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Abstract:     This paper examines the performance of two methods of parameter estimation namely Hotelling procedure and Kendal procedure against a newly proposed method in canonical correlation model for three data sets under nonlinearity and skew-normally distributed assumptions. Estimates of the parameters were obtained and compared using Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC). Simulation study was carried out for the least possible case in Canonical Correlation Analysis (CCA), in which there are two variables in the three data sets, that is,  ,   and  . 8 levels of skewness and 5 degrees of nonlinearity were mixed to give 40 combinations of synthetic datasets. Each degree of nonlinearity represents a nonlinear function. The functions were selected such as to represent the basic nonlinear models that are usually seen in real-life applications. Results obtained showed that Hotelling procedure and the proposed gave exact and correct values of   for case of linearity but differ slightly for case of nonlinearity while the Kendal gave  values that are far away from the true  values for different degrees of nonlinearity and different levels of Skewness.
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1.0  INTRODUCTION: 










Until recently, Karl Pearson Correlation analysis was one of the most popular methods to measure linear association between two or more than two variables in a data set. For example, the standard Pearson product moment correlation coefficient (r) measures the extent to which two variables are correlated. The study of simple correlation () between two univariate random variables  and   is of immense importance in real life circumstances because most variables in practice show some kind of relationships. For example, there is a relationship between price of items and their supply, income and expenditures etc. We can equally estimate the value of one variable given the value of another by the help of regression analysis. Hence, simple correlation () is the covariance between the two variables   and    denoted as , normalized by the geometric mean of the variances ( and ). It is written as ,

									      	 (1.1)
which can also be expressed as

								(1.2)




where  is the expected values of the random variables. The maximum likelihood of  is obtained by replacing   and  in Equation (1.1)  by their maximum likelihood estimators. The statistic obtained is called the Pearson’s correlation coefficient.
Canonical Correlation is an additional procedure for assessing the relationship between variables. Specifically, this analysis allows us to investigate the relationship between two sets of variables. For example, an educational researcher may want to compute the (simultaneous) relationship between three measures of scholastic ability with five measures of success in school. A sociologist may want to investigate the relationship between two predictors of social mobility based on interviews, with actual subsequent social mobility as measured by four different indicators. A medical researcher may want to study the relationship of various risk factors to the development of a group of symptoms. In all of these cases, the researcher is interested in the relationship between two sets of variables, and Canonical Correlation would be the appropriate method of analysis.
Canonical Correlation analysis was developed by Hotelling (1936) as a multivariate statistical technique which is concerned with the maximization of the correlation between two linear functions of two sets of random variables. It is employed in testing for dependence among two sets of variables. It is especially useful in data reduction and could be applied in instances where a researcher may be interested in the level of association between sets of variables. 





Canonical correlation analysis forms linear composites, that is, canonical variates  and  from each set, then develop a function that maximizes the canonical correlation coefficient between the two canonical variates. These canonical variates  and are interpreted as canonical loading, which is the correlation between the individual variables and their respective variates. 


According to Onyeagu et al. (2014), it is important to note that as the Canonical Correlation decreases in size, the relationship between the corresponding canonical variates becomes weaker and the consequent predictions become less accurate. Although, the technique is of some interest in the study of relationships between two sets of variables, and may even provide some useful predictive models, it can be seen that their scope is very limited. This is because they only predict linear combinations of the  and  , and furthermore the linear combinations that they predict are determined by the data and are not under the control of the investigator. Based on the above demerits of the Canonical Correlation, Kettenring (1971) developed and compared extensions of Canonical Correlation to k sets of variates. He has also given iterative schemes for the computation of the correlations and coefficient that is user friendly. However, it was Van de Velden and Biljmolt (2006) that explained the work by Carroll and Chang (1970) in which they introduced the Generalized Canonical Correlation Analysis (GCCA) which allows for several sets of variables to be analyzed simultaneously. This makes the method suited for the analysis of various types of data especially in situations where subjects may be asked to rate a set of objects on a set of attributes. In this case, for each individual, a data matrix can be constructed where objects are represented row-wise and attributes column-wise. Then using Generalized Canonical Correlation Analysis, a graphical representation, sometimes referred to as a perceptual map can be made on the basis of the individuals’ observation matrices. The advantage of the Caroll and Chang’s approach to Generalized Canonical Correlation Analysis is that it has some attractive properties that make the method well fitted for the analysis of multiple sets of data. This is because computationally, the method is straight forward and its solution is based on an eigen- equation and the method is closely related to several well known multivariate techniques such as principal component analysis and multiple correspondence analysis. 
2.0  METHODOLOGY:  DERIVING CANONICAL FUNCTIONS FOR THREE SETS OF DATA
Let us consider N observations on three sets of variables, each organized in a matrix as follows;

						(3.1) 

The overall population covariance  can be partitioned as;

	




















Where is the  covariance matrix of the , is the  covariance matrix between  and  ,  is the  covariance matrix between and ,  is the  covariance matrix of the , is the  covariance matrix between the  and the , is the  covariance matrix of the .






