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Modified Regression-Cum-Exponential-Type Mean Imputation Schemes under Two-Stage Cluster Sampling 


Abstract
In this paper, we intend to proposed modified regression-cum-exponential type mean imputation schemes under two-stage cluster sampling. We came up with the proposed strategy after having identified the gaps in the previous study, that is the responses of the respondents in the previous research imputation schemes were not directly used as they were computed using some exponential functions, this approach leads to manipulation of opinions of respondents as their actual responses were not directly utilized which may affect the efficiency of the estimator of the schemes. Also, exponential ratio-type estimator which requires strong and positive correlation between the study and auxiliary variables, was utilized to estimate the responses of non-respondents information. Therefore, if the correlation between the study and auxiliary variables is less than 0.5 (fair or poor correlations) or negative, the efficiency of the estimate drastically reduces leading to either over-estimation or under-estimation, as a result of these gaps prompted us into the current research.The properties (Biases and MSEs) of the proposed estimators were derived up to first order approximation using Taylor’s series approach. The empirical studies were conducted using simulated data sets to investigate the efficiency of the proposed estimators over the efficiency of the existing estimators. The results revealed that the proposed estimators have higher percentage relative efficiencies (PREs). This implies that the proposed estimators are more efficient and can produce better estimate of the population mean compared to other existing estimators considered in this study
Keywords: Estimator, Sample, Sample Survey, Cluster Sampling, Imputation.
1.0 Introduction 

In sample survey, estimation of population parameters like total, mean, variance, proportion using efficient estimators in which the study variables are associated with auxiliary information under the assumption that full sample information is available is one of the research interests. Several authors like Cochran [1], Robson [2], Ijaz and Ali [3],Pandey et al. [4], Adejumobi et al. [5],  Musa et al.[6], Audu et al. [7], have worked extensively in this direction.  However, some of the estimators in the aforementioned literatures depend on unknown parameters of study variable  which make them impracticable in real life application except if the unknown parameters are estimated and consequently, additional resources (time, human and money) are required.
Cluster sampling is a technique where the entire population is divided into groups or clusters and a random sample of the selected clusters are included in the sample. Sometimes, the units within each clusters might be too expensive to reach, hence, we resort to two stage cluster sampling. 
Non-response is one of the genuine challenges surveyors face during surveys. The main impact of non-response is that it can infuse bias in results which reduces the chance of getting appropriate interpretation. Measurement errors is another error encountered by surveyor and can be minimized by proper use of clear and understandable words in a survey questionnaire e.t.c.
Hansen and Hurwitz [8] were the first to address problem of non-response using subsampling method, other methods include imputation and randomized response method. Several authors have developed imputation methods to deal with non-response, among them are Singh and Horn [9], Singh and Deo [10], Al-Omari et al. [11], Singh et al. [12], Bhushan and Pandey [13], Prasad [14], Singh and Gogoi [15], Audu et al [16], Audu et al [17], Audu and Singh [18], etc. Maji et al. [19] proposed compromised-based imputations in which the responses of the respondents are not directly utilized. Therefore, the current study focused on the modification of the imputation schemes proposed by Maji et al. [19] to obtain uncompromised imputation schemes using regression approach.










Let a finite population be partitioned into  first stage units (FSU) denoted by  such that the number of second stage units (SSU) in each FSU be. Let  be the study variable,  be the first auxiliary variable and Z be second auxiliary variable. Also, let  and  be the values of the study character, first auxiliary variable and second auxiliary variable respectively on the j-th SSU  in the i-th FSU. The following notations were used in the study:

 : Population mean of the first auxiliary variable X, Study variable and second auxiliary variable Z
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Similarly, let  and  be the sample values of the study character, first auxiliary variable and second auxiliary variable respectively on the j-th SSU  in the i-th FSU 
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The notations and expectations will be used in this study to obtain the biases and MSEs
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For simplicity, let;

                                                (1.1)
2. Some Existing Imputation Estimators under Two-Stage Cluster Sampling  
The usual mean per unit estimator of the population mean in two-stage  sampling scheme is an unbiased estimator which is defined by Maji et al. (2018) together with its variance as;                                                      

                                                                                     (2.1)                                                               

                                                     (2.2)                                                                                                       





where; , ,
Maji et al. (2018) proposed four (4) imputation schemes under cluster sampling when auxiliary data were collected in the first-stage unit and second-stage unit with equal and unequal probabilities of random non-response between groups.

