The estimation of pseudo-differential operators
utilising the coupled fractional Fourier transform
and a certain inequality

Abstract. In this research work, the symbol class A(R x R x R x R) is
discussed. Then, we give the fundamental properties of this symbol class.
Furthermore, the Pseudo-differential operators (p.d.o.) A(z,y, D, ,) and
o (z,y, D}, ,) involving the coupled fractional Fourier transform (CFrFT)
Fai,as associated with symbol classes are defined. Finally, inequality and
estimate of these operators are also obtained.

Keywords: Coupled fractional Fourier transform, Schwartz space, Sobolev
type spaces, pseudo-differential operators.

1 Introduction and motivation

There are many types of integral transformations used in applied mathematics,
physics and engineering. Some of the most commonly used are Fourier, Fourier
sine, Fourier cosine, Laplace, Mellin, Hilbert, Stieltjes and Hankel. Each of these
transformations has unique properties and applications. Also for studies on these
transformation ( Ata, E., & Kymaz, I. O.[1], Jafari [2], Ata, E., & Kymaz, 1.0.[3],
Watugala, G. K.[4], Ata, E., & Kymaz, 1.O. [5], Jumarie, G. [6] ).

In the last 20 years, nonlinear phenomena in applied mathematics and physics
have played a crucial role. There are many techniques to solve a large number
of problems that have been written about (Alkan, A., Aktrk, T., & Bulut, H.[7],
Alkan, A. [8], Aktrk, T., Alkan, A., Bulut, H., & Gllolu, N. [9], Alkan, A., &
Ana, H. [10], Alkan, A., & Ana, H.[11], Alkan, A.[12], Avit, ., & Ana, H.[13],
Avit, ., & Ana, H.[14], Alkan, A., Kayalar, M., & Bulut, H.[15], Erol, A. S., Ana,
H.,& Olgun, A.[16]).

Firstly, Wiener developed the concept of the fractional Fourier transform
(FrFT) in 1929 [17]. In 1980, Namias also explored the FrFT [18] as a means of
determining the solutions to certain differential equations that sometimes arise
in quantum physics. This transformation is crucial for resolving a number of
issues in signal processing, optics, and quantum physics [18-27]. A variety of
mathematical analytic fields have examined the FrFT, which is a generalisation
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of the Fourier transform. Fourier transform of a function ¢ € L;(R), represented
by ¢, is described as

o) = 5= [ e ol0ic

so that its inverse is given by

1
Ly g

FrFT [20,28-36] of a function of a function ¢ € L;(R) with parametre «,
denoted by (Fn¢)(n) = ¢pu(n) is given in L1 (R) as follows:

(Fa) (1 /KCn )l (1)

$(¢) =

where the kernel K, ((,n) is given by

i(¢2+n?) cot o

Caeﬁ_“"csca, a#nm,n €l
—L_e—¥n a=7=I
K, 5 = \/7 2
(€m) e —m) a2
0(C+n), a=(2n+ 1),
C. = l—icota
@ 27 .
The inverse of (Fo¢)(n) is as follows:
/ Koo ) (Fa) (m)dn (2)
KaCm=C —z<c tn?)cota ity esca
and Ka(Con) = K-a(C,m).

We consider that a = (a1, a0), x = (x,7), y = (v, ),

Ka (X, Y) =Ko, (1', 77)~’Coz2 (ya C) = Ical,az ((E, Yy, C)a where Ko, (1'7 77) and Ko, (ya C)
explained as above.
The coupled fractional Fourier transform (CFrFT) [37-39] is explained as follows

Fadl(,0) = Fapon 801, / / Koo (000, Ol y)dzdy.  (3)

The inverse of (3) is defined as follows

oo y) = / / R on @910 Far o 81(, €)ldC. (4)

Definition 1. A tempered distribution ¢ belongs to the Sobolev type spce H® (R x
R), and s € R if a locally integrable function (Fo,y a,®)(E,n) over R x R such
that

||¢||s=( /] \{<1+5|2><1+|n|2>}5<fm,a2¢><f,n>\2dnd§)2<oo. (5)

H4 (R x R), is a complete space.
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Definition 2. The collection of all complex valued infinitely differentiable func-
tions which are defined over RxR, is denoted by ¥ (RxR). Now ¢(£,n) € SRxR
for every selection of Iy, la, m1, ms € Ny for which

M1 amg

r'e (¢)= sup |a"yP p(z,y)| < 0. (6)

(,y)ERXR dzma gym2
The spce ' (R x R) denotes the dual of #(R x R).

