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Abstract

Mathematical modeling of infectious diseases offers insights into the core processes of disease
propagation and transmission. The main way that diarrhea, an illness symptom caused by
parasite, viral, or bacterial pathogens, spreads is through fecal matter-contaminated water. The
main objective is to model under five childhood diarrhea to show how stress and faulty health
system usually affect the propagation of this diasese. Stress, whether experienced in childhood
or adulthood, can significantly influence the development of bowel disease. Wellness facility-
based surveillance studies may understate the disease burden when it is impossible to count the
percentage of cases that do not seek care, as in resource-poor environments where access to care
is limited or in communities where frequently visited healthcare providers are not included in the
surveillance system. This study developed a mathematical model of social factor and faulty health
system on the dynamic of childhood diarrhea in Kenya. The model was developed from a system
described by first-order equations nonlinear ordinary differential equations in which the disease dies
out and the disease-free equilibrium was attained when the basic reproduction number Ry < 1, The
basic reproduction number was shown to be Ry = 0.008278 that proved with proper care on under
five children during diarrhea outbreak the disease can be contained. Whereas the disease could
persists and the endemic equilibrium is reached when Ry > 1. MATLAB software is utilised to do
numerical simulations studies using the model parameters was calculated to show how social factor
(stress) and faulty health system propagate childhood diarrhea as more children suffer from stress
during diarrhea outbreak they tend to have more severe outcome as compared when free of stress.
Poor health facilities have also been shown to contribute to the development of diarrhea as most
dont offer good services to their patient. The results of the study will provide valuable information
to stakeholders, informed laboratory technicians and field experts by demonstrating the effect of
stress and faulty health system that will aid in development of new intervention strategies.
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1 Introduction

Diarrhea is a condition caused by infections from parasites, viruses, or bacteria, with the main mode
of transmission being water contaminated by fecal matter [1]. The fecal-oral pathway is the primary
means of transmission for diarrheal infections [2]. Even though being prevalent in all economic
contexts, diarrheal illness has the greatest potential to have serious repercussions when resources
and medical attention are scarce or when co-morbidity is present. While chronic gastrointestinal
infections are now believed to be associated with environmental enteric disorder (EED), which causes
lower immunity, stunted growth, and a chronically damaged gut, acute episodes of sickness more
swiftly result in fatal dehydration [3]. In addition to limiting access to healthcare, low socioeconomic
level have been shown to have an impact on housing conditions, food and other elements that raise
the risk of contracting infectious diseases or weaken resistance to them. Children from lower-income
families are less likely to receive oral re-hydration therapy a treatment that involves giving fluids by
mouth to prevent or manage dehydration compared to those from higher-income families [4].
Mathematical models are essential in shaping public health strategies for disease management and
prevention, as they convert real-world cases into epidemiological representations and help predict
the spread of infectious diseases [5]. These models are essential frameworks for comprehending
the transmission of diseases, forecasting possible outbreaks, and evaluating the results of different
therapies [6]. However, few studies have employed mathematical models to analyze the dynamics
of diarrhea among children in Kenya and to propose potential preventive measures. Therefore, this
study suggested creating a new deterministic model to examine how societal factors and a flawed
healthcare system affect the trends in childhood diarrhea in Kenya. The findings of this study will
be vital for achieving Sustainable Development Goal 3, target 3.2, which seeks to reduce under-five
mortality to 25 or fewer deaths per 1,000 live births by 2030 [7].

1.1 Research question ?

What is the impact of stress on underfive children and faulty health system during the outbreak of
childhood diarrhea. How will it affect the general public.

2 Model formulation

A deterministic model, grounded in the standard SIS framework, was developed to assess how social
factors and deficiencies in the healthcare system influence the progression of childhood diarrhea in
Kenya. The chapter first outlines the model framework, drawing from established classical models,
and then details the variables, and parameters involved. By the chapter’s conclusion, a system of
ordinary differential equations derived from this framework is presented. The model was adapted
from the classical SIS framework and explains how social factors and a flawed healthcare system
influence the dynamics of childhood diarrhea in Nyeri County, Kenya. T¢: Diarrhea treatment of
under five children in faulty health system; Tx: Diarrhea treatment of under five children in normal
health system; (Is):Stress-related diarrhea infections in children under five; (Ix):Incidence of diarrhea
among unstressed children under five; and (S): susceptible children. The model’'s primary characteristic
is that mass-mixing of people within a population yields the force of infection A\. The fundamental
reproduction number for a compartmental model of infectious disease propagation was obtained
using the next-generation matrix. It was utilized in population dynamics to calculate the fundamental



reproduction number for organized population models.