First Imputation scheme

      (2.3)

       (2.4)
Under this approach, the population mean point estimator is;         

                                                    (2.5)

The  for both Case I and Case II are given by; 

             (2.6)

  (2.7)


Where;,
Second Imputation Scheme

                          (2.8)

Under this approach, the population mean point estimator and theare;

                                                                         (2.9)

                             (2.10)

Where;
Third Imputation Scheme

                  (2.11)

                       (2.12)
Under this approach, the population mean point estimator is;

                                                                         (2.13)

The  for both Case I and Case II are given by;

(2.14)

  (2.15)


Where; , 
Fourth Imputation Scheme

                                             (2.16)

Under this approach, the population mean point estimator  and are;


                                                                                         (2.17)    (2.18)               

Where;
3 Proposed Schemes, their Estimators, biases and MSEs
 3.1 Proposed Imputation Scheme when the first phase sample is drawn as a subsample of the first phase sample under Random Non-Response with Equal Probability between the Clusters

       (3.1)

           (3.2)





Where  and are known functions of auxiliary variable like coefficient of skewness, kurtosis, variation, standard deviation,, .


Remark 1: Note that and 






Under this approach ,the sample means of  and  on the  first stage units in  denoted by  and  respectively, were derived as 

	                                                                               (3.3)	

	         (3.4)

           (3.5)                                                                                                                                       




In , the mean of  first stage units of  and  is now :

    (3.6)

     (3.7)



Hence the proposed estimator for  denoted by  for  under the above proposed imputation scheme is obtained as

                                                                                          (3.8)


Where  are unknown constants to be determined under case I and case II, which are obtainable by partially differentiating the MSEs and equating to zero and solve for 

By using the relation in (1.1), we obtained the biases as in (3.9) and mean square errors (MSEs) of the estimator under case I and case II are obtained as in (3.10) and (3.11)


                  (3.9)                (3.10)

                  (3.11)

Where, 


3.2 Proposed Imputation Scheme when the first phase sample is drawn independently as the first phase sample under Random Non-Response with Equal Probability between the Clusters

(3.12)

Following similar approach in (3.1) and by using the relation in (1.1), we obtained the biases as in (3.13) and mean square errors (MSEs) of the estimator  as in (3.14)

                                         (3.13)

                       (3.14)

Where,  
3.3 Proposed Imputation Scheme when the first phase sample is drawn as a subsample of the first phase sample under Random Non-Response with Unequal Probability between the Clusters

             (3.15)                                                                                                                                       

        (3.16)

Following similar approach in (3.1) and by using the relation in (1.1), we obtained the biases as in (3.17) and mean square errors (MSEs) of the estimator under case I and case II are obtained as in (3.18) and (3.19) respectively

        (3.17)

  (3.18)

     (3.19)

Where,  and 


3.4 Proposed Imputation Scheme when the first phase sample is drawn independently as the first phase sample under Random Non-Response with Unequal Probability between the Clusters

	 (3.20)  

Following similar approach in (3.1) and by using the relation in (1.1), we obtained the biases as in (3.21) and mean square errors (MSEs) of the estimator  as in (3.22)                                                                                                                            
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                             (3.22)                                

Where, 
4 Efficiency Comparison
(i) 

Estimators  is more efficient than sample mean , if

                                                                                                              (4.1)

                                                                                                 (4.2)
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(ii) 

Estimators  is more efficient than sample mean , if

                                                                                                  (4.3)

                                                                              (4.4)
Where,
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(iii) 

Estimators  is more efficient than sample mean , if

                                                                                                          (4.5)

                                                                                    (4.6)



Where,, , 
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(iv) 

Estimators  is more efficient than sample mean , if

                                                                                                          (4.7)

                                                                                                (4.8)
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(v) 

Estimators  is more efficient than sample mean , if

                                                                                     (4.9)

                                                                                 (4.10)


Where, ,
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(vi) 

Estimators  is more efficient than sample mean , if

                                                                                        (4.11)

                                                                                     (4.12)


Where, , ,


  and 
(vii) 

Estimators  is more efficient than Maji et al. , if

                                                                          (4.13)

                                                                               (4.14)
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(viii) 


Estimators  is more efficient than Maji et al. , if                                                                                         (4.15)

                                                            (4.16)


Where, ,,
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(ix) 

Estimators  is more efficient than Maji et al. , if                                 

                                                                        (4.17)

                                                                                  (4.18)



Where, ,, 
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(x) 

Estimators  is more efficient than Maji et al. , if                                 

                                                                         (4.19)

                                                                                  (4.20)
Where
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(xi) 

Estimators  is more efficient than Maji et al. , if                                 

                                                                   (4.21)

                                                                           (4.22)


Where, ,
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(xii) 


Estimators  is more efficient than Maji et al. , if                                                           (4.23)

