o(At);if j =1

1T— (N4 ) At +o(At); if j =
o(At);if |j—i| >2

A; is the birth rate and p,; is the death rate.

Proposition 6 Let (X;),c;p+ be the discret and homogeneous "Birth and Death "
stochastique process with conditions (1), so P (t) = (P (t), Py (t),...)" = (P; ()5,
is solution of the folowing linear differential equations systeme.
Pi(t) = = (M +py) Pr(t) + po P2 (2)
{ Pi(t) = Xj1Pj1 (t) = (Nj + pj) Pj () + 1 Py () V) > 2
and
P'(t) = AP (t)

called the backward equation.
with
—(Mtp) py 0
N . )
0
0 Ap—1

— (M +pg) P O
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Proof.

P(Xpinr=7) > P(Xipar=j/Xe=i) P (X, =1)

1€IN
= P(Xt+At:j/Xt:]—l)P(Xt:_]_].)"‘
+P (Xeyar =j/Xe =) P(Xe = j) +
i€IN
i
i#£]
+ 1= (A +py) At] P(Xy = j) + o (At)

P(Xpar=37)—P(Xe=j) = NaP(Xi=j—-1)At+
by P (X =+ 1) At +
— (N + ) P(Xe = j) At +0(At)

P(Xiyne =j) — P(X¢ = j)

= NaPXe=j—-1D)+p P(Xe=5+1)+

— (N + ) P (X =13) +
o (At)
At
Pi(t) = Nj—1Pj1 (t) = (\j + ;) Py (t) + prj41 Pyya (8), V5 > 2
(When At — 0)
.. u
let 3 be an eigenvalue of the matrix A and z = (2),c;y- and an associated

right eigenvector, so Ax = Sz
—Mtp) Tt ppre = B

Me—1Zp—1 — Ak + 1g) T + 1 Tor1 = Bap 2<k

Pri1The1 — (Ax + pg + B) o + Ap—12p-1 =0, VI<E
with zg = 0 or A\g = 0.

10
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3.2.1 The case of constant birth and death rates: A\ = A and u;, = i

The associated right eigenvectors (Az = Bz, x = (1), y~) Will therefore verify
the following system

(Ek): wrpr1 — (A +p+ ﬁ) T +Axp_1 =0, V1I<Ek

with g =0 and z; € IK.

If w # 0, (Eg) is a second-order linear recurrence sequence with constant
coefficients.

(By) <= o1 = (W#) Tp — %mk—la Vi<k

Applying the results of the last subsection concerning second-order linear
recurrence sequences with constant coefficients with a = w and b = —2

. w’
we will have

n—1 n
Ty = up = (71 — axg) Y oc’fozg_l_k +zo Y. o/fag_k = Vn>1
k=0 k=0
n—1
T, =T E a’faQ_l_k
k=0

such oy and g are solutions of pua? — (A+p+ B)a+ A =0 (and z¢ = 0).
Let A=A+ p+B)° — 4\
1st case: If ()\—l—,u—i—ﬁ)2 = 4\p, S0 aq = (g = 2HHES — :I:\/g, and Vn > 1

P -
</\+u+5>"_1
Tp=n|—F"—"— T
2u
2st case: If (A + p + B)Q # 4\, 50 a1 # ag, and Vn > 1

no__ ,n
mn=<o‘10‘2>m1
a1 — (X9
such ay = CHEOEEE ¢ [ and ap = QHEH=E2 ¢ 1K (IK = IR or

2p
C).

a — ol
2172 IR

Q1 — Q2

1 1
since, a; = % €EC\IR= ap = % =a7 (as (\,p, B) €
IR3)

11
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