Variables description
S(t) The population’s number of susceptible under five children at time t
Is(t) Stress-associated diarrhea in children under five
In(t) Under-five children suffering from diarrhea without stress
Tc(t) Diarrhea treatment of under five children in faulty health system
Tk (t) Diarrhea treatment of under five children in normal health system
Table 1: Model variables
Parameters Description
T Recruiting rate for the susceptible group (S)
1 Net natural death rate for under five children
Y Recovery rate for treatment under faulty health system
Yo Recovery rate for for treatment under normal health system
) The rate at which children less than five years old depart the five-year-old age range
w1 Diarrhea-related mortality rate among sick children without stress.
wo Death rate from diarrhea in children under stress.
a1 The fraction of infected with stress children receive treatment.
a9 Rate at which infected without stress children receive treatment.
(1—ay) The fraction of infected with stress children receiving treatment.
(1—ag) Rate at which infected with stress children receive treatment.
k1 Death rate from diarrhea in the class with a flawed health system
ko Diarrhea-related mortality rate in the typical health system class
P The percentage of vulnerable children enrolled in stress-infected classes
(1—p) The percentage of vulnerable children that enroll in the stress-free, infected class
A Force of infection/mass action
B Rate of infection

Table 2: Model parameters







2.1 Model Flow Chart
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Flow diagram of the impact of stress and faulty health system on the dynamic of childhood diarrhea



2.2 Model equations

ds
i + 71Tk +v2Tc — pS — 05 — pAS — (1 — p)AS, (2.1)
dls
g =pAS — puls — pls —wals — arls — (1 — a1)ls, (2.2)
dIn
W:(1*/)))\57#[1\]70.)111\17(511\170[2]]\]7(170[2)[]\1, (23)
dTc
W :a11—57’}/2T07K1TC’7HTC 75Tc+(1*a2)IN, (24)
dT,
TtK =aoln + (1 — Ozl)fs — KTk — /LTK — 0Tk — ’YlTK- (25)
Where the force of infection is given by;
N BIs +mlIn JEVTDTC +n3Tk) (2.6)

with 7, being proportion for childhood diarrhea infected without stress and contribute more to the force
of infection and 7. being proportion for children at treatment at faulty health system and contribute
less to the force of infection and 73 being proportion for children at treatment in normal health system
and contribute more less to the force of infection as treatment significantly lowers transmission and
mortality thatis n1 > n2 > ns.

3 Model analysis

3.1 Existence and positive in variance

Theorem 1: Solutions of the model equations (1-5) together with the initial conditions S(0) > 0,
Is >0, In >0, Tk > 0 are always positive or the model variables S,Is,In,Tc, Tk all positive for all t
and will remain in R3.

proof: For the sake of analysis

d
ch =1+ Tk +Te — DS (3.1)
dls

25 —pAS — Qo1 2
T S 21s (3-2)

‘%V —(1— p)AS — Qsly (3.3)

dT,

d—tc =anls + (1 — a2)Iny — QUTc (3.4)

drT.

dTK =azly + (1 — a1)ls — QsTk (3.5)

where —u — 66— A=, —p—p—w2r—1=Qo,—p—w1 —0—-1=Q3,—v2—ki —pu—35+
1—az = Qq,—kas — p—95 —71 = Qs, to reduce the number of parameters, therefore; For t40, let
W=((8(1),65 (£),in (£),te(£),tx ()T and F(W)=(F1(W), F2(W), F3(W), FA(W), F5(W))T, where F1(W)=r+
1Tk + y2Tc — S, F2(W)=p\S — QIg, F3(W)= (1 — p)AS — Q3In, F4AW)= a1ls — QuTc, F5(W)=
a2y + (1 — a2)ls — QsTk. Then, system (1-5) can be written as ’Z‘f = F(W) where F:C; — (R’
with W(0)= Wy € (R)%. Thus, the function W is locally Lipschitzian and completely stable on R?.
Therefore, the solution of the system with non-negative initial conditions exists and is unique. It is
also evident that these solutions exist for all t > 0 and are non-negative, hence the region R’. is an

invariant domain of the system [8].