Theorem 1. We have
(i) Dy, Koy 0, (T, 9,1,¢) = {i(ncscar + (escaz)} Kay o, (2, 9,1, C),
(ii) fR fnw 2,9) D}y Koy a0 (2,71, O)drdy

= Jp Jo Koia (2,9, 1, C)(D} ) (. y)dady,
(Z”) ‘7:&1,042{( z,y ) W( )}<777C) = {Z(T/ cscaq +¢ ese a2)}r(]:f¥1,a290( )) 77?6:)’
for all r € N, where D%y = [0 + 0y +i(zcotas +ycotaz)], D, = —[0: +
0y —i(xzcotay + ycotas)].

Proof. Das, S. Mahato, K. and Zayed, A. I have proved the Theorem 1 in [37].

2 Symbol Classes

The class A is the set of all functions a(z,y,&, () € C*(RxRxR—-{0} xR—{0})
and for t1 > 0, to > 0, a(z,y, 1€, t2C) = a(z,y, &, ) with

1m = a(00,00,§,() < oo.
(Iz],ly[)—(o0,00) ( &¢)

a(00, 00, &, () is also a C*-mapping.

Now we introduce a'(z,y,£,¢) = a(x,y,&,¢) — a(00,00,&, (), assume the esti-
mates

8k al am on
()| S g S e 60| < Cotamns (D
here, p=1,2,3,....., and k, I, m, n are natural numbers.

Theorem 2. (i) We get |a(c0,00,&,¢) — a(oo,00,8,m)] < C((|€ — 6] +[¢ —

1)/ (1€l + 1€+ 18] + Inl)),
(ii) The estimates (1 + z%cscay + y?csc?as)P|Fayas (@) (2,9, &, )| < M,
p=1, 2, 3, 4, 5..;

(4it) (1 + 2%esc?ay + yPesciag)P P00 (0)(2,9,€,C) = al,az( (@, y,6,m)| <

R, p= .. being

fal,az(a/)(x,y,f,g):/R/RKalyaz(tu,x,y)a/(t,u,{,odtd%

are verified.
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Proof. (i) Similar proof of Theorem 1 (a)[40].
(ii) We get the equality

(1 + zcsc?on + yPese 042) For.as(@)(@,y,€,C)
//Koé1 o (B u, 2, y) (I = Dy, )Pa (t,u, €, ¢)dtdu, (8)

0 0
D;,y [&r + 87 —i(zcotay + ycotag)}

and therefore is verified the estimate
’(1 + 2%csc?ar + Y2 esc?an)? Fuy o (@) (2,9, €, C)‘

<Ca10a2// (1 + t?cscay + ulesc?an)?|(I — D;, )Pa (t,u,§, Q)]

x(1+ t?cscay + uesciag) "ddtdu
1

< Co, Ca, © dtdu =M
= e /R/R (1 +t2csc?ay + u2csc?ag)? “ P

for q sufficient large.
(iii) We get

(1 +a?esc®ar + yPesc?az)?| Fay an (a') (2,4, C) = Fau oz (@) (2,9, 8,1)]
//K,l1 as (b u, 2, y) (1 + Pescan + uiesc®an)!(I — D), )P

X [a’(t,u,f,() —ad(t,u,8,m) | (1 + t?csc®aq + u?csc?an) " Udtdu.

