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A Multifractional SABR Model for Pricing Variance
and Volatility Swaps

Abstract

This paper presents a robust methodology for the valuation of options on vari-
ance swaps and volatility swaps. While existing literature has often focused on the
pricing of the swaps themselves under stochastic volatility models, the valuation of
options on these second-order derivative products remains a challenge, particularly
within a framework that captures empirical market properties such as volatility clus-
tering and long memory. Our approach addresses this problem by relying on the
precise calculation of the optimal exercise prices (or strike rates) for variance and
volatility swaps. To achieve this, we introduce and utilize a multifractional exten-
sion of the classic SABR model. This enhanced version of the model incorporates a
deterministic and time-varying Hurst function, h(t), which allows for the modeling
of a richer and more flexible volatility dynamics, capable of replicating the vary-
ing persistence phenomena observed in real markets. The proposed methodology is
detailed comprehensively. We derive the theoretical formulas for the swap prices,
which form the basis for calculating the optimal exercise prices. The valuation of
options (call and put) on these swaps is then performed by employing advanced
numerical techniques, adapted to the complexity of the multifractional process..

Key words: SABR-fractional model, Wick-1to, swaps, volatility option, variance
option
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1 Introduction

The management of volatility risk has become a central challenge in quantitative finance.
Since the advent of the CBOE Volatility Index (VIX) in 1993, market participants have
gained access to a growing ecosystem of volatility-based derivatives. Instruments such as
variance and volatility swaps, which are over-the-counter (OTC) agreements to exchange
a fixed strike for the realized volatility of an asset, have seen their trading volumes surge
as they provide a direct method for hedging volatility exposure.

A substantial body of literature has addressed the fair pricing of these swaps. The
dominant approach has been to use stochastic volatility models that are based on stan-
dard Brownian motion, thereby assuming that volatility dynianiics aré¢ Markovian. This
resedrch includes seminal work under the Heston model [6], [12], [4], the SABR model
[5], [2] , and various extensions incorporating features like discrete sampling or jumps

1


SDI-1105
Typewritten text
2020MSC Classification: 60G22, 60H20, 60J65


UNDER PEER REVI EW

[10], [13]. However, a key limitation of these models is their inability to capture the
long-memory properties, or long-range dependence, that are well-documented features of
financial asset volatility.

To bridge this gap between classic models and empirical reality, this paper proposes a
novel pricing framework for variance and volatility swaps. We depart from the traditional
Markovian assumption by employing a fractional version of the SABR model. This
approach, driven by fractional Brownian motion, is specifically designed to model the
long-range dependence inherent in volatile markets. Our work thus provides a more
realistic valuation methodology tailored for today’s complex and rapidly evolving financial
environments.

1.1 Variance swap

A variance swap is a derivative contract in which two parties exchange payments based
on changes in the price or volatility of the underlying asset. In trading practitioners use
variance trades to speculate on future levels of volatility of an asset, spread traders use
swaps to bet on the difference between realized volatility and implied volatility. Hedging
traders use swaps to hedge volatility short positions. If the realized volatility is greater
than the strike price, then the gains at maturity are positive.

A variance swap works like a simple vanilla swap, one of the two parties involved in a
variance swap transaction will bet an amount based on the actual variance of the under-
lying asset’s price changes. The other party will bet a fixed amount called the "strike"
specified at the start of the contract so that the net present value (NPV) of the win is
zZero.

At the end of the contract, the net payment to the counterparty will be a theoretical
amount multiplied by the difference between the variance and a fixed amount of volatility
settled in cash. Due to margin requirements specified in the contract, some payouts may
occur during the term of the contract if the value of the contract exceeds the agreed limits.
The variance swaps in mathematical terms is the arithmetic mean of the squared differ-
ences from the mean value. The square root of the variance being the standard deviation,
the payout of a variance swap will be greater than that of a volatility swap.

1.2 Volatility Swap

A volatility swap is a forward contract on realized future volatility. Although apparently
very similar to the variance swap, the volatility swap is more commonly traded in practice.
In 2006, the Financial Times published an article quoting a derivatives products trader
saying this: "Variance is easier to hedge. Volatility can be a nightmare." Asset volatility
is a good way to measure risk and uncertainty, and so such a swap will provide direct
exposure to volatility, making it an attractive choice. The gain of the volatility swap is
close to the variance swap and is defined as

2 Variance and volatility swaps under the multifrac-
tional version of the SABR

Our objective in this part is to determine a better strike price for variance and volatility
swaps and options under a fractional version of the SABR model in a rapidly changing
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stochastic environment.