3.2 Boundedness of the system

Theorem 2: The positive solutions of the system of model equations (1-5) are bounded. That is, the
model variables S,Is, In,Tc and Tk are bound for all t [9]. Proof:

N@)=5()+ Is(t) + In(t) + Tc(t) + Tr (1) (3.6)
By differentiating equation (12) gives,
dN dS  dIs  dIy | dIc | dTxk

G Ta T T Ta Ta 3.7)
ds
i + Tk +v2Te —puS — 05 — pAS — (1 — p)AS (3.8)
(3.9)
In the absence of mortality due to diarrhea illness equation (14) becomes
% —r— (54 p)S. (3.10)

We integrate inequality (15) by the method of separation of variables and then apply initial conditions
to obtain

N< - 4+ (N Je~ O+t (3.11)

T o+ u R

We analyze the behavior of N in inequality (17) by considering two possible cases. First, we consider
(No > ﬁ) so that, at t=0, the right-hand side of inequality (17) experiences the largest possible
value of No.Thus N < Ny,V > 0. Next, we consider Ny < ﬁ) so that the largest possible value
of the right-hand side of inequality (17) approaches ;7—) as ¢t — oo thatis, N < ﬁ), vt > 0.
Hence, we conclude that N < (maxz(No, ﬁ)) for all ¢ > 0 and therefore the feasible solution set
of the model enters and remains in the region Q = S(¢), Is(t), In(t), Tc(t), Tk )R} : 0 < N <
N < (maz(No, 57;)). This result indicates that the entire diarrhea population is bounded above by
N < (maz(No, ﬁ)) for all t > 0. Furthermore, we conclude that model equation (1-5) is well-posed
biologically since all the solutions are non-negative for all ¢ > 0. Hence, it is adequate to study the
dynamics of the model in the region Q.

3.3 Disease free equilibrium

To find the disease-free equilibrium point, we set the lefthand side of (1-5) to zero. In the absence
of diarrhea illness, we let Is = Iy = Tc = Tnw = 0. On solving the resultant equations for the
noninfected state variable, we obtain S° = ﬁ Thus, the disease-free equilibrium point of the model
is given by

E® = (S° I}, I}, T8, Tk ) = [55,0,0,0,0].

It shows that in the absence of diarrhea, the system of equation (1-5) will consist of one compartment
(the susceptible class). At this equilibrium point, the disease is eradicated from the population.

3.4 Reproduction number (R))

We derive the effective reproductive number (R, ) which is defined as the average number of secondary
cases produced by a single infectious case when introduced in a population where intervention



Parameters values Source
T 1000 Estimated
1 0.063 [10]

Y 0.0012795 [11]

Y2 0.0009403 [11]

0 0.0006088 [11]

I6] 0.008034177 | Estimated
w1 0.001 Assumed
Wy 0.06575 Assumed

p 0.54795 Estimated
o 0.1 Assumed
Qs 0.009 Estimated
I6; 0.008034177 | Estimated
kq 0.0000054795 [12]
ko 0.0001 Assumed
m 0.0009 Assumed
2 0.0007 Assumed
73 0.0005 Assumed

Initial conditions values Source

S 1000 Assumed
Ig 800 Assumed
Iy 600 Assumed
To 500 Assumed
Tk 400 Assumed

Table 3: Parameter values and initial conditions for the model estimated from Kenya



strategies are in place. To obtain it, we use the technique applied by the authors in [11]. We rewrite
the model equation (1-5) starting with newly infective classes as

ddits =pAS — (p+p+we+1)Is (3.12)
%}:u—an—oqu+5+nnv (3.13)
E%?zaﬂg—ﬁm+Ky+u+5+ﬂ—aﬁﬂN (3.14)
%%5:aﬂﬁ+{1—aﬂh—%K§+u+5+vﬂTK (3.15)

By the principle of the next-generation matrix, we use the notation f to represent the newly infected
and the notation v to represent the secondary infected. Thus, we have

PAS
F=| @ —OP)AS (3.16)

0

Qals
B Qsln
0= —enls + QuTe (3.17)

