


                  A note on the concept of absolutely –summing operators
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                                                             1.Introduction
The theory of absolutely summing operators was first studies by A. Grothendieck [1] in his paper in 1950.Further work of Pietsch [2] and Lindenstrauss- pelczynski [3], absolutely P-summing linear operators have come an important field of investigation in field of functional analysis and also have played a crucial role in the development of the theory.From classical linear analysis we know a series in  converges absolutely iff it is unconditionally convergent,this result was proved by J.P.G.L. Dirichlet in 1829. This situation is quite different in infinite dimensional Banach spaces. In every infinite dimensional has an unconditionally convergent series which fails to be absolutely convergent was raised by Banach [4]. In 1950, A. Dvoretzky and C.A. Rogers [5] solved this question in the positive. The idea behind the nativity of the notion of absolutely summing operator was investigating linear operators that transform unconditionally convergent series in to absolutely convergent series. A linear operator between Banach spaces is said to be absolutely summing if it carries a weakly unconditionally convergent series in to absolutely convergent series. We state a result from [5],
Theorem 1.1  The  unconditionally convergent series and absolutely summing convergent series coincide in a Banach space  if and only if .
A. Grothendieck proved that every continuous linear operator from   to  is absolutely summing. In 1967, for each , A. Pietsch introduced the notion of P-absolutely summing operators which became an area around the end of 20 century. Every convergent series of real numbers  has situation either for every permutation  of ,   converges if and only if  is converges or there are permutation  of  for which  is not convergent, that means for each  there is a permutation  of  such that  or the resulting permuted sum is diverges to . First is due to J.P.G.L. Dirichlet in 1837 and other  appear in the work of B. Riemann in 1854. The unconditionally summability of absolutely summable sequences in a Banach space is the first consequences of completeness observed by S.Banach in his thesis in 1922.
                                           2. Notations, definitions and preliminaries
Throughout this paper  will stand for Banach space and  for the dual of  and  denote the closed unit ball of . denote the space of bounded linear operators from  in to  and  stands for Banach space of all operators from  to  and  be a subspace of . Let  form Banach space with norm  and  
and , where   and  denote strongly summable norm and weakly summable norm respectively. 
Let  , a continuous linear operator  is -summing if , where   , Equivalentlly, a continuous linear operator  is -summing if there exist a constant  such that 
                                    (1)
It can also be replaced by, there is a constant   such that 
    for all                    (2)
We denote  by the class of absolutely -summing linear operator from  to  , and   if  is said to be class of absolutely -summing and  if . 
The smallest of all  that satisfy the above inequalities (1) and (2) defines a norm and it is denoted by  or () and with this norm  form Banach space.
Lemma 2.1  is a linear subspace of  and norm  Satisfy .
Proof:  since   and from (2), with , we get 
 Let  and  and &  , we obtain 
               