Therefore, given three random variables  ,  and , the covariance matrices between  , and  is demonstrated in figure 1 below;
	
	
	

	

	


	

	



	



	




	

	



	



	




	

	



	



	





       		Figure 1: covariance matrices between   X, Y and  Z
  The goal of CCA is to identify canonical variates U, V and W such that;
(i) the covariance between U, V and W is maximal; and
(ii) Var(U)  =  Var(V)   =  Var(W)  =  1

The correlation  between U,  V and W is 


			=		    (3.2)

			=       (3.3)

Equation (3.3) can equivalently be expressed as;


		=   		(3.4)






We maximize the quantity  +  +  subject to the constraints   =  +   =  1.
We introduce lagrangians multipliers, compute matrix derivatives, set them to zero and simplify as follow;


     =           
Such that,


		=	


		=	


		=		
The solution leads to the following stationary equations;

									(3.5)

									(3.6)

									(3.7)



Multiplying Equations (3.5), (3.6) and (3.7) by and   respectively, shows that ; . Consequently,

									(3.8)

									(3.9)

									(3.10)


Equations (3.8), (3.9) and (3.10) can be represented in matrix form as;

							


The Homogeneous system  has a non-zero solution iff   Lipschutez( 1968);


 Where  A   =	   and   X   =   .
Thus, we seek K so that  

			A   =	   =    0
By the determinant property of block matrices,

			  implying that,

which further implies,

						(3.11)
Alternatively,

						(3.12)
and;

						(3.13)

Since  is involved in the last determinant in Equations (3.10), (3.11) and (3.12), if follows that its values can be determined by solving the multivariate eigenvalue problem,

								(3.14)

or								(3.15)

or								(3.16)


since  and  are covariate functions of X, Y and Z, we express Equations (3.14),(3.15) and (3.15) as ;

								(3.17)

								(3.18)

								(3.19)
3.0	THE NONLINEAR REGRESSION MODEL
	In regression analysis, relationship between variables to be considered may be either linear or nonlinear. A typical nonlinear regression model can be written according to Greene (2002) as; 



		     				(3.42)



 is the ith observation on the dependent variables, and  is a k-vector of parameters to be estimated. The scalar function  is a nonlinear regression function. For simplicity, we write Model (3.43) as;


		   						(3.43)
A very simple example of a nonlinear regression model is


		  					(3.44)




For Model (3.44), . Although this function is linear in the explanatory variables , it is nonlinear in the parameters, because the coefficient of  is constrained to equal the inverse of the coefficient of  .
According to Greene (2002), there are models in which the parameters appear nonlinearly in functions of the dependent variable as well, thus in general, Model (3.42) is 



		     				(3.45)
Nonlinear regression models are usually estimated by (i) least squares method;  (ii)method of moments; and  (iii)  the maximum likelihood method.

4.0	THE MULTIVARIATE SKEW-NORMAL DISTRIBUTION



According to Azzalini (1985), a random variable  is said to have a Skew-Normal distribution if  its density function  is given by,


								(3.46)




where   is the skewness parameter, is the standard normal density function and   is the standard normal distribution function. For brevity we write. 
An example of the SN variable is constructed along the line of Arnold, Beaver, Groeneveld and Meeker (1993); Let G be the GPA and U be the UTME score of students seeking admission into tertiary institutions. Assume (G,U) follows a bivariate normal distribution, implying that, the marginal distribution of both G and U are normal. Consider an institution where all the admitted students scored above the average UTME score, then, U follows a Skew-Normal distribution.
An alternative representation of the Skew-Normal distribution which is often used in applications is given below.




Define   if  then for  the density function of   is


		       			(3.47)





 is said to follow a Skew-Normal distribution with location parameters , scale parameter  and shape parameter . For brevity, .





A multivariate version of the density function presented in Equation (3.47) was first discussed . though briefly, in Azzalini (1985). But according to Quiroga (1992), the formulation has a disadvantage that its marginals are not skew-normal densities. Hence, Azzalini and Dalla Valle (1996) gave a dimension extension of the pdf in (3.52)  which was later slightly modified b Azzalini and Capitanio (1999). A k dimensional random variable  is a multivariate skew-normal variable, with vector  of shape parameters and correlation matrix  if for   the density function  is given by;


			   ;					(3.58)



where  is the k-dimensional normal probability density function with zero mean and correlation matrix , and  is the distribution function. 
5.0  Numerical Experiment









Without loss of generality, we shall consider the least possible case in CCA, in which there are two variables in the three data sets, that is,  ,   and  . 8 levels of skewness and 5 degrees of nonlinearity were mixed to give 40 combinations of synthetic datasets. Each degree of nonlinearity represents a nonlinear function. The functions were selected such as to represent the basic nonlinear models that are usually seen in applications. Table .1 details the various degrees and the corresponding codes. Code 0  refers to the linear model,  , Code 1 refers to the polynomial function,  , Code 2  refers to the index (exponential) function:  , Code 3, the sinusoidal function , Code 4, the triangular function . The term  was included to introduce some randomness in the experimentation.