Let us put now

bp.a(t,u, &,C) = (1 + t2csciay +ulesc®an) (I — D, )pa’(t7u,§,g). (9)

We obtain then the estimate

<1+x2csc2a1+y2csc2a2>p\fm,a2< )@, 6,C) — Fon (@) (@, 5,5,1)

< |ca10a2|//
RJR

Consequently, the estimate

bp.q(t,u, &, C) — by q(t,u,d, n)’(l + t2esc?ay + ucesctag) " dtdu.

bp,q(t,u, &, Q) =bpq(t, u, 5,77)’ < Doy (I€=81+IC=n) (1€]+ IS +18]+[n) 7. (10)

It can be easily proved from (ii), (9) and (10).
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In 1965, Kohn-Nirenberg and Hrmander [41] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, pri-
marily in a local context, to examine local regularity and local solvability of
PDEs.

Pseudo-differential operators on R, are standard or conventional general-
izations of partial differential operators or ordinary differential operators and
singular integrals.

3 P.D.O. A(z,y, D, ) related to Fq,,a,

Let us define, for any ¢ € S(R?) and x,y € R, a mapping (A(z,y, D, ,)¢)(x,y),
by

(AGe .0, )0V @0) = [ Ko t0,2,0)Go ot )t (1)
R
where the mapping G, o, (t,u), given by
Gay,a, (t,u) = a(oo, 00, t, u)(?ﬁoma2 (t,u)

+/H§A&a1,a2 (t - fvu - n7t7u)$a1,az (€a77)d£dn

Evidently, it has to be proved that G, a,(t,u) is the Coupled fractional Fourier
transformable, in fact, we have G, o, (t,u) € L1(R x R) as clearly, it is enough
to demonstrate that

////|(/]’\/041,062(t_g’u_n»tau)(/g&l,oe(gv77)|d£d77dtdu<OO;
RJRJRJR

we have in fact, Vp =1,2,3, ...
/ /‘a/al,ag (t - §7U - 77775’“)¢>a1,a2 (fﬂ?)‘dfdﬁ
R JR
= Mp/ /(1 + [t = &les®ar + |u =l ese® a2) P[Py s (€ 1)l dEdn.
R JR
This last expression is the convolution between (1 + [t|?csc?ay + |u|? csc? ap) P
and |@a,,a, (t,u)|. When p is large enough, both are integrable.
We obtain
[ st = €0 = 0 80) 5 (€ )l < .
R
Hence, A¢ is bounded on .’(R x R) and is also continuous. Hence
[]:ahaz (A) ¢] (t’ u) = a(oo, 00,1, U)¢a1,a2 (tv u)
+/ / (,7’\,0417042@ - E,U - nat7u)$a1,a2(§7n)d§d7]
R JR

is verified in .’/(R x R).
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4 The P.D.O. &

We introduce an operator &7 of (R x R) in /(R x R) as follows:

(0l = [ [ Koo (te2.9) Kot )t
where, for ¢ € S, the function J%,, , is introduced as
Hovy ey (T 1) (12)
— a(oo, 00, t, U)anl,az (t, u) + m/ / ei(t)\l7/\f)cotocl+i(u)\27)\§)cotoc2
R JR
X oy v (E = Ayt — Ay £, 1) By iy (A1, A2 )dA1 d g,

Voe S andt#0, u#0eR.

Similary, we can prove that the mapping .2/ is continuous, bounded.
Ezample 1. The symbol a(z,y,£,{) on R x R x R x R is defined by
a(@,y,6,¢) =2 +y” + € + (2.