	
This implies that  is a suitable constant such that (2) is true for  and consequently                                                      (3)
Hence , is a linear subspace of . Clearly  and  also satisfies triangle inequality. The absolute homogeneity of  follows from (3) together with , now using the closed graph theorem, the inclusion map  is bounded, that means there exist  such that  for every .
The following characterization of absolutely -summing operators is well known by [6,7];
Theorem 2.2  let a continuous linear operator , the following statements are equivalent:     
(a)    is absolutely -summing ,
(b)  map unconditionally convergent series in  in to absolutely convergent series in ,
(c) there exist a constant  such that for any finite set  in , 
                                     (4)
The smallest value of  such that  (4) holds is said to be the absolutely -summing norm of . 
It is well known that every absolutely -summing operator  is Dunford-Pettis and weakly compact by [8].
Lemma 2.3  ( From classical theory) let  be the set of all finite subset of natural number  and  be a Banach space and  a sequence in . The followings are equivalent: 
(a)  converges unconditionally,
(b) for all 
(c) ) for all  such that 
A continuous linear operator  takes unconditionally summable sequences to absolutely -summable sequence, if  , whenever,  converges unconditionally in .
Theorem 2.4 Let  and  be a Banach spaces. A linear  operator  is absolutely -summing  if and only if it takes unconditionally summable sequences to absolutely summable sequences.
Proof: let assume   is absolutely  -summing operator and a given unconditionally convergent series  in . According to lemma 2.3 , we find , such that 
   , since,
   is weakly summable, since  is bounded, by lemma 2.3 and we conclude an operator   such as , hence .
If ,we suppose  is not absolutely -summing, then for all , there exist  in  such that          
We multiply by a suitable constant with sequences such as  for each , and hence that,                                  (5)
We define a sequence   in the form as     and this is turn out to be unconditionally convergent where as , For fix  and choose  such that  ,with  and using (5) ,we obtain
     , for every  with 1.
Hence , satisfy property (c) in lemma 2.3 and this is unconditionally summable, and  implies that  is not strongly -summable. Hence the proof.
We recall some results in the context of absolutely -summing operators.
Theorem 2.5 ( Dvoretzky-Rogers theorem, 1950) If , then  if and only if dimension of Banach space  is finite.
Theorem 2.6  ( Grothendiecks inequality) Let  be any Hilbert space and , every matrix  and any vectors  in the unit ball of  then there exist a positive constant  such that the following inequality holds, 
   , where  and  are scalars (real/ complex)
A Banach space  is a GTspace or that  satisfies Grothendiecks theorem if there exist  such that every linear operator  is 1-summing and satisfies , and such least constant  is denoted by .
Proposition 2.7 By[9], Let  be a GT space, then every linear operator  is 2- dominated and  .
For , a Banach space  is said to be cotype  if there exist a least constant  such that, for every , we have ,  ,  where  is Rademacher function that is  ,, and such least constant denoted by  .
Theorem 2.8 ( Khinchins inequality) Let  , there are positive constant  such that, for every sequence  , we have,
                    (6)
Theorem 2.9 (Kahanes inequality) If   , and  be any Banach space then there exist a constant  such that 
    .        (7)
Theorem 2.10  Every bounded linear operator from  to  is absolutely 1-summing.
Proof: let  be linear operaor and  be the sequence of the canonical projection, that means , let  then , Now let  with ,
    , where , with 
It is easy to show that , .
We denote,   and  , for any .  We can easily verify that for any positive integer  with  , we have , , 
Let   and   with , from Hahn-Banach theorem and Riesz-representation theorem , there is  such that  , therefore, 
Take , we set , hence 
Now, by Grothendieck inequality, for each  with  ,
               (8)
Since  as , then (8) becomes , we have , . hence complete the proof.
Now , we recall terminology concerning operator valued measures (see [12,13]), we suppose that  is an -algebra of subset of completely regular Hausdorff space  and  is a countable additive measure. We denote semivariation  of , where  is -partions of  and  for every .
And the variation of  on  is denoted and define as , For , let  define as the measure by  , where .
Since for a finitely additive measure , we have   for , and for  let  for .
We define strict topology  on  which play important role in the topological measure theory. Let  stand for the stone-cech compactification of  and  denote the family of all zero set of continuous function on  . For a set , let  where  denote extension of  on  .
 For each  ,we define   , for . We denote  be locally convex Hausdorff topology on  and define as the family of semi norm  and strict topology  on  determined by  , is the greatest lower bound of the topologies , as  over  . and  is a locally convex solid topology on            ( see[10]). Let  and  be the algebra of baire sets in  which is the algebra generated by the family of all zero set in , where  where  and  denote the space of all countable additive real value zero-set regular measures on  .
A linear operator  is said to be dominated if there exist a positive additive measure  such that ,
                  , for , this means  is dominated by .
We define canonical embedding on Banach space , denoted and defined as  by  ,for . And  denote space of all finitely additive measure  with  such that  for each  and  has unique extension  such that . More notation and terminology will be introduced when needed.
                                  3. Characterization, properties and results
Let  and let  be a subspace of . An operator  is said to be -summing if there exist a constant  such that ,
                , for every   and every .
Let  be the set of all regular Borel probability measure on .
Theorem 3.1  let  and  then the following are equivalent: 
(a)  is -summing ,
(b)  maps a sequences  in to sequence  ,
(c) the linear operator  defined by  is continuous .
Theorem 3.2 Let are Banach spaces and  , a bounded linear operator  is absolutely -summing if and only if there exist a constant  and a Borel probability measure  such that ,
                                                             (9)
Proof:  we suppose given result (9) is true then it is easy to prove that  is absolutely -summing. For the converse, since  endowed with strong operator topology with operator norms.
For a given and  , the set  is open neighbourhoods of orgin. Consider the compact set  of the probability measure in  ( the convex -compact set of all regular Borel probability measures on ) . for each  in  and  we define  such as , and  be the set of all . It is easy to show that  is concave and each  is continuous and convex.
Again, for each  there is a measure  such that . Now from compactness of  and Weierstrass theorem there is a  such that  , then we cosider the Dirac measure  and we deduce  , so By Ky Fan lemma[11] ensures that there exist a  such that  for all  and by taking arbitrary  with . Hence the proof. 
Theorem 3.3 (Botolho-Santos) Let  be a subspace of  and  be -summing operator then there exist a constant  and such that 
                   for every ,                      (10)
Proof: For any , and , we define  as 
          , where  is constant
It is easy to verify  is convex  and compact set with -topology, because the real- value continuous function.  is -continuous on  and this function attains its supremum at some. Since  is -summing, we get . 
Since the collection of all such function of the form  is a convex cone in , again since   and , we have ,   where  , hence by Ky Fan’s Lemma [11], there is  such that  for all function of the form  .and hence the inequality (10) hold for all  . hence complete the proof.
  For any Banach space  and let  be a linear operator, there is a vector measure  of finite semi-variation such that  , , where  denotes the semi variation of , this vector measure  is called the representing measure of .
Theorem 3.4 Let  be bounded operator whose representing measure  has a control measure , then the following are equivalent; 
(a)  is absolutely -summing,
(b) For every wuc series  in  and every sequence  in  we have     , where  is the function corresponding to .
Proof: we prove (a)(b) since  is absolutely -summing and  has control measure  then , where Let  be a wuc series in  and let  be a sequence in . Let  be a scalar continuous function on  such that  and  ,   since  is weakly unconditionally convergent (wuc) in , then 
    