2.1 Variance swaps and volatility swaps

A variance swap is an over-the-counter contract that guarantees a buyer to exchange a
fixed price for a realized difference at expiration.

In contrast, a volatility swap is equal to the variance swap except that the spreads relate
to volatility instead of variance. Thus the gains at maturity (7" > 0) of variance and
volatility swaps are given by the equations:

Svar<T) - (RV - Evar) X Nvar

Svol(T) = (V RV — Evol) X Nvol

with E,. and FE,, the strike prices of the variance and the volatility at time 0 and RV
is the realized variance until expiration 1" and N, and N, are the notional amounts of
variance and volatility swaps.

We assume that the variance is realized in continuous time to define the realized variance
RV until maturity by:

RV = ;/OT o2 (t)dt (1)

where 02(t) denotes the volatility of the underlying asset at any time t.
The values of variance and volatility swaps at time ¢ with maturity 7" are defined by

Svar(t) =1IE {e_T(T_t)<RV - Evar) X Nvar|ft}

Suar(t) = B [e T (VRY — Eyp) X Noot| Fi]

where IE [-|F;] denotes the conditional expectation with respect to the filtration F;. As
the contract must be fair for both parties (condition of non-arbitrage), the strike prices
E,. and E,, of the variance and volatility swaps must obey:

Eyar = E[RV] (2)
Evol =IE [\/W} (3)

2.2 The SABR-MSYV model (Stochastic Alpha Beta Rho -Multifractional
Stochastic Volatility)

Here we consider two multifractional versions of the SABR model called SABR-MSV1 and
SABR-MSV2 described by the following Stochastic Differential Equation (SDE) systems:

Model 1 (SABR-MSV1) is as follows:
We consider a first multifractional version of the SABR model named SABR-MSV1

dF;, = ot (1) F] (pdW, + VT = p?dB,)

do(t) = ao(t) (d°B"(t) + dW(t))
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with Bl a multifractional Brownian motion, W; a standard Brownian motion. The dif-
ferentiability d°B}* is taken in the sense of Wick-Itd. It6’s theorem leads to the following
result:

0y = 0gexp (Bf + W, — at) (4)

Model 2 (SABR-MSV2) is as follows:
We consider another multifractional version of the SABR model called SABR-MSV2 de-
scribed by the following Stochastic Differential Equation (SDE) system:

dF, = o () F (pdW; + VI = p?dB;)

dln (0y) =0 (u — In (0y)) dt + ad® B} + Bd°WH + ~vdZ,

with B! a multifractional Brownian motion, W/ a fractional Brownian motion, Z; is a
standard Brownian motion. The differentiability d°B!" and d°WH is taken in the sense of
Wick-1t6. 1t6’s theorem leads to the following result:

o — —6t ( -0 ¢ 0(s—t) jo Rh ¢ 0(s—t) jora/H ! 6(s—t)
r=exp|oge "+ pll—e )—i—a e d°B; +b | e AW +c| e dZ
0 0 0
(5)

3 Valuation of variance and volatility swaps under
the SABR-MSV model

We are now going to propose a pricing of variance and volatility swaps after giving some
reminders about fractional and multifractional Brownian motion.

3.1 Elements of calculations on fractional and multifractional
Brownian motion

Definition 3.1. ( Fractional Brownian motion)

Let H be a constant belonging to the interval |0, 1] and I an interval on R. A fractional
Brownian motion (mBf) on the interval I of Hurst index H is a Gaussian process centered
on I whose covariance, denoted Covy is given by:

For any real pair (t,s) € I* , we have

d
Couy (t,5) = = (e (6)

where dg is a positive constant,
and

2
E [(B{f - B } = Zy |t — s
An approximation of the fractional Brownian motion is given in [?]

BY' = [ Locecrer (1.5 Kt o)W (aX) )

with
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1
. if0<H<§so

N\ H-1/2 1 t
Ky(t,X)=ag [(X) - (H — 2) X/ H /X(Y — X)HA2y H-12qy | (8)

