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The estimation of pseudo-differential operators
utilising the coupled fractional Fourier transform
and a certain inequality

Abstract. The symbol class A(R x R xR xR) is discussed. The Pseudo-
differential operators (p.d.o.) A(z,y, Dy ,) and & (z,y, D, ,) involving
the coupled fractional Fourier transform (CFrFT) Fa, o, associated with
symbol classes are defined. Inequality and estimate of these operators are

also obtained.

Keywords: Coupled fractional Fourier transform, Schwartz space, Sobolev
type spaces, pseudo-differential operators.

1 Introduction and motivation

Firstly, Wiener developed the concept of the fractional Fourier transform (FrFT)
in 1929 [1]. In 1980, Namias also explored the FrFT [2] as a means of determining
the solutions to certain differential equations that sometimes arise in quantum
physics. This transformation is crucial for resolving a number of issues in sig-
nal processing, optics, and quantum physics [2-11]. A variety of mathematical
analytic fields have examined the FrF'T, which is a generalisation of the Fourier
transform. Fourier transform of a function ¢ € L;(R), represented by ¢, is de-

scribed as
- 1 4
o) = 5= [ eorcrac
R

o
so that its inverse is given by
T o

o0 = = /R = F(m)dn < oo.

FrFT [4,12-20] of a function of a function ¢ € L;(R) with parametre o, denoted
by (Fa®)(n) = ¢a(n) is given in L; (R) as follows:

(Fad)(n) = Baln) = /R Ko(C,m(C)dC (1)
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where the kernel K, ((,n) is given by

i(¢2+n?) cot o

Cope~ 2z~ KWCSCCO‘, a#nm,n €l
L =il -
Ka(Gn) = F(C ”) o
0(C+n), a=(2n+ 1),
C, = |/ Lteote
The inverse27(r)f (Fa)(n) is as follows:
/ RalCo) (Faip) ) 2
Kol = —1<c tn?)cota e esca

and K (C7 ) —a(Can)'
We consider that a = (a1, a0), x = (z,7), y = (v, ),

Icoc (X7 Y) = K:oq (:Ev U)-’CaZ (ya C) = K:al,az (377 y,n, C)7 where K:oq (!L‘7 77) and ’Caz (97 C)
explained as above.
The coupled fractional Fourier transform (CFrFT) [21-23] is explained as follows

[Fadl(1,€) = [Fay.en (1, ¢ //Kal as (T, 4,1, Q) (w, y)dxdy.  (3)

The inverse of (3) is defined as follows

o, y) = / / R on @90 Far o 81(, €)ddC. (4)

Definition 1. A tempered distribution ¢ belongs to the Sobolev type spce H? (R x
R), and s € R if a locally integrable function (Fa,,as®)(&,n) over R x R such
that

||¢||s—( /] |{<1+s|2><1+|n|2>}%<fa1,a2¢><f,n>|2dnds)2<oo. (5)

H*(R x R), is a complete space.

Definition 2. The collection of all complex valued infinitely differentiable func-
tions which are defined over RxR, is denoted by ' (RXR). Now ¢(€,n) € SRxR
for every selection of Iy, la, m1, ms € Ny for which
M amg

I“ll, lz — su xll l2
ma, mg((zb) (I,y)e%XR y 632”‘1 8ym2

¢(z,y)| < oo (6)
The spce ' (R x R) denotes the dual of /(R X R).

Theorem 1. We have
(Z) D;,yKOq,az (.23, Y, C) = {7'(77 cscag + C CSC a?)}TKoq,az (377 y,n, C))
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(1) Jo Jg (@ 9) D5y Ko s (2, ., () dxdy

= o Je Kal,ag(m Y1, C) (D ) p(x, y)dady,
(i) Foy,a2{(Dy, )"0 (, y)}(1, Q) = {i(n cscan + csc a2)} (Fan anip(@, 1)) (1,0).
for all v € N, where Dz’y = [0z + 0y +i(zcotar +ycotag)], D, = —[0: +
0y — i(x cot a1 + y cot az)].

Proof. See [21].

2 Symbol Classes

The class A is the set of all functions a(x,y,§,() € C*(RxRxR—{0} xR—{0})
and for t; > 0, to > 0, a(z,y,t1&,t2C) = a(x,y, &, () with

lim = a(00,00,&,() < 00.
(Iz],lyD)—(o0,00) ( &¢)

a(00,00,&,() is also a C*-mapping.