The Pseudo-differential operator A(x,y, D
and for any ¢ € S(R?) is introduced by

»y) associated with the symbol a(z, y, €, ¢)

(A Do)l 0) = [ K a6 29)a 5,6, (6. OES
= [ Kol G )@ 0 4 € 4 () (€I

Theorem 3. For the symbol a, let A : L?(R?) — L%(R?) be a pseudo-differential
operator such that a =@ and a > ~. Then for every ¢ > 0, 3 a constant C'(¢)
such that for ¢ € (R x R)

Re(A, ¢)rae) + C'(O6121 = (v = Ol 72mury
18 verified.
Proof. 1t is obvious that we get the inequality
a(z,y,§,n) —v+e=e
We assume b(z, y,&,n) = (a(z,y,&n) —v+€)2, 2, y €R, [€| =1 and |y = 1;

for arbitrary £ # 0, n # 0 € R, we put b(.,.,&,n) = b(.m%,%). Thus, the
homogeneous order of b is zero. Easily verify that

0z 0yt o™ o™V (x,y,€,m)| < Cpptom.n(1+ [2* + [y|*) 7P
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It also holds for a'(z,y,&,7)

For the symbol b(x, y, §, 1), we assume the operators B(z,y, D}, ) and %(z,y, D, ).
We obtain

1) the order of & — (y —€)l — #.B is <0.

It implies that the order of BB — b*(x,y, D}, ,, D}, ) is also < 0.

zy M

2)Let U : S(RxR) — ' (RxR) with the inequality |U¢||s < C||d]|s—1, s € R.
Thus, we obtain

Re(Uo, ¢)o > —C'l|¢l|2 1; V¢ € #(R x R).
In fact, we obtain obviously the estimate
[Re(Ug, d)ol < [(Ug, do|l < IUS[sllll-s
by Schwartz’s inequality (Generalized)

(&, ¥)ol < M@lsll¥ll-s, Vo, ¥ € Z(R xR).

Hence
Re(U¢, ¢)o| < Csl|olls—1[|d]|-s, Vreal s, ¢ € (R x R);

we take s = % and obtain

[Re(U8, d)ol < C3 0],

therefore is
Re(Us, 9o = ~Cyl4]12 ;-

By combining 1) and 2), we deduce that

Re((A = (y = I = #.B)p, d)o > —Cylgl2 1, V¢ € /(R x R)

Re(A4¢, ¢)o — (v = €)l|¢llg — Re(#.B¢, ¢)o > —Cillg]|,;

Re(4¢, ¢)o — (v = )llglls — 1 Bl§ = —C [14]|2 4

and therefore
Re(A¢, ¢)o + C%Hfﬁll%% > (y=9lloll5, V¢ € S (R x R).

Theorem 4. For the symbol a, we consider the operator A. Let be # = maz{|a(s, t,u,v)| :
s, t € R and |u| = |v| = 1}. We have the inequality

IA(z, y, D}, ,)dllo < (A + e)llllo + Csllgll -1

for ¢ € L (R x R), is verified, where Cs as a constant.
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Proof. In fact, let be b = aa = |a|?; Consider B(z,y, D, ,) as the operator

related with the symbol b; after that o related to @. We obtainthat the order
of B—a/Ais <0.
From Theorem 3 and 2), we get

Re(B ~ 7). 9)sxry = ~C1 9l 4. ¥ € #(B x R)

1
2

and therefore:

Re(B¢, @)r2rxr) — Re(.Ad, ¢)r2mxr)
=Re(Bo, ¢)o— 0[5 = —C1llo]2,, Yo € S (R xR) (13)

Let us consider now the symbol o = .#2 — aa which satisfies obviously the
condition of Theorem 3.
Puting v = 0 in Theorem 3, Ve/ > 0, 3 C'(¢'), for ¢ € L (R x R), we get

Re((#? = B)p, d)o+C' ()62, > —€[10]3 (14)
By adding (13) and (14), we arrive at the inequality
A2N|6115 = 148115 + C'(0]12, = =CyllgllZ, — € llll
14015 = (2% + g < Cr(e)lll2 5
1A0]15 < (72 + 5 + Cr(eN ]2 1, Yo € S (R x R), Ve’ >0
and applying \/f + g < v/ f + /9, f, g > 0, we obtain for constant C; (') > 0;
4]0 < (& + Ve )ll$llo + Ca(€)] @] 1 - (15)

On the other hand, €’ > 0, Iy(e"); [[¢]_1 < €”"[|dllo + v(€")[|#]|-1 Whence we
obtain, from (15), the estimate

1A¢llo < (A +Ve)|[gllo + Co(€)e” [ dllo + 7 (€7)Cale”) [ l]-1-
Taking ¢ with Ve < §; and Cy(€')€” < §; after that we obtain

[Adllo < (A +€)lIdllo + 7' (e)Igll-1, Ve >0, Vo € S (R x R),
where (e”)Cy (") = +/(e€) is a constant.