. if;<H<1so

1/2
—1 t ,
KH(t7X) _ H(2H ) : Xl/2—H/ (Y . X)H—S/QY'H—I/QdY (9)
3 (2 —2H,.H — 2) X
1
2H 2

where for all H € (0,1) , ag =

(1—2H)5<1—2H,H+;>

3.2 Variance swap formula under the SABR-MSV1 model
Using [3, we get:

Bver = E[RV] = E H /0 ' aQ(t)dt]

1 /T 2
— IE [T /0 O_g@2(an+aWtfa t)dt‘|

2 T
— @IE [/ 62(QB?+aWta2t>dt1
T 0

L’intégrale stochastique par rapport au mouvement brownien multifractionnaire est définie
de la fagon suivante comme dans [§] par

Definition 3.2. (Intégrale de Wick- 1td)

Let Y : R — (S)* be a process such that t — Y (t) o W(t) is (S)* — integrable on
IR. We say that the process Y is dB" — integrable or integrable on IR with respect to the
multifractional Brownian motion (mBm). The integral of Y with respect to B" is defined
by:

/IRY(S>ch(S) = /IRY(S)OWh(s)ds (10)

For any interval I of R, we define [;Y (s)dB"(s) := [g 17(s)Y (s)dB"(s)

The following theorems are generalizations of 1t6’s theorem for fractional and multi-
fractional Brownian motion.
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Theorem 3.1. (2.5 dans [1]) (Fractional and multifractional Ité formula)
Let f(t,x) be a continuously differentiable function with respect to t and twice with re-

t
spect to x and suppose that the random wvariables f(t, BE(t)) , / Z{(f(t B (t)))dt,
t 82f 0
0 Ox?

£ B 0) = 70,0+ [ Wi B e+ [ L (500, B 1))aB (1

—2(f(t, BE(t)))dt are in L?(u) so

1
For H = g We recover the classical Ito formula of the standard Brownian motion.

For the multifractional case the fm’mula becomes:

F(T, B (1)) = £(0,0) +/ S B dt+/ £(t, B (1)))dB" (¢)

+; /OT 2621 (B (H)tInt + h(t))gi];(f(t, B (t)))dt

The following theorem is an approximation of the Wick-I1t6 multifractional integral.

Theorem 3.2. (theorem (2.25) dans [?])
Let h : R — (0,1) be a deterministic function belonging to C* and let f : R — R
be a deterministic measurable function belonging to Li,.(R). Let Z; := (Z;)ier be the

t

process defined by Z; := / f(tYdo B"(t). Then Z is a is (S)* — process which verifies
0

the following equality in (S)*

“+oo

NGRS

k=0

([ 105 lante o) ) ¢ (1)

Moreover Z is a Gaussian process if and only if

—+00

2
¢

Z </ f(t)jt [ger(t, h(t))] dt> < oo for allt € R. In this case we have for allt € R,
0

Z = /Otf( )d°B"(t) (0 > (/ d gek(t h(t))] dt)Q) (12)

In particular, Z is a Gaussian process when f € C*(IR,R).
However if f € C(IR), by applying Ito’s theorem with respect to mBm ([?] theorem (6.9)),
we obtain the following integration by parts formula

/ @Bt L B - / P (0)dB (s)dt (13)

and
E (2] = f(62"0 + / / PO () Ra(t, w)dsdu — 2f (¢ / FORE DA (14)

6
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We state the following proposition which will help us in the computation of IE[RV]

T
Proposition 3.1. Let F(T) := / e2Wat with ¢(t) = BMt) + W(t) — at and a a
0

positive constant. The random variable F(T') can be expressed by the multifractional
integral Wick-Ito as follows:

1 T T /
F(T) = g(T)e ™) — — — [ g()eDaph(t) - 20% [ 22O W ()t Int + h(t)) g(t)e Va
0 0

202
(15)

1
with g(r) = Ke™2% + EYek K € R et h(z) is a Hurst functional parameter belonging in
(0,1).