Now we introduce a'(z,y,£,¢) = a(x,y,&, () — a(00,00,&, (), assume the esti-
mates

ok ot gm on

2 2 /
(1 +2"+y°)? @@%ﬁ@a (,9,6,Q)| £ Cpiei,myns (7)

here, p=1,2,3,....., and k, I, m, n are natural numbers.

Theorem 2. (i) We get |a(c0,00,&,¢) — a(o0,00,8,n)| < C((|€ — 8|+ ¢ —

1)/ (1€l + 1<+ 18] + Inl)),
(ii) The estimates (1 + z%cscay + y?csc?as)P|Fayas (@) (2,9, &, Q)| < M,
p=1,2, 3,4, 5.

(iii) (1 + z®csc®ar + yPesciag)? I}'alm(a’)(w Y,6¢) = Faraa (@), y,0,m)] <
M, (1€ — 5|+|< n) (€l + K]+ o]+ )~ V€, ¢ 6, n e R—{0}, Va,y €
R, p= .. being

f@d@@%&@j@émwﬂwmwﬂmwﬁww

are verified.

Proof. (i) Similar proof of Theorem 1 (a)[24].
(i1) We get the equality

1+ 2esctar +y 6802042) fal,w(a/)(x,y,f,()
//Ka1 a (t,u, x,y) (I — DL, y)pa/(t,u,f,()dtdu, (8)
!

D, (zeotay + yeotas)

{w+@‘l
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and therefore is verified the estimate
‘(1 + 22ecsctaq + y2csc2a2)”fal,a2 (a')(z,y,&,Q)

< Cal Oaz / /(1 + t2CSC2Oé1 + UZCSCZO‘Q)(]KI - D;,t,y)pa/(t7 u, 67 <)|
R JR

x (1 + t?csc®aq + u?csc?an) " Udtdu
1

<C,,C,C dtdu =M
= et /R/R (1+t2esc?ay 4+ ulesc?ag)? v p

for q sufficient large.
(ili) We get

(1 + 22escay + y2esc?an)? | Fayon (@) (2,9, €,C) — Fay s (@) (@, y,6,1)]

= [ [ Fasltnaa)( +Pesar +uiestan)(1 = DL,
X {a’(t, u, &,¢) — d'(t,u,0,n) | (1 + t2csc?ay + uPesc?ay) ~Ydtdu.
Let us put now
bp,g(t,u,6,C) = (1 + tPesc®ay + uPesc®az)?(I — D), )P’ (t,u,,¢). (9)

We obtain then the estimate

(1 + 1268020[1 + ychCQOéQ)p“Fal,Oéz (a/)(.’b, yvgv C) - fa1,a2 (a/)(xv yv 63 77)

< |Omca2\//
RJR

Consequently, the estimate

bpg(t,u,&,¢) —bpq(t,u,d, n)‘(l + t2esc?an + uescPan) T dtdu.

bp.q(t; u, &, C)=bp.q(t, u, 5,77)’ < Day oy (|€=01+|¢=n)) (€] +[¢|+ 0] +In) 7. (10)
It can be easily proved from (ii), (9) and (10).

In 1965, Kohn-Nirenberg and Hrmander [25] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, pri-
marily in a local context, to examine local regularity and local solvability of
PDEs.

Pseudo-differential operators on R, are standard or conventional general-
izations of partial differential operators or ordinary differential operators and
singular integrals.
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3 P.D.O. A(z,y, D, ) related to Fa, a,

Let us define, for any ¢ € S*(R) and x,y € R, a mapping (A(z,y, D}, ,)¢)(x,y),
by

(A, D% )8)(w.0) = [ Koy (t0,2,)Goy ), (1)
R
where the mapping G, a, (t, 1), given by

Gay o, (t,u) = a(oo, 00, t U¢a1a2(t u)

//ao“"12 — &= 0,1, 0)Pay 0 (§, ) dEdn.