	
	.
(b)  (a) since  has control measure  then , where  and  be weakly unconditionally convergent series in , let  be a sequence in  such that   for each . Then,
 
And hence  is absolutely -summing. Hence  complete the proof.
Proposition 3.5 Let be a dounded linear operator and  is representing measure of  ,then the following statements are equivalent;
(a)  is dominated,
(b)  with supremum norm and such  is the least positive finitely additive measure on  dominating 
Theorem 3.6 Let  then there exist  such that  for all  .
Proof: Let  be a sequence of operator in  and  and  and  as , then 
   
This implies  is a zero operator, and by the closed graph theorem, the identity operator  is bounded, hence ,there exist  such that . Hence complete the proof.
Theorem 3.7 [12]  Let  is a dominated operator and is representing measure of  then the following statements holds;
(a)  is  continuous, 
(b)  for each  and  has a unique extension  such that , 
(c)  and  is the least positive measure in  dominating  .
Theorem 3.8 Let  be Banach spaces and  be a subspace of  ,then the following statements are equivalent; 
(a) ,
(b) every dominated operator  is absolutely -summing.
Proof: (a)  (b), let (a) is true and  is a dominated operator, then by theorem 3.7  for each  and  with . Since there exist  such that  for each  , we get  and hence  is absolutely -summing.
(b) (a), suppose (b) is true and  be a sequence in  such that  for each  . for a fixed , , let  for  then , so there exist  such that   for . Let , we define  for  then  is a linear operator and for  we have
  ,  where 
And  be unique extension of . This implies  is dominated and absolutely -summing. Now we define  be a bounded operator in such as for each ,that . Thus  and it follows that  , since . Thus we get  . Hence complete the proof.
Theorem 3.9 Let  be an absolutely - summing - continuous operator and  such as   then  is dominated by  where  is extension of .
Proof : since ,  , where . Such that . Then ,
  , where  and  is pairwise disjoint set in  . thus  and hence  and it is finite, this means , we get, for , . Hence is dominated by . Hence complete the proof.
Theorem 3.10 Let  be an absolutely -summing, then for each , the representing measure  is the  map  is also absolutely –summing.
Proof : since we have,  , , for the representing measure  and  be the characteristic function of  and  be continuous linear functional on  by . If  is weakly unconditionally convergent in  then  is also weakly unconditionally convergent in  and hence  is absolutely -summing . hence complete the proof. 
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