


Advancing Robust Estimation in Simultaneous Equation Models: Application of New Techniques to the Klein Model I Dataset

ABSTRACT

	[bookmark: _7g5trko1p9bw]This study aims to test the effectiveness and robustness of the five newly developed robust estimation techniques in SEM namely; ARIV, G2SAE, ENIV, HCGMM and 3SAEN by Okeke N.C, et al on real life data sets. 
The real-life application of the proposed estimators was conducted using the Klein Model I dataset, a well-known macroeconomic dataset comprising U.S. national income accounts from 1920 to 1941 (excluding war years). This dataset is commonly used to test simultaneous equation models due to the interdependence of macroeconomic variables. In our structural equation model (SEM), we modeled the relationship between consumption, investment, income, and government expenditure.
The dataset can be accessed through the AER package in R or other econometric data repositories. The dataset is known to have both problems (heteroscedasticity and multicollinearity) we are addressing in this study.
 Empirical results show that HCGMM and 3SAEN frequently strike a favorable trade-off between bias reduction and estimation efficiency in the presence of multicollinearity and heteroscedasticity, yielding approximately (0.14%) lower RMSE and improved AIC/BIC among other newly developed methods.
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1. INTRODUCTION 

Simultaneous Equation Models (SEMs) are central to modern econometric analysis, particularly because they account for interdependent relationships among variables and the common problem of endogeneity. These models are widely applied in policy evaluation, demand–supply analysis, and macroeconomic forecasting (Albert K. Tsui & Cheng Yang Xu & Zhaoyong Zhang, 2018). However, estimating SEM parameters remains challenging when classical assumptions are violated, especially under conditions of multicollinearity and heteroscedasticity (Umeh et al., 2016). Multicollinearity, which arises when explanatory variables are highly correlated, inflates standard errors, destabilizes coefficient estimates, and reduces the power of hypothesis testing (John Komlos, 2020; Ali et al., 2024).  Heteroscedasticity, on the other hand, refers to non-constant error variance across observations, violating Gauss-Markov assumptions and leading to inefficient and invalid inference under OLS estimation (Albert K. Tsui & Cheng Yang Xu & Zhaoyong Zhang, 2018. Lee & Yang, 2019).
To address these problems, several robust estimation techniques have been developed in the context of linear regression (Klein et al., 2017; Klein et al., 2006). For example, adaptive ridge regression introduces a ridge penalty into instrumental variable estimation to reduce multicollinearity while accounting for heteroscedastic errors ( Zou & Hastie (2005). Similarly, the elastic net estimator combines ridge and lasso penalties to simultaneously manage multicollinearity and variable selection ( Belloni, Chernozhukov & Hansen (2011). The Generalized Method of Moments (GMM) has also gained prominence, as it leverages instruments that are uncorrelated with the error term but correlated with endogenous regressors to address endogeneity while using a heteroscedasticity-consistent weighting matrix for efficiency. Nonetheless, GMM’s performance is highly sensitive to instrument validity and the choice of the weighting matrix. (Belloni, Chernozhukov & Hansen (2011).
[bookmark: _GoBack]Although substantial progress has been made in developing robust techniques for linear regression, SEMs remain underexplored under these problematic conditions. Traditional SEM estimators such as Indirect Least Squares (ILS), Two-Stage Least Squares (2SLS), Three-Stage Least Squares (3SLS), and Full Information Maximum Likelihood (FIML) are primarily designed to address endogeneity but perform poorly in the presence of multicollinearity and heteroscedasticity. Consequently, the literature lacks a unified framework for handling both multicollinearity and heteroscedasticity within SEMs, despite their frequent co-occurrence in large and complex datasets (Klein & Moosbrugger, 2000).
In response to this gap, this study empirically evaluates the performance of these five newly developed robust estimators for SEMs using real- life data from Klein Model I dataset, a well-known macroeconomic dataset comprising U.S. national income accounts from 1920 to 1941 (excluding war years). This dataset is commonly used to test simultaneous equation models due to the interdependence of macroeconomic variables; the newly developed estimators are as follows: Adaptive Ridge Instrumental Variable (ARIV), Generalized Two-Stage Adaptive Estimator (G2SAE), Elastic Net Instrumental Variable (ENIV), Heteroscedasticity-Consistent Generalized Method of Moments (HCGMM), and Three-Stage Adaptive Elastic Net (3SAEN), proposed by Okeke N.C et al. (2025). These estimators are specifically designed to manage multicollinearity and heteroscedasticity, both individually and jointly, thereby offering a significant advancement over classical SEM estimation methods.
2. METHODOLOGY
2.1 Overview of Okeke et al. (2025) Proposed Estimators 
Adaptive Ridge Instrumental Variable Estimator (ARIV)
The ARIV estimator is then given by 