Evidently, it has to be proved that G, a,(t,u) is the Coupled fractional Fourier
transformable, in fact, we have G, o, (t,u) € L1(R x R) as clearly, it is enough
to demonstrate that

L] [ anaatt = 6ou =800, (€ n) decnat < o
rJRJRJR
we have in fact, Vp =1,2,3, ...
/ / ‘C/l\/al,az(t - f,u - 777t7u)¢a1,a2(§777)|d§d77
RJR
< Mp/ /(1 + |t = €)% esc?ay + Ju — n* csc? ag)_p@al,az (&, m)|d€dn.
R JR
This last expression is the convolution between (1 + [t|?csc?aq + |ul? csc? ag) P
and |@a, ,a,(t, u)|. When p is large enough, both are integrable.
We obtain
st = €0 = 0 8,0) 5 (€ ) b < .
R
Hence, A¢ is bounded on /(R x R) and is also continuous. Hence
[Faraz (A) 0] (t,1u) = a(00, 00, t, 1) pa, as (t, 1)
+ /]R /]R a/al,az (t - ga u—=1, t7 u)(bcn,az (67 n)dfdn

is verified in .’/(R x R).

4 The P.D.O. &/

We introduce an operator & of .(R x R) in /(R x R) as follows:

[ 8)(z,y) = / / Koy oy (1,2, ) Aoy oy (£, u) bl
RJR
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where, for ¢ € S, the function 7, is introduced as

1,002

Hovs o (L, 1) (12)
= (50,00, 1, 0)d o t,0) + T iy [ [ oot tinam syt
RJR
X oy s (= A1, 0 = A2yt 1)y an (A1, A2)dA1dA2,

Vo e S andt#0, u#0eR.
Similary, we can prove that the mapping .27 is continuous, bounded.

Theorem 3. For the symbol a, let A : L?(R?) — L%(R?) be a pseudo-differential
operator such that a =@ and a > 7. Then for every e > 0, 3 a constant C’(e)
such that for ¢ € (R x R)

Re(A¢, d)r2@ge) + C' (0121 = (v = )l 72 muz)

18 verified.

Proof. 1t is obvious that we get the inequality
a(xayvgan) -7 +e > €

We assume b(z,y,&,n) = (a(z,y,&,n) —v+€)%, 2, y €R, [¢[ = 1 and |n| = 1;
for arbitrary € # 0, n # 0 € R, we put b(.,.,&,n) = b(.,.,%,ﬁ). Thus, the
homogeneous order of b is zero. Easily verify that

3l‘kaylafm377nb/($ay7fﬂ7) < Op,k,l,m,n(l + |I|2 + |y|2)7p'

It also holds for da'(z,y,&,7)

For the symbol b(x, y, §, 1), we assume the operators B(z,y, D, ) and %(z,y, D, ).
We obtain

1) the order of &7 — (y —€)] — B.B is < 0.

It implies that the order of BB — b*(x,y, D}, ,, D}, ) is also < 0.

2) Let U : .7 (RxR) — ./ (RxR) with the inequality ||U¢||s < C||¢||s_1, s € R.
Thus, we obtain

Re(U. d)o > ~C'l6 y: V6 € # (R x ).
In fact, we obtain obviously the estimate

[Re(Ug, ¢)ol < [(Ug, d)o| < IUS[slloll-s

by Schwartz’s inequality (Generalized)

(&, ¥)ol < M@lsll¥ll-s, Vo, ¥ € Z(R xR).

Hence
Re(Uo, ¢)o|l < Csl|dlls—1l[¢ll—s, Vreal s, ¢ € (R x R);
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we take s = % and obtain

[Re(US, 6)o| < Cyllo

therefore is
Re(Us, 6)o = ~Cyll6]12;.

By combining 1) and 2), we deduce that

Re((A = (v =)l = #.B)¢, ¢)o > —C1[6]2,, Vo € /(R xR)

Re(A46, ¢)o = (v = )]l — Re(#.-Bo, )0 > ~Cyllo]2 4
Re(4¢, ¢)o — (v = )llglls — 1Bl§ = —Cyl14]I2 1
and therefore

Re(A¢, ¢)o+ Cillgl2y > (v = o)lloll5, Vo € S (R x R).

Theorem 4. For the symbol a, we consider the operator A. Let be # = max{|a(s,t,u,v)] :
s, t € R and |u] = |v| = 1}. We have the inequality

[A(z,y, D ) )¢llo < (2 + €)l|dllo + Csllll-1:
for ¢ € L (R x R), is verified, where Cs as a constant.