T
Proof. Let’s put F(T) = / exp (QOzBf + 2aW; — a2t).
0

Let f(t,z) = g(t)exp (2az + 2W — o?t) for all g € CY(R) et f € 012( ,IR) and we
t

assume that the random variables f (t, Bl Wt), / atf (t, Bth) dt and 2 f (t Bh) dt
0

are in L*(u)

0

According to It6’s multifractional theorem (3.1) we have

f (T, Bf) =f (0, Bg) + /OT e2ac®) (g’(t) — 20429(75)) d+ /OT 2ag(t)62“4(t)dBf

T
120 / 202h=1 (1 (1)t In sh(t)) g(1)e2* D dt
0

1
with g(t) = ke 2 4+ — 5o 5 solution of the differential equation ¢'(t) — 2a?g(t) = 1. Which

allows us to write

1 T
F(T) = ()¢S0 — 1 [7 g()eS0aBr(t) 207 [ 27071 (H (1)t + h() g(1)e2<
« 0

]

From the previous proposition we can state the following theorem

Theorem 3.3. Under the SABR multifractional model, the strike price Ey,,. of variance
swaps with maturity T is given by the following formula

2

% (gmemw ok 207K [ / Tp(t)g(t)ewdt] ~E [ / Tg(t)ew’dt]) (16)

0

with p(t) = t" O (W ()t Int + h(t))
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Proof. Using the proposition 3.1, we get

o T
Eyor =IE[RV] = ?OIE [/ e2oc(t dt}
0

(o) 1

T T
=—1E g(T)eMC(T) _ / g(t)e2aC(t)dt _ 2(12/ 2p(t)g(t)€2ac(t)dt
T 20{2 0 0

- (g(T)BQQC(T)—Q;—mQ]E VOTpa)g() et dt] E[/Tgm rect dtD

because 0
B | [ seoas o] -0

with g(s), ((s), p(t) are defined above and h = h(t) is the Hurst functional parameter for
the mBm. O

Once the strike price of the variance swaps has been calculated, we can now calculate
that of the volatility by an approximation. For this we use the following approximation
(see [3], [], [7] and [II] for more details).

The formula that allows the price of volatility swaps is given by the following theorem

Theorem 3.4. Under the multi-fractional SABR model, the strike price E,,; of volatility
swaps with maturity T is given by

9

2 T
ot = g (Bpar)'/* — % (Epar) ™/? (;ﬁlw(T) (1 - ;2 — 6°E [qS(T)]) +1E /O W2 (t)dt

+HIE[$(T)] + E [¢°(T)))

with p(t) = " O ()t Int + h(t)), ¢(T) = /OTp(t)g(t)dt et Y(T) = g(T)e*s™D

Proof. We have by definition FE,, = IE[v/RV]. The approximation in [3] and [11] show

that IE[v/X] ~ \/]ﬁ— m

Using this approximation, we can write

——  Var[RV]
Evol - ]Evar - W (17)

let’s calculate Var[RV]
By definition Var[RV] = IE[RV?] — IE[RV?

Recall that IE[RV] = Ey., so

1 /T 2
E[RV?] =T {(T / aQ(t)dt> ] with o(t) = oge®B" O FaW(H)—o
0



UNDER PEER REVI EW

T
According to proposition the integral / e2(BIFWe=at gy can be approximated by
0

/T p2a(BI+We—a2t gy _ g(T)e2¢) _ 1 /Tg(t>e2ag(t)d3h<t)
0 202 0
Y / 22H -1 (B (D)t Int + h(t)) g(t)e?*Odt

T 2 T 1
( /O e2a(Bf>+Wt—“2tdt> ~ /O G (t)e**Wds 4 — o -+ g7 (7)™

1

2
(/ 20O (1 (1)t + A1) <>e2a<<t>dt) L gy
(6]

— 6a2g(T)e?(T) /OT 2" O (1 (t)tInt + h(t)) g(t)e***Odt

+4/ 21" D=1 (B ()t Int + h(t)) g(t)e**Odt

= 2g(T)® [ g0y 0an o)+ [ g<0an' ()

+2</0Tg() 206 g Bh(t) > <2a / 2th' (® ()tInt + h(t)) g(t)e**s dt)

2 1 1 T
E[RV?] =2 (%44 + gz(T)eA‘aC(T) - ?g(T)BQQC(T) - 6042g(T)62°‘<(T)IE [/0 p(t)g(t)eQag(t)dt]