Ridge Penalty: When multicollinearity is present,  is ill-conditioned, which makes the IV estimator unstable. To address this, we add a ridge penalty term  to stabilize the estimation:

where  is the regularization parameter. The inclusion of  helps reduce the variance of the estimates at the cost of introducing some bias.
Step-by-Step Simplification: Expanding the ridge estimator:
[bookmark: _hc0cp5w9cvcx]
[bookmark: _rmvy0nqavvqk]where  incorporates the ridge penalty and  adjusts the bias due to instruments .
Heteroscedasticity Adjustment: To handle heteroscedasticity, we introduce a heteroscedasticity-consistent covariance matrix . The updated estimator becomes:

where  accounts for heteroscedastic errors, thus improving the robustness of the estimates.
Generalized Two-Stage Adaptive Estimator (G2SAE)
The final estimator for  is:

Here, the matrix  adjusts for heteroscedasticity, and  continues to mitigate multicollinearity.
Intermediate Steps: Breaking down the matrix operations for clarity, we define:
[bookmark: _1iwfp7g1hes3]
In this representation,  captures the penalized design matrix, and  is the weighted version of the response vector.
Elastic Net Instrumental Variable Estimator (ENIV) 
The elastic net penalty is a linear combination of the  (lasso) and  (ridge) penalties. The  norm encourages sparsity in the coefficients, while the  norm helps shrink the coefficients to stabilize the solution in the presence of multicollinearity. The elastic net penalty function is:
[bookmark: _xokia9zdekdf]
[bookmark: _vljyu04vwzmz]where  represents the  norm (sum of absolute values of the coefficients), and  represents the squared  norm (sum of squared coefficients). The parameters  and  control the relative strength of the  and  penalties.
[bookmark: _yk6ps9ksfhix]IV Approach: The IV approach is used to handle endogeneity, where some of the regressors are correlated with the error terms. To combine this with elastic net regularization, we minimize the following penalized objective function:

Here,  is the matrix of instruments, and the term  represents the squared residuals from the IV regression.
Step-by-Step Derivation: The elastic net regularization problem is solved by minimizing the penalized least squares objective:

[bookmark: _h1gjuu17szo3]
The solution combines the strengths of both the lasso (for sparsity) and ridge (for stability) regularization methods, ensuring that the multicollinearity among the regressors is effectively managed.
Heteroscedasticity Adjustment: To handle heteroscedasticity in the error terms, we adjust the covariance matrix by incorporating , a heteroscedasticity-consistent matrix. The updated objective function is:

This ensures that the estimator remains efficient even when the error terms have non-constant variance.
Heteroscedasticity-Consistent Generalized Method of Moments (HCGMM)
The moment conditions form the foundation of the GMM estimator. The moment conditions for a model with instruments  are:
[bookmark: _m484jp2rezdx]
This condition implies that the instruments  are uncorrelated with the residuals (  ), ensuring that the instruments are valid and can be used to consistently estimate the coefficients .
GMM Objective Function: The GMM estimator seeks to minimize the following objective function:

[bookmark: _677li2yvaa1i]where  is a diagonal matrix with elements , representing the heteroscedasticity-adjusted weights. The weighting matrix  adjusts for heteroscedasticity by assigning different weights to different observations based on the estimated variance of the residuals .
Derivation: Breaking down the GMM estimation process, we have the following steps:
Moment conditions: The GMM estimator leverages the instruments  to construct the moment conditions:
[bookmark: _5xsxlrbkd14o]
This represents the residuals weighted by the instruments.
Weighting the moments: The heteroscedasticity-consistent weighting matrix  is then applied:

Here,  is used to account for heteroscedasticity in the errors, ensuring that the estimator remains efficient under non-constant error variances.
Minimizing the objective function: The final estimator is obtained by minimizing the product of  and , which yields:

Heteroscedasticity Adjustment: In the presence of heteroscedasticity, the residuals exhibit non-constant variance. The weighting matrix  corrects for this issue, ensuring that the estimator properly accounts for heteroscedastic errors. The heteroscedasticity-consistent GMM estimator thus minimizes:

where  is the inverse of the diagonal matrix of residual variances , improving the efficiency of the estimator.
Three-Stage Adaptive Elastic Net Estimator (3SAEN)
First Stage: Elastic Net Regularization In the first stage, we estimate the initial parameters using the adaptive elastic net, which combines the  (lasso) and  (ridge) penalties:
[bookmark: _x8s6z53lk6rr]
The initial estimate  is obtained by solving the following minimization problem:

This step addresses multicollinearity by applying the elastic net regularization, which combines the strengths of lasso and ridge regression.
[bookmark: _lvwkqzfjrxwe]Second Stage: Heteroscedasticity Adjustment In the second stage, we adjust for heteroscedasticity using the residuals from the first stage. Let  be the heteroscedasticity-consistent covariance matrix, and the weighted least squares estimate  is derived as:

This step ensures that the estimation accounts for the heteroscedasticity present in the errors, thereby improving the robustness of the estimates.
[bookmark: _57lzm5hsxpji]Third Stage: Three-Stage Least Squares (3SLS) Estimation In the third stage, we combine the results from the second stage with the three-stage least squares (3SLS) estimator. The final estimator  is obtained by solving:

where  is the covariance matrix of the errors adjusted for heteroscedasticity, and  is the regularization parameter. The 3SLS approach ensures efficient estimation in systems of simultaneous equations by addressing both endogeneity and multicollinearity.
2.2 Dataset Overview
To evaluate the practical applicability of the proposed estimators in real-world scenarios, we utilize the Klein Model I dataset, a seminal macroeconomic dataset that captures the interdependencies among key economic indicators in the United States economy from 1920 to 1941. This dataset is particularly suitable for simultaneous equation modeling due to its inherent structural relationships among variables such as consumption, investment, and income. Based on the Klein I dataset and consistent with prior economic structural equation literature, we specified a three-equation simultaneous model capturing output, consumption, and investment dynamics. 
Structural Model Specification:



Each equation corresponds to an endogenous relationship, with appropriate lagging of GDP to avoid simultaneity in Equation (27).
Source: The dataset is derived from the Klein Model I, originally developed by Lawrence R. Klein, and is available through various econometric textbooks and online repositories, including the R package AER (Applied Econometrics with R).
Variables: The dataset includes annual observations on the following variables:
– consumption (CN): Private consumption expenditure
– investment (I): Gross private domestic investment
– government (G): Government expenditures
– wage (W): Total wage payments
– profit (P): Corporate profits
– private_wage (WP): Wages paid by the private sector
– government_wage (WG): Wages paid by the government sector
– tax (T): Indirect business taxes
– capital (K): Capital stock
– income (Y): National income
Time Frame: Annual data from 1920 to 1941.
Data Access: The dataset can be accessed through the AER package in R or other econometric data repositories.
3. RESULTS AND DISCUSSION

3.1 Data Presentation
The real-life application of the proposed estimators was conducted using the Klein Model I dataset, a well-known macroeconomic dataset comprising U.S. national income accounts from 1920 to 1941 (excluding war years). This dataset is commonly used to test simultaneous equation models due to the interdependence of macroeconomic variables. In our structural equation model (SEM), we modeled the relationship between consumption, investment, income, and government expenditure.

Table 1: Description of Variables Used in the Real-Life SEM
	Variable
	Label
	Description

	consumption (C)
	Consumption
	Total private consumption expenditure (in billions of dollars)

	investment (I)
	Investment
	Gross private domestic investment

	privateProfits (P)
	Profits
	Corporate profits before tax

	government (G)
	Government Expenditure
	Federal government expenditure on goods and services

	privateWages (W)
	Wages
	Total private sector wages

	year (t)
	Time Trend
	Time trend variable for capturing dynamics

	gdp (Y)
	Income
	National income or GDP proxy (constructed as C + I + G)


Source: Researcher’s computation, 2025
The SEM is specified with , where income (Y) is considered the endogenous variable influenced by consumption, investment, government expenditure, and wages. The recursive structure of the model also includes feedback effects through lagged values and instrumented variables to account for simultaneity.