Table 1:	Comaprison of   values for the three procedures by Degrees of Nonlinearity and 		Levels of Skewness
	NL
	SKW
	Hotelling
	Kendall
	Proposed

	0
	0
1
2
3
4
5
6
7
	0.98645701
0.96245642
0.98542314
0.98644421
0.98784542
0.98354128
0.98796541
0.98812412
	0.57154854
0.56455424
0.56328452
0.56454214
0.56427841
0.57412585
0.56745632
0.56842145
	0.98645701
0.96245642
0.98542314
0.98644421
0.98784542
0.98354128
0.98796541
0.98812412

	1
	0
1
2
3
4
5
6
7
	0.66645242
0.67545541
0.77274562
0.72154556
0.73454462
0.74546666
0.77765247
0.78214400
	0.03412414
0.42512212
0.46425144
0.47424444
0.36445891
0.52123475
0.52245741
0.52124511
	0.98854245
0.98784511
0.98882415
0.97788412
0.98688541
0.97754445
0.98744514
0.98828910

	2
	0
1
2
3
4
5
6
7
	0.06894156
0.52415644
0.54442341
0.56452432
0.59423125
0.59941544
0.62144514
0.62218912
	0.03245554
0.41254111
0.44158988
0.44214225
0.43425412
0.51242312
0.45541878
0.45687741
	0.97545541
0.98882141
0.98542222
0.98733381
0.98224111
0.98443333
0.97744451
0.97658100

	3
	0
1
2
3
4
5
6
7
	0.05777451
0.07452123
0.15664125
0.05744423
0.06142431
0.04544897
0.06154141
0.06047821
	0.31288877
0.05475612
0.05477662
0.05228741
0.02418941
0.03121412
0.03785144
0.03856661
	0.96645884
0.97884144
0.97442555
0.97832551
0.97499952
0.97222841
0.98574222
0.98654110

	4
	0
1
2
3
4
5
6
7
	0.08442641
0.52142561
0.57654144
0.52254122
0.54465521
0.54244152
0.53254152
0.53542110
	0.03974414
0.22141146
0.22400021
0.22142102
0.22414545
0.30182512
0.32224587
0.32214512
	0.78825422
0.79452412
0.78333584
0.80178544
0.88544251
0.89351423
0.87742444
0.87812962



5.1	Observations from the Canonical Solution of the Three Procedures

Table.1 above shows the estimates of canonical correlation obtained from the three procedures: Hoteling’s, Kendall and proposed. Different degrees of nonlinearity (NL) and different levels of skewness(SKW) where combined and the resulting changes in  values from the three procedures were obtained and displayed. The following were observed.
a. 

The values of  for the proposed procedure were closer to one( the true value of ) as they varied from 0.78825422 for case NL = 4, SKW  = 0 to 0.97744451 for case NL = 2, SKW  =  6. 
b. 
For each degree of nonlinearity, the value of   increases as skewness increases, for the proposed procedure. A simple result was also seen for Hotelling’s except for the case NL = 3.
c. 
It is also clear from table 1, that the estimates of   for Hotelling’s were close to 1 only for case when NL = 0 which varied from 0.98645701 (NL = 0 , SKW  0)  to 0.98796541 (NL = 0, SKW = 6).

The  values for Kendall’s were different from 1 as they varied from 0.56328452
  (NL = 0, SKW = 2) to 0.57154854  (NL = 0, SKW = 0).

 values for linear case (NL = 0, SKW = 0) are the same for Hotelling’s and the proposed but quite different for Kendall.



Clearly also, Hotelling procedure and the proposed gave exact and correct values of   for case of linearity but differ slightly for case NL while the Kendal gave  values that are far away from the true  values for different degrees of nonlinearity and different levels of Skewness.

 5.2	Comparison of Canonical Solution Using  AIC and BIC Model Selection Criteria
Of the three procedures to be compared in this study, two are parametric, that is, the proposed and the Hotellings. As such we compare the two using model selection criteria .Recall that, the model comparison presented in this section was made possible by virtue of the new presentation of CCA as a multiple regression model.  Furthermore, it is important to note that irrespective of the degree of nonlinearity or level of skewness, the Hotelling procedure consistently offers canonical solutions under the linearity and normality assumptions whereas, the proposed technique has features to accommodate nonlinearity and skewness. Thus, the proposed is indeed a generalization of Hotelling’s to nonnormal and nonlinear situations.

6.0 CONCLUSION:



Canonical Correlation is a procedure for assessing the relationship between variables. In this paper, three data sets were considered. It was observed that given a fixed level of nonlinearity, the canonical correlation  maintains a steady increase as skewness increases for the proposed procedure. We equally observed that in all mixtures of levels of skewness and degrees of nonlinearity, the proposed gave correct values of . It is also evident in the summaries of findings that for varying levels of skewness, Hotelling gave correct values only in the linear case. 
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