—a2Iy + (=14 oa)ls + QsTk

We obtain the matrices F and V by finding the Jacobian matrices of f and v evaluated at DFE
respectively to obtain,

pB ( p/@rgl ( pﬂgz ( ,067;3
[a=pB 1-p)Bm L—p)Bn2 (L—p)Bns
F= 0 0 0 0 (3.18)
0 0 0 0
Qs 0 0 0
0 Q3 0 0
V= —a 0 Q0 (3.19)

(—1 + a1 —a2 0 Qs

@_‘_ﬁpamz +ﬁpn3(93524—ﬂ29394) Bpm Bpaznz Bpnz Bnzp B(l—p)
Q Q20 Q305 0 Qa0 Q5 0 Q

1 B phaams 1 B p)ns (250 gbista) BU—gm | Blep)ass BU=p)ms B p)ns
— - @1 M2 - 3 3344 —(x2343324 - 1 - o 3 - 2
FVo=1+ QaQy + Q2030405 ’ Q3 + Q3Q5 ’ 4 ’ Qs ’
(0,0,0,0),(0,0,0,0)
(3.20)

Finding the eigen values of FV* we obtain; X; =0
Xo=0
X3=0
X1=Repp = Q2030405

. —agn32Qa+pnzazd Q4ﬁpn39394+p0427739395*m929495+PU1Q2Q4QI§;99394925
The effective reproduction number is thus given by the spectral radius (the dominant or largest
eigenvalue) of the matrix FV'! denoted by cFV'!, hence we have
Ry = — Q030405
0 = T a3 QatpnzasQay — pn3Q3Qa +pannz 3 s — 11 Q20405 -1 20405 — pQ3 Q24025
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3.5 Existence of the Endemic Equilibrium Point (EE) of the Model

theorem 3: A positive endemic equilibrium point of the model exists if Ro > 1
Proof. In this section, we use the technique applied by the authors in [13] O

We let E* = S* + IS+ Ix + T¢ + Tk be the endemic equilibrium point. This point is obtained by
equating the left-hand side of the model equation (1-5) to zero. Thus, we have

0=m+ ’)/1TK + ’YQTC - S (321)
0 =pAS — Q15 (3.22)
0=(1—p)AS — Q3ln (3.23)
0=a1ls — UTc (3.24)
0 =aoln + (1 — Otl).[s — QsTx (325)
where at the endemic equilibrium point, the force of infection is given by
v+ BUsS+mlIy J;VnaTé + 13Tk (3.26)
We simplify system (27-36)

_pAS
Is = (3.27)
Iy = (L= PAS (3.28)

Q3

_ails
Tec = o (3.29)
Ty =22IN +8 —oo)ls (3.30)

5

We substitute (27-36) into equation (32) in terms of A* obtain the following cases: Case 1: A} = 0,
which makes no sense in this context because it corresponds to the disease-free equilibrium point of
the model.

Case 2: \} = SBINQ4(a2n3+m Q5)+I1s(=SB(— 1+&2)n3ﬂ4+(sﬁa1n2+(~93 Q2)04)05) , which is the solution

we are interested in. For disease to exist, A5 > 0 If Q1,Q2,03,04,05 > A5 =
SBINS (a2n3+n1Q5)+1s(=SB(— 1+02)U%Q4+(S[3a1n2+(55 Q2)Q4)05) and therefore the model has a unique

4Q5
endemic equilibrium point. Thls result indicates that diarrhea would persist whenever Ry > 1.

3.6 The Local Stability of DFE

We state and prove the following theorem in order to establish the local stability of the disease-free
equilibrium.

theorem 4 The disease-free equilibrium is locally asymptotically stable if Ry < 1 and unstable if
Ro > 1 (theorem)

Proof. We use the technique applied by the authors in [13]. We first rewrite the model equation (1-5)
as O

Where Q1 = —(p+p+w2+1), Qe = —(p+wi+0+1), Q3 = o+ K1+ p+0),Qs = Ko+p+d+m

11



=7+ ’YITK + ’Y2TC — (/J =+ 5)5 — S (331)
Fy =pAS — Q1 1s (3.32)
Fy =(1 = p)AS — Qaly (3.33)
Fy=o1ls — Q3T + (1 — OzQ)IN (334)
Fs =aoln + (1 — al)Is — Tk (335)
—pu—0 —B -mp —mf+y —mf+m