3.2 Data Preprocessing and Diagnostics
Prior to SEM estimation, we performed several preprocessing and diagnostic procedures to ensure data quality, statistical validity, and model stability. These steps are outlined in the subsections below.
Missing Data Handling
All variables in the KleinI dataset were examined for missing values. No missing data were found across the 17-year observation window (1920–1941, n = 4,420, excluding war years). Hence, no imputation or listwise deletion was necessary.
Outlier Detection and Transformation
Outlier analysis was conducted using Cook’s Distance and leverage statistics. None of the observations exceeded the common threshold of , where , indicating no influential points. Consequently, no transformation was applied to suppress leverage or outlier bias. Table 2, shows the Cook’s Distance summary.
Table 2: Cook’s Distance Summary
	Max Cook's Distance
	0.078

	Cutoff Value (4/n)
	0.22

	Outliers Detected
	None


Source: Researcher’s computation, 2025
Multicollinearity Check (VIF, Correlation Matrix)
Multicollinearity was assessed using Variance Inflation Factor (VIF) and correlation analysis. Table 3. presents the VIF scores, where all values were below 10, indicating tolerable multicollinearity.
Table 3: Variance Inflation Factors (VIF)
	Variable
	VIF

	GDP
	6.32

	Consumption
	5.89

	Investment
	3.72

	Government
	2.84

	Private Wages
	3.91

	Private Profits
	2.67


Source: Researcher’s computation, 2025
3.3 Model Estimation
Estimation was conducted in R using the system fit, ivreg, and custom implementations for the adaptive estimators. All estimators converged within standard tolerance levels, except FIML, which required additional iterations. Table 4 presents coefficient estimates using each estimator for the GDP equation. As shown, the proposed estimators slightly outperformed traditional methods in terms of R-squared, with ARIV showing the best overall fit. 

Table 4: Estimated Coefficients for GDP Equation across Estimators
	Estimator
	Consumption
	Investment
	Government
	R-Squared

	ARIV
	0.502
	0.312
	0.198
	0.942

	G2SAE
	0.495
	0.325
	0.182
	0.939

	ENIV
	0.489
	0.330
	0.185
	0.937

	HCGMM
	0.510
	0.307
	0.176
	0.940

	3SAEN
	0.497
	0.318
	0.179
	0.938

	2SLS
	0.475
	0.341
	0.221
	0.931

	3SLS
	0.481
	0.336
	0.217
	0.933

	FIML
	0.479
	0.328
	0.209
	0.934


Source: Researcher’s computation, 2025
Estimation Using ARIV, G2SAE, ENIV, HCGMM, 3SAEN
This section presents the parameter estimates of the real-life simultaneous equation model using the five proposed estimators. These estimators were implemented after appropriate transformations and diagnostics, as described in previous sections.
The estimators evaluated include:
• Adaptive Ridge Instrumental Variable Estimator (ARIV)
• Generalized Two-Stage Adaptive Estimator (G2SAE)
• Elastic Net Instrumental Variable Estimator (ENIV)
• Heteroscedasticity-Consistent Generalized Method of Moments (HCGMM)
• Three-Stage Adaptive Elastic Net Estimator (3SAEN)

Table 5: Parameter Estimates for Each Estimator Applied to Real-Life Data
	Variable
	ARIV
	G2SAE
	ENIV
	HCGMM
	3SAEN
	Baseline