                                                                  (4.24)



Where, , ,
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5 Result and Discussion
In this section, simulated dataset is used to demonstrate the efficiency of the proposed and existing estimators using R-Statistical Software. 
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Table 1: PREs of ,  and  Estimators for Rates of Non-Response  (Case I: when the second phase sample is drawn as a sub sample of the first phase sample)
	Estimators 
	Auxiliary parameter
	Rates of Non-Response

	
	
	5%
	10%
	15%
	20%

	

	Not applicable
	100.00
	100.00
	100.00
	100.00

	

	Not applicable
	226.48
	217.5
	208.73
	200.14

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.76
	207.57
	195.54

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.78
	207.63
	195.66

	

	[image: ], [image: ]
	228.74
	218.77
	207.56
	195.52

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.63
	218.3
	206.95
	194.89

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.78
	207.6
	195.59

	

	[image: ],[image: ]
	228.71
	218.72
	207.48
	195.41

	

	[image: ],[image: ]
	228.7
	218.81
	207.8
	196.02

	

	[image: ],[image: ]
	228.69
	218.98
	208.35
	197.06

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51

	

	[image: ],[image: ]
	228.73
	218.76
	207.55
	195.51
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	228.73
	218.76
	207.55
	195.51











Table 2: PREs of ,  and  Estimators for Rates of Non-Response (Case II: when the second phase sample is drawn independently of the first phase sample )
	Estimators 
	Auxiliary parameter
	Rates of Non-Response

	
	
	5%
	10%
	15%
	20%

	

	Not applicable
	242.19
	232.93
	223.84
	214.91

	

	Not applicable
	246.08
	236.31
	225.87
	214.91
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	246.08
	236.31
	225.87
	214.9

	

	[image: ],[image: ]
	246.08
	236.32
	225.88
	214.94

	

	[image: ],[image: ]
	246.08
	236.32
	225.87
	214.91

	

	[image: ],[image: ]
	246.08
	236.34
	225.95
	215.06

	

	[image: ],[image: ]
	246.1
	236.35
	225.9
	214.91

	

	[image: ], [image: ]
	246.08
	236.32
	225.87
	214.91

	

	[image: ],[image: ]
	246.79
	236.97
	226.11
	214.75

	

	[image: ],[image: ]
	246.08
	236.31
	225.87
	214.9

	

	[image: ],[image: ]
	246.08
	236.32
	225.87
	214.91

	

	[image: ],[image: ]
	246.08
	236.33
	225.91
	214.98
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	246.09
	236.32
	225.84
	214.83

	

	[image: ],[image: ]
	246.07
	236.41
	226.18
	215.51

	

	[image: ],[image: ]
	246.09
	236.61
	226.72
	216.51

	

	[image: ],[image: ]
	246.08
	236.31
	225.87
	214.91

	

	[image: ],[image: ]
	246.08
	236.32
	225.87
	214.91

	

	[image: ],[image: ]
	246.08
	236.31
	225.87
	214.91

	

	
[image: ],
	242.19
	232.93
	223.84
	214.91












Table 3: PREs of ,  and  Estimators for Rates of Non-Response 
	Estimators 
	Auxiliary parameter
	Rates of Non-Response

	
	
	5%
	10%
	15%
	20%

	

	Not applicable
	100.00
	100.00
	100.00
	100.00

	

	Not applicable
	146.18
	144.06
	142.19
	140.89
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	119.29
	128.35
	136.04
	140.89

	

	[image: ],[image: ]
	119.3
	128.36
	136.05
	140.89

	

	[image: ],[image: ]
	119.25
	128.27
	135.95
	140.82

	

	[image: ],[image: ]
	119.29
	128.35
	136.03
	140.88

	

	[image: ],[image: ]
	119.11
	128
	135.66
	140.6

	

	[image: ], [image: ]
	119.35
	128.47
	136.16
	140.95

	

	[image: ],[image: ]
	119.29
	128.35
	136.04
	140.89

	

	[image: ],[image: ]
	119.71
	128.81
	136.29
	140.9

	

	[image: ],[image: ]
	119.29
	128.35
	136.04
	140.89

	

	[image: ],[image: ]
	119.29
	128.35
	136.04
	140.88

	

	[image: ],[image: ]
	119.2
	128.17
	135.84
	140.74

	

	[image: ],[image: ]
	119.44
	128.65
	136.35
	141.1

	

	[image: ],[image: ]
	118.51
	126.79
	134.27
	139.5

	

	[image: ],[image: ]
	117.19
	124.07
	130.97
	136.69

	

	[image: ],[image: ]
	119.29
	128.35
	136.04
	140.89

	