Theorem 5. Let a be a symbol: & = mazf{|a| : z, y € R and |§] = |n| = 1}
and A the associated operator and the collection of operators with order < 0 is
denoted by Go.
Then we have

nf{| Az, D) +T]| : T € Go} < 7.
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Proof. Actually, we need to prove that if Ve > 0, then there exists a zero order
operator U, as follows:

I(A+ Ul < (£ +¢e)llgllo, Vo € L*(R x R).

We construct the operator U, by using a function ¢ € C*°(R xR), v¥r, r,(&,n)
depends on the parameter Ry > 0 and Ry > 0, such that 0 < ¢g, r,(£,n)
1, thRz(gan) = 1 for |£| < 2Ry, |77| < 2Ry, thRz(g?n) = 0 for |£|
2.R17 "17| 2 2R2

The operator Ug, r, = —AYR, r,(D,,) is of order < 0; in fact, we have for
every ¢ € (R x R), the estimates

<
>

HUR1,R2¢HS
= HA’L/)Rth (D:/v,y)¢||s
< CS,OéhDQ ||¢Rl,32 (D/z,y)(bHS

1

~ o [ [+ 1690+ ) (€1 )
R JR

=

2

gc(/ / (1+|£2)8(1+|n|2)5|$a1,a2(£,n)Qdfdn>
[£]<2Ry J|n|<2R2

= 0810417012

1
2

x ( / / (L4 1E2) 0+ 1P) 1Bar.a (€ )P+ [EP) (L + |n|2>dsdn)
[€]<2R1 J|n|<2R2

< (1 + 4R%)(1 + 4R§)Cs,oz1,a2||¢”sfl~

By using here above Theorem, we get

(A — AYr, k. (D5 )80
= ||A(I_ le,Rz (D/wﬂ/))(b”O
< (% + E)H(I - ’(/}Rth (D;c,y))¢||0 + Cs7a1g052 H(I - ¢R1,R2 (D/z,y))(b”*l

Remark that we have

I(Z = YR, R (D)) ll0

= ( /R /R (- ¢R1,RQ<5,n>>2|$m,a2<s?n>|2dgdn)2 < l16llo, & €€ F(R x R)
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and also that

( le,Rz( 7y))(b” 1

1

/ / 1= Gy (€1))% B (6 ) 2(1 +|€|2)_1(1+|nl2)_1d§dn)

< ( [ matenlar i a |n2)1d€d77>
[£]1>R1 Y |n|>R2

or o (6,m)2dEd
s(<1+|R1|> (14 |Raf?) /Ml /nlmzwsl ) fn)
(1+|Ri?) ™21+ |Rof*) "% 6.

Whence we get
(A + Ugy raydllo < (H + €)lllo + Cs,a1,0z (1 + [R1[?) 72 (1 + [Ra[%) 2|6 o-

We choose RS and RS such that Cy o, 6, (14 |RS|2)"2(1+ |RS|2)"2 < € hence
we get finally
(A + Uk, ry)@llo < (A +2€)|9]lo

and this proves Theorem 5.

Theorem 6. If a(xz,y,£,n) is a symbol for x, y, € #0, n #0 € R, 2 is an
open set, and Fp = max{|a(z,y,&,n)| 1 x, y € 2 and |§| = |n| = 1}. Next, for
any € > 0, there exists a constant Cs o, o, and

[A(2,y, Dy )éllo < (Fa + €)lldllo + Csara: 9l _1, Vo € C5°(12)
be verified.

We deduce this Theorem from Theorem 4 by means of some additional reason-
ings. We have following

Lemma 1. For, Ve > 0 there is an open set 2 C (2. such that the relation
Ko, < Ko + € is verified.