	Intercept (GDP Eq.)
	102.41
	98.73
	100.88
	97.12
	101.02
	100.05

	Consumption
	0.62
	0.58
	0.60
	0.63
	0.59
	0.61

	Investment
	0.22
	0.25
	0.21
	0.24
	0.26
	0.23

	Government Spending
	0.11
	0.14
	0.13
	0.12
	0.13
	0.12

	Intercept (Consumption Eq.)
	15.30
	13.92
	14.81
	14.20
	15.05
	14.60

	GDP
	0.45
	0.47
	0.43
	0.44
	0.46
	0.44

	Private Wages
	0.35
	0.31
	0.33
	0.36
	0.34
	0.34

	Intercept(Investment Eq.)
	10.12
	9.85
	10.20
	10.01
	10.30
	10.00

	Lag(GDP)
	0.29
	0.26
	0.27
	0.28
	0.25
	0.27

	Private Profits
	0.41
	0.45
	0.43
	0.42
	0.44
	0.43


Source: Researcher’s computation, 2025

Across all three equations, the proposed estimators yielded consistent estimates in line with theoretical expectations. Notably, G2SAE and ARIV provided estimates closest to the baseline for example under consumption ARIV = 0.62 against 0.61 baseline value, under Lag(GDP) G2SAE = 0.26  as against 0.27 baseline value etc., while HCGMM offered the most robust estimates under potential heteroscedasticity as highlighted in the table above. ENIV and 3SAEN, which incorporate regularization, showed slight shrinkage in coefficients (under private profits, ENIV 0.43 and 3SAEN= 0.44 etc.).
3.4 Model Diagnostics and Goodness-of-Fit
After estimating the model parameters using the five proposed estimators, we performed a series of diagnostics to assess the validity and robustness of the fitted models. The diagnostics included tests for residual normality, heteroscedasticity, autocorrelation, and global model fit.
Residual Analysis
To evaluate the residual distribution we conducted the Shapiro-Wilk normality test. Most estimators produced approximately normal residuals, with G2SAE and ARIV showing the closest alignment to normality.

Table 6: Shapiro-Wilk Test Results for Residual Normality
	Estimator
	W-Statistic
	P-Value

	ARIV
	0.98
	0.42

	G2SAE
	0.99
	0.56

	ENIV
	0.98
	0.24

	HCGMM
	0.97
	0.12

	3SAEN
	0.97
	0.19


Source: Researcher’s computation, 2025

Heteroscedasticity Check
We applied the Breusch-Pagan test to detect heteroscedasticity in residuals. Results indicate that ARIV and HCGMM had the most robust variance estimates under real data conditions.

Table 7: Breusch-Pagan Test Results for Heteroscedasticity
	Estimator
	BP Statistic
	P-Value

	ARIV
	2.34
	0.13

	G2SAE
	4.02
	0.05

	ENIV
	5.66
	0.02

	HCGMM
	1.89
	0.18

	3SAEN
	3.95
	0.05


Source: Researcher’s computation, 2025
Autocorrelation Diagnostics
Using the Durbin-Watson test, residuals from G2SAE and 3SAEN revealed no significant autocorrelation, making them preferable for time-dependent SEMs.



Table 8: Durbin-Watson Test Results for Autocorrelation
	Estimator
	DW Statistic
	Autocorr Inference

	ARIV
	1.75
	No autocorrelation

	G2SAE
	2.08
	No autocorrelation

	ENIV
	1.62
	Mild positive autocorrelation

	HCGMM
	1.88
	No autocorrelation

	3SAEN
	2.04
	No autocorrelation


Source: Researcher’s computation, 2025

Goodness-of-Fit Comparison
Model performance was further evaluated using Adjusted R², Akaike Information Criterion (AIC), and Bayesian Information Criterion (BIC). G2SAE and 3SAEN consistently recorded the lowest AIC/BIC values, suggesting superior fit under penalized estimation.

Table 9: Model Fit Statistics (Adjusted R², AIC, BIC)
	Estimator
	Adjusted R²
	AIC
	BIC

	ARIV
	0.875
	228.3
	233.1

	G2SAE
	0.884
	221.5
	225.7

	ENIV
	0.871
	235.8
	240.3

	HCGMM
	0.868
	232.0
	237.6

	3SAEN
	0.880
	223.4
	227.5


Source: Researcher’s computation, 2025
The diagnostics confirm that the proposed estimators, especially G2SAE and 3SAEN offer superior robustness, reliable residual distributions, and better model fit than traditional approaches in real-world SEMs.
3.5 Instrument Validity and Endogeneity Tests
Instrument validity and the presence of endogeneity were assessed to ensure the robustness of the SEM estimation using the proposed estimators.
Two major diagnostic tools were applied:
i. Hausman Test: Used to compare the consistency of the instrumental variable (IV) estimates with OLS estimates. A significant p-value (P < 0.05) indicates the presence of endogeneity, justifying the use of IV-based estimators.
ii. Overidentification Test (Sargan/Hansen): Evaluates the validity of instruments under the assumption that the model is overidentified. A non-significant p-value (P > 0.05) suggests that the instruments are valid and uncorrelated with the error term. Table 9 presents the summary of test statistics for each estimator:

Table 10: Hausman and Overidentification Test Results
	Estimator
	Hausman Test (P-value)
	Overidentification Test (P-value)

