Viscosity Solutions of Stochastic HIB Equations for Utility
Maximization in Fractional SABR Models

Abstract

This work addresses the fundamental problem of portfolio optimization in quantitative
finance, which aims to maximize returns for a given level of risk. Building on previous
research, this study analyzes a portfolio composed of a risky asset and a less-risky asset. The
main contribution is to solve the optimization problem by using the Hamilton-Jacobi-Bellman
(HJB) equation to approximate the solution of a fractional stochastic partial differential
equation (FSPDE), which models the optimal investment strategy. Our main theoretical
results establish the existence and uniqueness of a viscosity solution and provide a semi-
analytical expression for the optimal investment strategy. From a practical standpoint, this
framework provides portfolio managers with a more realistic tool for asset allocation in
financial markets exhibiting long-memory effects.

Keywords: Optimal stochastic control; fractional stochastic Hamilton-Jacobi- Bellman equation,
viscosity solution.

1 Introduction

In quantitative finance, determining an optimal investment strategy represents a fundamental
challenge. The objective is to maximize a portfolio’s return for a given level of risk. The model
we study, inspired by [2], consists of a quantity A\Y of a less-risky asset and a quantity A} of a
risky asset.

Our previous research [12] established that the optimization of this portfolio is governed by
a fractional stochastic partial differential equation (FSPDE), identified as equation (42). Its
solution was approximated via the Hamilton-Jacobi-Bellman (HJB) equation. The following
developments are conducted under hypotheses H1 to H4, previously defined in [12].
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where K1, Ko, K3, K4 are positive real constants.
Under the above hypotheses, we obtained relation (42) given by:
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In this paper, we seek to find an approximate solution to (1)), which is a continuation of our
work in [12].
2 Problem Formulation

Let the pair be 6;(t) = (A?, \}) with ¢ € IR;. The terminal wealth of the portfolio is given by
the relation R, ; = u + fOT A\t dF; with

T
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and
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and o () = aoge?!" | where B, and Z; are standard Brownian motions and W/ is a fractional
Brownian Motion.

Let (92, A, F;,IP) be a filtered probability space, Sy (t,x) the set of admissible and self-
financing strategies, and U C Sy.(t,2). Let us consider the maximization of the following
function:
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witha € Qand 6, € U, Sy, 1 [0,T] x R x Q2 xU — R and K : IR x Q x U — IR, and where
X is a process given by the following SDE:

{dXt = a(taXtvaa et) dt+ﬁ(taXtva39t) thH (5)
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where W/ is a fBm (fractional Brownian motion).

Let L(t,z) = sup |E [fOT Ser (t, X, a,0;) ds + K (X7, a, Ht)} be a solution to the problem (). We
0.€U



note that these types of problems have been studied by [§], [5], [4], [10],[3], [7]. Under certain
conditions in [8],[3] and [6], the authors showed that L (¢, ) satisfies the following HJB equation:
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with the terminal condition £ (z,T) = g(x) where g : R — TR.
In [7], the authors showed that if the coefficients of (4)) are stochastic and under certain regularity
conditions, L (¢, x) is a semimartingale given by:

dL (t,2) = F (t,z)dt + G (t,z) AW, (7)

with € IR, where F'(t,z) and G(t, x) are Fi-adapted processes and L(t, z) satisfies the following

stochastic HJB equation:
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with the terminal condition £(t,2) = g(x) where g : R — IR.

The existence and uniqueness of a viscosity solution to was demonstrated in [5], [11]. We
consider a portfolio consisting of a less-risky asset that follows the dynamics F} and a risky asset
that follows F;f, given by the dynamics of the following fractional SABR model: dFY = rFQdt
and
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See [12] for more details.
We recall here the formulation for maximizing the expected utility of terminal wealth [11].

Definition 2.1. Let W/ be a fBm (fractional Brownian motion). W is a Gaussian process
with continuous paths such that Wo = 0 and W, —WH is independent of o (WSH, s<t,s¢ T).
By definition, the fBm is neither a martingale nor a semimartingale.