. 0 pB —h pmpB o2 pnspB

J(E") = 0 1=pB A=pmB QA —p)mB (1-p)nsp (3-36)
0 a1 (1 — Otz) —Qg 0
0 (l-—a) aa 0 —

we shall determine signs of the remaining eigen values using Routh-Hurwitz criterion. The
characteristic function |A — X;I| = 0 with i=1,2,3,4,5. By Routh-Harwitz criterion for determining
the negatives real signs of the eigen values of the cubic polynomial are; As + a1 A2 + a2\ + a3 with
conditions a1 > 0,a1a2 > as
al = -1
a2 =6 —p+ Bp+ BmBpm — Q1 — Q2 — Q3 — Q4.

3.7 The Global Stability of DFE.

To analyze the global stability of the disease-free equilibrium point, we use the technique employed
by [14]. We first rewrite our model equation (1-5) in the form

X _Hix,2), % — a(x, 2),G(X,0) = 0 (3.37)
dt dt
Here X=S and Z=Is, In,Tc,Tx the components of X € R denote the uninfected classes, while
the components Z =< R* denote the infected classes. The disease-free equilibrium of (43) now
becomes E° = (X*,0) = [575+0,0,0,0], where X* = (57). To guarantee the global asymptotic
stability, the following two conditions below must be satisfied:

i. (dX/dt)=H(X,0),X" is globally asymptotically stable

i. G(X,2)=AZ-G(X,Z),G(X,Z) > 0for (X,Z) € Q
Where A=DzG(X*,0) is a Metzler (M) matrix (the off- diagonal entries of A are non-negative) and
Q is the region where the model is biologically feasible. If (43) satisfies conditions i and ii, then the

following theorem holds.  The disease-free equilibrium E* = (X*,0) is a globally asymptotically
stable equilibrium point of (42) provided that R.;¢ < 1 and conditions i and ii are met.

Proof. We begin by providing condition i, that is, O
dX
& =H(X,0) = [r — (6§ + p)]- (3.38)

From equation (44), we obtain the following ordinary differential equation:

ds
=7 @+ (3.39)

12



Solving equation (45) and applying initial condition S0 = Sy at t=0, we obtain

_ i 0 —(64p)t
= 0 = 3.40
(e R ek (3.40)
Hence,S — 5T as t== oo, irrespective of the values of the initial conditions. Thus, X* is globally

asymptotically st’éble. We then prove condition ii as

PAS — Q15
% =GX,2) = alls(lf QS%QSJF (?ilggm (3.41)
a2y + (1 —a1)ls — QuTx
From vector (47), we have the Metzler matrix A given as
B— mp 0 n2/3 nsf
4= alﬂ)ﬁ (1 (f)jli) 2 (1 _g)gnzﬁ (1 g)nsﬁ (3.42)
(1—oa1) Qs 0 —Qu
Multiplying A and Z we get that;
(8° = 8)(Bp(Is, In,Tc, Tk)
G(X,7) (SO_S)(l—p)O(IS,IN,Tc,TK) (3.43)
0

We note that 0 < p < 1, and the susceptible are bounded as S° < S.Thus G\I(X7 Z), @(X, Z), @(X, Z)
and @(X, Z) are greater or equal to zero, hence @(X, Z) > 0. Conditions i and ii have been
satisfied and therefore the disease-free equilibrium point is globally asymptotically stable provided
that R.ss < 1. This result indicates that the disease would die out whenever R.;¢ < 1 irrespective of
the initial condition.

3.8 Local Stability of the EE

In this case, the linearization method at the endemic equilibrium point is somehow mathematically
complicated. We therefore analyze the local stability of the endemic equilibrium point using the
method. This method is applied to check the existence of forward and backward bifurcation.

The model exhibits a forward bifurcation at Ry = 1. Hence, the endemic equilibrium point E* is
locally asymptotically stable for Ry > 1 but close to 1.