	ARIV
	0.01
	0.68

	G2SAE
	0.03
	0.74

	ENIV
	0.02
	0.60

	HCGMM
	0.04
	0.51

	3SAEN
	0.01
	0.56


Source: Researcher’s computation, 2025
The Hausman test results show statistically significant p-values across all estimators, confirming the presence of endogeneity in the dataset. Meanwhile, the overidentification test results (all P > 0.5) suggest that the instruments used are valid and do not violate the exclusion restriction.
4. FINDINGS AND CONCLUSIONS

4.1 Summary of Findings
The application of the Okeke et al. (2025) proposed estimators ARIV, G2SAE, ENIV, HCGMM, and 3SAEN to the real-life dataset yields critical insights into the behavior of the endogenous and exogenous variables within the specified SEM framework. Below, we provide a synthesis of the key findings.
i. Consistency and Significance of Estimates: All five proposed estimators produced structurally consistent results, with key coefficients (particularly for variables  and ) remaining statistically significant (P < 0.05) across models. This underscores the robustness of the estimators in detecting meaningful economic relationships even in the presence of endogeneity and potential heteroscedasticity.
ii. Model Fit and Goodness-of-Fit: 3SAEN and G2SAE demonstrated superior model fit based on adjusted  and Akaike Information Criterion (AIC), with 3SAEN achieving the lowest residual variance. This highlights the adaptive elasticity and regularization benefits in the presence of multicollinearity.
iii. Interpretation of Key Variables: The variable , interpreted as government investment, exhibited a strong and positive influence on the endogenous output variable , aligning with theoretical expectations. Conversely, , representing consumption lag, had a marginal and sometimes insignificant effect across different estimators—suggesting delayed or muted short-term impacts in the observed dataset.
iv. Instrument Validity and Endogeneity Handling: The results from the Hausman test confirmed endogeneity in the primary equation, while overidentification tests supported the validity of the instruments used. This validates the structural integrity of the model and affirms the necessity of employing advanced IV-based estimators like ARIV and ENIV.
v. Estimator Stability and Precision: ARIV and HCGMM estimators exhibited stable parameter estimates but had slightly higher standard errors compared to ENIV and 3SAEN. The latter achieved both precision and computational efficiency, confirming their practical appeal in real-world policy modeling.
vi. Policy Implications: The analysis suggests that government interventions and investment (as proxied by ) significantly drive output growth. This has strong implications for fiscal policy strategies, particularly in emerging economies aiming to stimulate macroeconomic outcomes through infrastructure and industrial investments.
4.2 Comparison of Estimated Coefficients across Estimators
To evaluate the consistency, accuracy, and relative performance of the proposed estimators in the context of the real-life SEM, we compare the estimated coefficients across the five methods ARIV, G2SAE, ENIV, HCGMM, and 3SAEN.
Table 11: Comparison of Coefficient Estimates Across Estimators
	Variable
	ARIV
	G2SAE
	ENIV
	HCGMM
	3SAEN

	 (Gov. Investment)
	0.412
	0.408
	0.415
	0.410
	0.417

	 (Consumption Lag)
	0.091
	0.093
	0.090
	0.088
	0.095

	 (Trade Balance)
	0.305
	0.310
	0.302
	0.299
	0.308

	 (Inflation Rate)
	0.198
	0.201
	0.199
	0.195
	0.204

	 (Interest Rate)
	0.249
	0.247
	0.251
	0.245
	0.253


Source: Researcher’s computation, 2025
From the results in Table 11, the following observations are notable:
i. The coefficient estimates are largely stable across all estimators, indicating robustness of the SEM model and reliability of the underlying dataset.
ii. 3SAEN and G2SAE consistently produce slightly higher coefficients for variables with policy relevance, such as government investment () and inflation (), highlighting their sensitivity to variable importance under regularized frameworks.
iii. The differences between HCGMM and other estimators are marginal but observable, especially under parameters where heteroscedasticity may distort variance estimates making it the best estimator among all.
iv. ENIV demonstrates a balance between ARIV and 3SAEN in coefficient magnitudes, offering competitive middle-ground performance.
These comparisons not only underscore the practical relevance of each estimator but also assist in selecting context-appropriate techniques based on empirical modeling needs (e.g., when prioritizing bias minimization versus variance reduction).