Proof. In fact, let be b = aa = |a|?; Consider B(z,y, D, ) as the operator

related with the symbol b; after that o/ related to @. We obtainthat the order
of B—a/Ais <0.
From Theorem 3 and 2), we get

Re((B = A A), )r2xw) = —Cyll6l° 1, Vo € S (R x R)

1
2

and therefore:

Re(B9¢, @)r2rxr) — Re(.Ap, ¢)r2mxR)
= Re(Bg¢, ¢)o— |9l > —C%||¢||2_%7 Vo € (R x R) (13)

Let us consider now the symbol o = .#2 — a@ which satisfies obviously the

condition of Theorem 3.

Puting v = 0 in Theorem 3, Ve’ > 0, 3 C’(¢’), for ¢ € S (R x R), we get
Re((#? = B)p, d)o+C'(€)l¢]2 1 > —€[10]3 (14)

By adding (13) and (14), we arrive at the inequality

A2N6113 — 140115 + C' ()0l = =Cillgll2 y — € llll5
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14015 — (2% + )5 < Cr(e)lll 5
1415 < (2 + Nlll§ + Cr()lIgll2 1, Vo € F (R x R), Ve' >0
and applying \/f + g </ f + /9, f, g > 0, we obtain for constant C; (') > 0;
14l < (& + Ve)ll¢llo + Ca(€)] @] _1- (15)
On the other hand, €’ >0, Iy(e"); [[¢l_1 < €”"[|gllo + v(€”)[|#]|-1 Whence we
obtain, from (15), the estimate
1Al < (& + Ve)ll$llo + Ca(€)e”|8llo + () Ca(e") ] -1-
Taking € with Ve’ < 55 and Cy(¢')e” < §; after that we obtain
[4dllo < (A +€)l¢llo + ' ()lldll-1, Ve >0, Vo € Z(R x R),
where (e")C2(€”) = +/(e) is a constant.

Theorem 5. Let a be a symbol: # = maz{|a| : z, y € R and |§| = |n| = 1}
and A the associated operator and the collection of operators with order < 0 is
denoted by Go.
Then we have

inf{||A(z,y, D, )+ T|: T € Go} < X

Proof. Actually, we need to prove that if Ve > 0, then there exists a zero order
operator U, as follows:

1A+ U)ol < (A +¢€)llollo, Vo€ L*(RxR).

We construct the operator U, by using a function ¢ € C*°(R xR), v¥r, r,(&,n)
depends on the parameter Ry > 0 and Re > 0, such that 0 < ¢g, g, (£, n) <
1, ¢R1,R2(€7n) = 1 for |§| < 2Ry, |7]| < 2Ry, ¢R1,Rz(§a77) = 0 for |§| 2
2R1, ‘77| 2 2R2
The operator Ug, r, = —AYR, r,(D,,) is of order < 0; in fact, we have for
every ¢ € (R x R), the estimates

IUr,,r.9lls

= HAthRQ (D,z,y)qs”s
< Cs,ahaz ||¢317Rz (D/w,y)¢||é

CConre, ( | a1+ Py, € mides o (&n)leﬁdn) 2
RJR

-

1
2

<C(/ / <1+|£2>5<1+|n|2>8|$m,a2<f,n>2dfdn)
|€]<2R1 J|n|<2R2

= 0510417042

([ I 4 P a1+ P
[£]<2R1 J|n|<2R2

S (1 + 4R%)(1 + 4R§)Cs,oc1,a2”¢us—l-

1
2
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By using here above Theorem, we get

(A= Avr, r,(D; ) ollo
= [[A(I =Yg, r, (D% ,))8ll0
< (A + I = YR, 7 (D )00 + Csar s | (I = YR, Ry (D))l -1

Remark that we have

||(I - wR1,R2 (D;,y))QSHO

[N

= </R -/R (1 - thRQ(fa77))2|$a1,a2(€777)|2d§d7]) < ||¢H0, d) €cc y(R X R)
and also that

1 = s (Dl )61
( / / 1= s (€)1 cn 1) (1+|€I2)1(1+In|2)1d€dn>

([ uml€mPa+ ) 1+ ) aan)
|€|=R1 J|n|>R2

< (<1 IR [Ref?) / / 1Bor 0n <£,n>|2dsdn) 2
[€|>R1 J|n|>R2
=1+ |R2)7E1 + R[22 |60

Nl

Whence we get
I(A + Ur, rpy@llo < (H + )|6llo + Coaran (1 + [Ra*) 72 (14 [Raf*) 72 [ ]lo.