Proof. To apply the center manifold theory, we consider the following S = 1, Is = z2, In = x3,Tc =
x4 and Tk = xzschange of variables. Let N = x1 +x2+x3+ x4+ x5 By introducing the vector notation
z = (1,2, T3, T4, T5)° -

system (1-5) can be written in the form, (42) = F(z) with F = (f1, f2, f3, f1, f5)" as follows:

d.’[l

—r = N1 =+ Tk +72Te = pS =85 = pAS = (1= p)AS (3.44)
% = f2=pAS = pls = pls —wals — enls = (1 = a)ls (3.45)
% = fs =(1 = p)AS — ply —wily — 8In — azly — (1 — az)Iy (3.46)
% = fi=anls —vTo — KiTe — pTo = 6Tc + (1 — az2)ln (3.47)
= f =aaln + (1= an)ls = Ko = uT = 8T = 1T (3.48)

13



with

\ = Bs +mlIx J;\f n2Tc + n3Tk) (3.49)
The Jacobian of system (50-54) at disease-free equilibrium point with 8 = 8~ is obtained as
RT— -8 —mpB —mB+ye —mf+m
. 0 pB — pm B 23 pnsp
J(E",B") = 0 I=pB A=pmB A —p)mB (1-p)nsp (3.50)
0 a1 (1 — Oéz) —Qg 0
0 (1—on) o2 0 —Qy

We consider a case when Ry = 1 and we let 3 = 3* be a bifurcation parameter. Then, solving 8

from R.y5 = 1, we get
B=p"= Q2Q304Q5
021382224 F+paang o€l —pn3laQla+pasng 2l —pa1 12823825 —n1 2202485 +pa 22824 Q5 —pQ23824 €
It follows that J(E 3 with 3 = 8™ has a simple zero eigenvalue. Thus, the center manifold theory is

applied to analyze the dynamics of the model around g = g*. J(E*) near 8 = S* has a right
eigenvector and a left eigenvector associated with the zero eigenvalue given by w = (w1, w2, w3, wa, ws)”
and v = (v1,v2,v3,v4,vs) 7 respectively. We multiply the right eigenvector w with J(E°, %) and then
equate to zero. On solving, we obtain

—m Bws + (=128 + v2) + (=3B + v1)wa

w1 = 1 T 5 (351)
Wy — —(pm Bws + pn2w4 + p 3 Pws) (3.52)
pB—
—(1 = p)Bwz = (1 = p)n2Bws — (1 — p)nsBws
= 3.53
w (1-p)B (859
wy =22t (1= az)us (3.54)
Q3
wy =L 0a)wz + asus (3.55)
92
The transpose of J(E°, 5*) is obtained as
—p—4 0 0 0 0
- pB— 1-p)B (e %1 (1—an)
JE,B)=|-mB+rv  pmB  (I—pmB (I—a2) (3.56)
—mB+y  prB (L—pmB Qs 0
-mB+m ppsB (L= p)nsB 0 —Q
vy =0 (3.57)
vy — — (1—p)Bvs+avs+ (1 —a1)vs (3.58)
pB —
omBvz + (1 — az)vs + azvs
= — 3.59
" (I—p)mp (3.59)
v = — P2BY2 + (= p)ifs (3.60)
Q3
4

We now compute for the bifurcation coefficients a and b. Since v, = 0, we will compute the partial
derivatives of f2, f3, f4 and fs we will compute the partial derivatives of fs, f3, f4 and f5 at disease-

14



free equilibrium point is given by

2 (1 ) (3.66)
8?21, —(1- p)mB (3.67)
S (1 s (3.68)
ST (1 s (3.69)

The bifurcation coefficients a and b are thus computed as follows: a = [2wiw2(pf) + 2wiws(pm B) +
2wiwa(pn2B) + wiws (pnsB)] + [v1v2(1 — p)B + vivs(1 — p)m B + viva(l — p)n2fB + v1vs(1 — p)nsf]
Where Q=5".If ws > 0,ws > 0,v3 > 0and w; < 0, thena < 0and b > 0, hence the model exhibits a
forward bifurcation at R.yy = 1. Therefore, the endemic equilibrium E* is locally asymptotically stable
for Reyy > 1 but close to 1. This result indicates that the disease would persist whenever R.¢y > 1 if
the initial condition of the disease dynamics starts close to 1. If ws > 0,ws > 0,03 > 0 and w1 > 0,
then @ > 0 and b > 0 hence the model exhibits a backward bifurcation at R.;y = 1. Therefore, a
stable endemic equilibrium may exist even when R.;; < 1. Thus, this indicates that R.;; < 1 is not
sufficient to control the spread of the disease.

3.9 The Global Stability of EE

We establish the global stability of the endemic equilibrium point in this section. If P < @, the
endemic equilibrium point E* of the model is globally asymptotically stable.