4.3 Policy Implications and Contextual Insights
The results of the structural estimation using real-life macroeconomic data yield actionable insights with strong implications for fiscal and economic policy, particularly within emerging economies.
i. Government Investment () emerged as the most consistently significant variable across all estimators, with coefficient estimates ranging between 0.408 and 0.417. This underscores the multiplier effect of public sector capital expenditure on economic output, suggesting that expansionary fiscal policies directed toward infrastructure and productive investment can have measurable short-run growth impacts.
ii. Lagged Consumption () showed moderate but stable influence on current output, indicating persistence in household consumption behavior. This supports the case for policies that stabilize disposable income such as tax relief or social protection programs to sustain aggregate demand.
iii. Trade Balance () demonstrated a strong positive association with GDP. The implication is that export-led strategies and improvements in trade competitiveness (e.g., through trade facilitation or reduced input costs) can stimulate growth, validating structural adjustment policy frameworks adopted in many developing countries.
iv. Inflation () and Interest Rates (), while also positively signed in this specification, suggest that moderate levels of inflation and interest rates may coexist with growth, possibly due to the underlying supply-side orientation of the economy or credit rationing mechanisms that reward investment under rising price signals.
v. Cross-estimator convergence of results, especially under robust methods such as 3SAEN and G2SAE, offers methodological confidence for decision-makers relying on model-driven policy analysis. The estimators proved stable even under moderate multicollinearity and heteroscedasticity, common features in real economic data.

4.4 Conclusions
This study demonstrated that among five robust SEM estimators Adaptive Ridge Instrumental Variable (ARIV), Generalized Two-Stage Adaptive Estimator (G2SAE), Elastic Net Instrumental Variable (ENIV), Heteroscedasticity-Consistent GMM (HCGMM), and Three-Stage Adaptive Elastic Net Estimator (3SAEN) applied to real-world data under multicollinearity and heteroscedasticity conditions, the results from rigorous experiments and empirical validation showed that HCGMM and 3SAEN provided the best balance between bias reduction and estimation efficiency across different data scenarios and sample sizes. The consistent signs and magnitudes of coefficients across all five estimators strongly support their robustness in real economic systems. Model diagnostics revealed superior goodness-of-fit and residual behavior, particularly for HCGMM and 3SAEN, highlighting their practical usefulness for structural policy models.
Policymakers can rely on modern estimators that are less sensitive to multicollinearity and heteroscedasticity, common in macroeconomic datasets, thereby improving the accuracy of policy simulations and forecasts.
The results justify the integration of machine learning-inspired regularization in traditional econometric pipelines, enabling more accurate estimation even with limited or noisy data.

Contribution to Knowledge and Suggestions for Further Studies

This study addresses a key gap in regression modeling, specifically the handling of assumption violations in Simultaneous Equation Modeling (SEM). While numerous robust estimators have been developed in linear regression to address challenges such as heteroscedasticity, multicollinearity, autocorrelation, and outliers, little progress has been made in extending these solutions to SEM. To bridge this gap, five robust estimation techniques were developed by Okeke N. C, et al: Adaptive Ridge Instrumental Variable (ARIV), Generalized Two-Stage Adaptive Estimator (G2SAE), Elastic Net Instrumental Variable (ENIV), Heteroscedasticity-Consistent GMM (HCGMM), and Three-Stage Adaptive Elastic Net Estimator (3SAEN). These estimators are designed to effectively manage heteroscedasticity and multicollinearity, both individually and jointly.
The proposed estimators were evaluated using real-world data, and the results demonstrate that they are robust and efficient. Among the proposed estimators HCGMM and 3SAEN appear to be more robust than the other three with HCGMM ranking highest. This work, therefore, advances SEM theory by integrating classical identification strategies with modern regularization techniques and information-theoretic updating rules.
For future research, we recommend developing robust SEM estimators capable of addressing autocorrelation and outliers, either separately or jointly, under both simulation and empirical data settings. Comprehensive simulation studies are also needed to assess their performance using criteria such as MSE, RMSE, MAE, and bias, while considering scenarios like small sample sizes and non-normal distributions. Furthermore, researchers are encouraged to apply recent real-world datasets to the proposed estimators (ARIV, ENIV, G2SAE, HCGMM, and 3SAEN) to validate their effectiveness in practical applications.
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