([ 2toatteoar) D
1

B [a(r)e< [ g(0e0ast o + 3 [ aeant o] o

T T
+IE [ / g2(t)e4aC(t)dt] AR l / p(t)g(t)ewt)dt} +E
0 0

because

E K /O " (e aph(y )) x <2a2 /0 RPYACE (h’(t)tlnt+h(t))g(t)e%‘w)dt): —0

replacing this result in [I7, we get
9

2
Fuot = o (Buar) " = 20 (Bu) ™ (4;4¢(T> (1 _ O; 60 [gb(T)]) LR /O Lt

HAIE[(T)] + IE [¢*(T)]
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3.3 Approximation of variance and volatility options

Having evaluated the strike prices of variance and volatility swaps, we can now evaluate
the prices of variance and volatility options.
By definition the price of a variance option at expiration is given by

Callyay = Payof fuay = max (RV — Eyqy, 0) (18)
and the price of a volatility option is given by

Callyo = Payof fu = max (VRV = By, 0) (19)
An approximation of the variance and volatility options is in the following proposition

Proposition 3.2. Under the multifractional SABR model, the prices of the variance and
volatility options are given by

Call,q = max (UTS </0Tg(t)e2aC(t>ch(t) +2IE VOTp@)g( )e2adtt dt} +IE l/OT g(t)e*est dt]

— /T g(t)e**Wat — 202 /Tp(t)g(t)eza«t)> ,O)

0 0

Call,, =max ( X \/¢ ~55 /T¢<t)dt —202¢(T) /OT¢<t>ch<t) - Z\/Emr

b B () (1 o - B o)) + | [ (0]

4ot

+IE[6(T)] + IE |¢*(T) | ;0)

. o 1
with o(T) = i p(E)g)e <08, (T) = g(T)es), gft) = Koot 4 L,
C(t) = aB"(t) + aW(t) — a?t, and h = h(t) is a Hurst parameter for mBm.

Proof. This is a direct application of the proposition O

3.4 Variance swap formula under the SABR-MSV2 model
Using [3, we get:

Eye = E[RV] = [; /O t UZ(t)dt]

1 (T t t t
=1 l/ exp 2 <006_6t + (1 — e_at) + a/ 6‘9(‘9_'5)d°B;1 + b/ ee(s_t)dOWSH + c/ ea(s_t)dZsﬂ
T Jo 0 0 0

10
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By using the Taylor expansion of the function e® to order 1, and after some elementary
calculations, we obtain the following formula:

2

_r |2 _ 0T 1 00T ot [T 0sph ot [T psyprH
Evor = E 570 (1 e )—|—2u T (1 ) + 2ae” e”*B"(s)ds + 2be e W (s)ds

0 0 0

—2a0e™"" /OT </Ot eeth(s)dS> dt — 2b0e™"" /OT </0t eeSWH(s)ds) dt
124 /O ' ( /0 t 69<8—t>WH(s)dZ(s)> dt]

2 T T
= 500 (1 - e*GT) (1 —p) +2uT +2IE [aeet/o e’ B"(s)ds + b(f(%/O e WH(s)ds

—abfe™" /OT </0u eeth(s)ds) du — bhe™" /OT (/Ou eeSWH(s)ds> du
+a /OT (/Ou ee(St)dZ(s)) du]

T T
Epar = =00 (1 — e’gT) (1 — p) + 2uT + 2K [a/o e B"(s)ds + b/o P WH (s5)ds

—@9/ (/ e B"( )ds) du — b@/ (/ HSWH(s)ds) du + a/OT (/Ou eeSZ(s)d:;) du]

3.5 Volatility swap formula under the SABR-MSV2 model

Still using the following approximation
—— Var(RV)
Evol - Eva’r‘ - W

we can approximate F,, as follows

2

var(RV) = IE(RV?) — IE(RV)? avec RV? = ;2 ( / ' 02(s)ds> et B(RV)? = Eyq,

The approximation of IE(RV?) uses the same techniques as in the model 1.

4 Conclusion

In this article we have proposed a multifractional SABR model to calculate the strike
prices of variance and volatility swaps using three Hurst functionals. The objective is
to better price variance swap options and volatility swap options in situations of high

11
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volatility or low volatility. This allows investors to better hedge volatility risks. We plan
for future work to conduct numerical simulations and an analysis of the sensitivity and
complexity of the method.
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