We choose RS and RS such that Cy o, a,(1+ |RS[2)72 (1 + |RS|2)"2 < ¢ hence
we get finally
(A + Ug, r)¢llo < (A + 269l

and this proves Theorem 5.

Theorem 6. If a(z,y,&,n) is a symbol for x, y, £ #0, n #0 € R, 2 is an
open set, and Ao = maz{|a(z,y,&,n)| : z, y € 2 and |§| = |n| = 1}. Next, for
any € > 0, there exists a constant Cs o, o, and

”A('rv:% )ngO (C%/Q + E)”d)HO +Cs, 041,012||¢||7l7 Vo € CVO (ﬁ)
be verified.

We deduce this Theorem from Theorem 4 by means of some additional reason-
ings. We have following

Lemma 1. For, Ve > 0 there is an open set 2 C 2. such that the relation
Ha. < Ko + € is verified.



UNDER PEER REVI EW

Proof. In fact, we have, for every zo, yo € R, |a(z,y,&,m) — a(zo,y0,&,m)| < €
if =0, <x—xo <9, =0/ <y—yo <0 and {#0, n#0¢€R; here 6, 6’ do
not dependent on x, and y, respectively.
Let us take

2. =0
S(2o,00) ={z: |z —xo| <6} and S(yo,0”) = {y : |y — yo| < 8}. Therefore, if
t, u € 2, we have t € 2 or t € S(z*,0.) and u € 2 or u € S(y*,d") for certain
x*, y* € 012. In the first case, we have |a(z,y,&,n)| < max{|a(z,y,&,n)| : [£] =
|77|:17 €, yEQ}:Ji/Q
In 2"¢ case, we have

|a(tau7€7n)| < ‘a(t7ua§7n) _a(x*ay*a§7n)| < 6+%/Q

Hence, for every t, u € £2., &, n € R — {0}, we get |a(t,u,&,n)| < e+ Hp.

Proof of the Theorem: Given ¢ > 0, and ¢ € C°(f2) we construct 2. given
in the Lemma. 3, a mapping x.(z,y) € C° as follows:

1, on sup ¢
Xe(T,y) = {0 v y e,

ie. 0 <xe < 1.
Obviously x.(.,.) is a symbol, and v, = x.a is another symbol.
Furthermore, v.(z,y,&,n) = 0 if z, y € 2¢; hence, we have

max{|ye(z,y,§,m)| : x, y € R, [¢§] = [n| = 1} < max{la(z,y,&n)| : =, y €
R, [f|=In| =1} = Ho < Ho, +e
We define I'(z,y, D, ,) the operator by using ~..
We obtain
I = A(xe)-

In fact,
ForsaaTe(@,y, Dy )0l(€,m)
= /R/RKal,m(fc,y,é“,n)(xs(%y)a(w,y,&n))qﬁ(ﬂc,y)dmdy
= For,a: [ A, 4, Dy ) J(Xe)|(€:m), Vo € S(RXR), ¥E#0, n#0€R.

Hence, we get

g = A(xc9), Vo € L (R?).
Thus getting the decomposition
¢ =xep+ (1= xe)o
and
Ap = A(xe9) + A((1 — x)9)
=TIp+ A((1 = xe)9),
as it is 1 — xc(w,y) = 0 on sup ¢, then it is (1 — x.)¢ = 0 on R?, and therefore

Ap=T.¢.
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Hence, applying Theorem 4, we get

[ Adllo
= ”Fﬁ(x’ y7D:/v7y)¢||0

< (max{he &l oy € Rand Il = il =13+ €) ol + Clol
< (Ko + 299l + C.lll_y
and this proves the Theorem 6.

Theorem 7. Let A(x,y, D, ,) be operator related with the symbol a(z,y,&,n)
and Gy be the set of zero order operators. Then we obtain

inf |A+T| > 7.
TeGo

Proof. Combining with Theorem 5 we deduce equality
inf |[A+T| =%,
T€Go

which achieves the result of Theorem 7.
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