	[image: ],[image: ]
	119.29
	128.34
	136.03
	140.88
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	119.29
	128.35
	136.04
	140.88





Table 4: PREs of ,  and  Estimators for Rates of Non-Response 
	
Estimator 
	
Auxiliary parameter
	Case I
	Case II

	
	
	5%, 10%, 15%, 20%
	5%, 10%, 15%, 20%

	

	Not applicable
	100.00
	100.00

	

	Not applicable
	0.01
	289.37
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	305.59
	286.42
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	305.6
	286.42

	

	[image: ],[image: ]
	305.64
	286.47

	

	[image: ],[image: ]
	305.59
	286.42
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	305.86
	286.63
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	306.14
	286.3

	

	[image: ],[image: ]
	305.6
	286.42

	

	[image: ],[image: ]
	306.67
	286.75

	

	[image: ],[image: ]
	305.59
	286.42

	

	[image: ],[image: ]
	305.59
	286.42

	

	[image: ],[image: ]
	305.74
	286.53

	

	[image: ],[image: ]
	305.83
	286.48

	

	[image: ],[image: ]
	306.4
	287.25

	

	[image: ],[image: ]
	307.93
	288.41
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	305.59
	286.42
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	305.59
	286.42
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	305.59
	286.42


















Table 5: PREs of ,  and  Estimators for Rates of Non-Response 
	Estimator 
	Auxiliary parameter
	5%, 10%, 15%, 20%

	

	Not applicable
	100.00

	

	Not applicable
	282.37
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	198.1
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	198.11

	

	[image: ],[image: ]
	197.74

	

	[image: ],[image: ]
	198.09
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	196.61
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	198.58
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	198.11
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	192.54
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	198.1

	

	[image: ],[image: ]
	198.1
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	197.33
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	198.64
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	190.92
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	179.64
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	198.1
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	198.06
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	198.1





Table 1-3 presents the results of the PREs of the sample mean, Maji et al., (2018) and the proposed estimators , using simulated data sets, the results show that at 5%, 10%, 15%, 20% rates of non-response, the proposed estimators have higher percentage relative efficiencies (PREs) compared to the sample mean and Maji et al.,(2018) estimators. It can also, be observed from the table that as the rate of non-response increases, the percentage relative efficiencies of Maji et al. (2018) and the proposed estimators decreases, this implies that the more the respondents do not provide information in the survey, the more the efficiency gain decreases in either of Maji et al. (2018) and the proposed estimators. It can also be seen from the table that the proposed  estimators  achieve higher gain in efficiencies over Maji et al. (2018) because  as the rate of non-response increases, the percentage relative efficiencies of Maji et al. (2018) decreases.






Also, Table 4 and.5 presents the results of the PREs of the sample mean, Maji et al., (2018) and the proposed estimators  and ,  in the case of unequal probability, using simulated data sets,the results show that at 5%, 10%, 15%, 20%, the proposed estimators  , have higher percentage relative efficiencies (PREs) compared to the sample mean and Maji et al.,(2018) estimators. It can also, be observed from the table that as the rate of non-reponse increases, the percentage relative efficiencies of Maji et al. (2018) and the proposed estimators remain the same, this implies that the more the respondents do not provide information in the survey, the efficiency gain in either of Maji et al. (2018) and the proposed estimators remain the same. Under (case II), the results show that at 5%, 10%, 15%, 20% rates of non-response, the proposed estimators  , have lower percentage relative efficiencies (PREs) compared to Maji et al.,(2018) estimator, but have higher (PREs) as compared to sample mean estimator. However , have lower percentage relative efficiencies (PREs) compared to Maji et al.,(2018) estimators. It can also, be observed from the table that the percentage relative efficiencies of the proposed estimators remain the same, this implies that the more the respondents do not provide information in the survey, the efficiency gain in the proposed estimators remain the same, the proposed estimators  , have lower percentage relative efficiencies (PREs) compared to Maji et  al.,(2018) estimator, but have higher (PREs) as compared to sample mean estimator. This implies that the proposed estimators can perform better and produced better estimate of the population.
 
6    Conclusion
In conclusion, this study addressed the challenges posed by non-response in the context of sample survey under two-stage cluster sampling. The study introduces the concept of regression-cum-exponential type mean estimator that account for non-response. The empirical result consistently demonstrated the superior performance of the proposed estimators in terms of higher percentage relative efficiencies (PREs) compared to sample mean and Maji et al., (2018) estimators. Therefore, it is concluded that the proposed estimators are more efficient and capable of producing better estimates of population mean of the study variable in the presence of non-response.
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