Proof. In fact, we have, for every o, yo € R, |a(z,y,&,n) — a(zo,y0,&,n)| < €
if =0l <x—25<9l, =0/ <y—yo < and { #0, n#0 € R, here 6., §/ do
not dependent on x, and y, respectively.
Let us take

Ne=10
S(xo,0L) ={z : |x — 20| <L} and S(yo,8)) = {y : |y — yo| < 6”}. Therefore, if
t, u € 2, we have t € 2 or t € S(z*,0.) and u € 2 or u € S(y*, ") for certain
x*, y* € 912. In the first case, we have |a(x,y,&,n)| < max{|a(x,y,&,n)| : |&] =
nl=1, z, y € 2} = Xo.
In 2"? case, we have

|a(t7u’§7’r’)| S ‘a(t7u’§7"7) —a(x*7y*’€7n)| S 6+%Q'
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Hence, for every t, u € §2., &, n € R — {0}, we get |a(t,u,&,n)| < e+ Hq.

Proof of the Theorem: Given € > 0, and ¢ € C°({2) we construct {2, given
in the Lemma. 3, a mapping x.(z,y) € C$° as follows:

1, on sup ¢
Xe(2,y) = {0 v e

ie. 0 <y < 1.
Obviously x.(.,.) is a symbol, and v, = x.a is another symbol.
Furthermore, v.(z,y,&,n) =0 if 2, y € £2¢; hence, we have

max{|ve(z,y,&m)| + z, y € R, [§] = In| = 1} < max{la(z,y,&m)| @ z, y €
R, [f|=In| =1} = Ao < Ho, +e
We define I'(z,y, D, ,) the operator by using 7.
We obtain
I'e = A(xe)-

In fact,
ForanlTe(@,y, Dy )@ (€:m)
= [ [ Foro o emuetavate . € m)oe.g)dody
= ForaalA(@,y, Dy ) (Xe®)|(€,m), Vo € S (R X R), VE#0, n#0€R.

Hence, we get
I = A(xed), Vo € .7(R?).

Thus getting the decomposition
¢ = Xe¢+ (1 - Xe)¢

and

Ad) = A(Xe¢) + A((l - Xe)¢)
=Tep+ A((1 = x)9),

as it is 1 — xe(x,y) = 0 on sup ¢, then it is (1 — x.)¢ = 0 on R?, and therefore
A¢ =TI
Hence, applying Theorem 4, we get

[ Adllo
= ”Fe(x’ yaD:/v,y)¢||0

< (max{lve(z,y@n)l D x, yeRand [€] = |n| =1} + 6) 19llo + Celloll-4
< (Ko +26¢)[[¢llo + Celloll 1

and this proves the Theorem 6.
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Theorem 7. Let A(z,y, D, ,) be operator related with the symbol a(z,y,&,n)
and Gy be the set of zero order operators. Then we obtain

inf ||[A+T| > 7.
TeGo

Proof. Combining with Theorem 5 we deduce equality
inf |[A+T| =27,
TeGo

which achieves the result of Theorem 7.

5 Discussion and Conclusion

The manuscript is scientifically accurate. The manuscript addresses important
theoretical aspects of pseudo-differential operators involving the coupled frac-
tional Fourier transform, focusing on the estimation and a certain inequality.
This topic is relevant for functional analysis, operator theory, and applications
in mathematical physics and signal processing. The rigorous treatment and re-
sults provide new insights that can benefit researchers working with coupled
fractional Fourier analysis and pseudo-differential operators. The topic enriches
the literature by extending .The estimation of pseudo-differential operators with
some inequalities in fractional Fourier spaces.

There are potential directions for future research of my manuscript by using
many types of integral transformations ( Ata, E., & Kymaz, 1. O.[1], Jafari [2],
Ata, E., & Kymaz, 1.0.[3], Watugala, G. K.[4], Ata, E., & Kymaz, 1.0. [5],
Jumarie, G. [6] ).
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