The authors in [I] showed that the fBm can be approximated by a semimartingale by inserting
a shift. The benefit of this approximation is significant as it allows avoiding the arbitrage
opportunities that arise from using the fBm.
Let Bf be a fractional Brownian motion. We approximate Bf! by a semimartingale as:
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See [12] for more details.
Let p: [0,7] x Ry — IR, be a function of class C*2 for t € [0,T]. Considering the equation

dFy; = pFydt + o F;dB}, (16)

we can rewrite it using equation as

dFR = p(t) FAldt + v(t) FYxl dBy (17)
with
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3 Maximization of the Utility of Terminal Wealth

Let A? be the proportion of the less-risky asset and A} the quantity of the risky asset. By
definition, we have:

Rin = )\?Fto + )‘tldﬁtc,)f (21)

and using the self-financing property, we can rewrite:

dRyn = MNdF, + N dE}y! (22)
with
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and yield
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Let
vo=NE (26)

be the amount of the risky asset in the portfolio.

and allow us to establish:
ARy a = ag (Ryp) dt + by (Ry p) dWH (27)
with
be (Re.a) = uoi’ (28)

U(x) being a utility function, and using relation (5], we can define:
For all t € [0,T] and v € IR, and let 7|0 < ¢t < 7 < T be a stopping time, the objective here is
to maximize
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Denoting the controlled wealth process by R, we have:
J () = B[V (Ri) 1R = [U (R]))] (30)
and
Vi(@) = v (t,u, ) = sup I (RT3) = sup J(t,u, ) (31)
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The function V is concave and increasing such that W(tw) < 0 and a—(t, z) > 0. The law
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of iterated expectations:
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4 Results

Lemma 4.1. Lett € [0,T] and pn € RY . For any stopping time 7 such that 0 <t <7 < T, we
have:

V(t, p, ) = sup %IGH(}]E [V (T, Ri’“’wt,zb)} (34)

where (t,p) € [0,T] x R .



Proof. Let t,7 € [0,T] such that ¢ < 7. Then
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Relation allows us to write
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For an € > 0, there exists ¢° € Sy, (T, RZ’“’% such that V/ (’7’, RbmY w) —e<J (7’, R7HY, w5>.
Using and , we obtain
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For a very small ¢, we have:
V(b ) > sup B[V (7. R o) | (41)
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Using and , we obtain the final result

Vity) = sw BV (r B, p)) (42)

where (¢, 1) € [0,7] x IR. O

Theorem 4.1. Let x € IRY be a positive real number. Then, for every t € [0,T)], there exists
a pair of Fy — adapted processes (Vi(Ry a(x)), Gi(Ri a(x))) which are differentiable in x and
satisfy the following equation:
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Proof. According to the lemma, we have:

Vi(z) = sup, E [VT (Ri’”’w, w)] = sup E [Vm (Ri’fﬁ’f,wﬂ (44)

and according to , we have:
dVi(u) = Fy(u)du + Gy(u)dW i (45)
using and the It6-Kunita lemma [17] applied to Vi4,(z), and relation , we obtain:
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By substituting the expression for V' (¢ + r, x) into , we obtain:
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By replacing F (t,z), a;, and by with their expressions in , we obtain:
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The optimal strategy v); is reached when the term inside the supremum is maximized. By setting
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5 Conclusion

Dans ce papier nous avons proposé une solution de viscosité via I’équation de HJB pour maximiser
I’espérance de la fonction d’utilité dans le cas du modéle SABR fractionnaire. Nous comptons
faire une analyse de sensibilité et de complexité du résultat obtenu et si possible faire des
simulations numériques.

Cette recherche n’a pas seulement une portée théorique ; elle offre des applications concretes
pour la gestion quantitative de portefeuilles.

Implications pour la gestion des risques : La résolution de 1’équation HJB dans le cadre
du modeéle SABR fractionnaire permet une estimation plus fine de la Value at Risk (VaR) et
de 'Expected Shortfall (ES) pour des portefeuilles complexes, en capturant plus précisément le
comportement de persistance longue de la volatilité.



Optimisation dynamique d’actifs : La solution de viscosité dérivée fournit aux gestionnaires
de portefeuille un cadre robuste pour définir des stratégies d’allocation dynamiques optimales,
notamment pour les produits dérivés de volatilité, améliorant ainsi les performances ajustées au
risque.

Calibration et implémentation : Les résultats obtenus permettent le développement d’outils
numériques avancés pour la calibration des parametres du modele sur les données de marché,
facilitant son adoption pratique par les institutions financieres.

Les perspectives de cette work pourraient inclure I’extension de cette méthodologie a des
problemes de couverture couvrant plusieurs actifs ou 'intégration de sauts dans les dynamiques
de prix pour mieux modéliser les crises de marché.
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