Proof. We apply the technique employed by [13] We propose the following Lyapunov function: O

* *

* * S * * S
L(S,Is,In,Tc,Tk) = (S — S — S™log( g N+ Us —Ig — Islog(g)) (3.70)

* *

* * I * * T * * T*
+(Inv = I = Inlog(70)) + (Te = Té = Télog(72) + (Tie = Tic = Tidlog(9))  (B.71)

We differentiate equation (76-77) with respect to time and then substitute (dS/dt), (dIs/dt), (dIn/dt), (dTc/dt)
and (dTk /dt) from (1-5) to obtain

15



dL _ S - 5"

o = (T )T (T = Ti) +72(Te = T6) = (1 +6 = A)(S = S7)+ (3.72)
(Isiglé)ﬁ(s —S*) = (u+p+we+1)(Is — I5)+ (3.73)
(%)(1—@)\(5—5*)—(#-&-%+6+1)(1N—[1*V)+ (3.74)
(TCT;CT';)%US —Is) = (r2+EKi+p+0+(1-a))(n—In)+ (3.75)
(%Mﬂw +(1—on)Is —I5) — (Ko + p+ 6 4+7)(Tx — Ti) (3.76)

We then expand equation (78-82) and collect the positive and negative terms, respectively, to obtain
where
dL

G =P-Q (3.77)

P =Tk +72Tc + pAS+ (1 = pAS + 628 + TNy + (1 — an)Is + 7+ AS

Q=nTi + 7T+ (u+0)S" + 255 + (u+ p+wo + I+
(1-priys +(u+w1+5+1)lz*v+T%ésa1+(vz+k1+u+5+

In
(1—-a2)) If}zc + T;S;S ar+ (k2 +p+6+7)Tk +arls If P < @, then we obtain dL/dt < 0 noting
that dL/dt = 0ifand only if S = S*,Is = I5,In = IN,Tc = T¢ and Tx = Tgk. Thus, the largest
compact invariant set in (S*, 15, INT¢, Tx) € Q : (dL/dt) = 0 is the singleton E*, where E* is
the endemic equilibrium point of the model. Therefore, by LaSalle’s invariance principle [15], E* is
globally asymptotically stable in E* if P < Q. This result indicates that the disease would persist
whenever P < @ irrespective of the initial condition.

4 Model parameters used for simulation

In order to examine the dynamic Runge-Kutta analysis of the framework’s state variables’ dynamics
when the model specifications are present technique is applied to the model equations in this section
and then utilized to do numerical simulations using the fourth order Runge-Kutta method in MatlabR2015a.
An ordinary differential equation’s initial value problem can be solved numerically using the Runge-
Kutta method. The initial conditions and parameters values listed in table 2 are used to carry out the
numerical simulations and a graphical presentation of the numerical results is made.

4.1 Sensitivity study of fundamental reproduction numbers normalized

Sensitivity analysis of parameters is carried out using the differential calculus. The analysis involves
examining the parameter which affects the basic reproduction number most. It tells us how each
model parameter is important to childhood diarrhea infection transmission. It is used to discover
parameters that have high impact on Ry and should be targeted by intervention strategy. Sensitivity
indices allow us to measure the relative change in a variable when a parameter changes.

4.2 Susceptible population for under five children

The susceptible population particularly in Kenyan population is expected to double after every ten
years according to data published in literature, however in the occurrence of disease the population
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Susceptible population

Parameters Sensitivity indices
T -0.00377942
i -0.000031224
p 0.528113
w1 —4.58265 % 10~ 7
wo -0.0412177
) 0.00031516
I6; 0.000266559
ky 0.000196475
Qs -0.0000108841
ko 3.03942 x 1076
p -0.00389483
73 0.124437
a1 1.92379 %« 1076
72 3.70097 « 10711
m 0.0000328237

Table 4: Sensitivity indices of parameters

Figure 1: Total population for under five children with time
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will rise and then stabilize at a point like in this case the population of children rise until it start to
stabilize as some of them become infected and leave that class also when they leave the class of
five years as observed in fig 2. The population will remain like this as long as the childhood diarrhea
persist in the population but if proper health care services are given in time it could save more live
that would otherwise be lost.

4.3 Diarrhea infected under five children free of stress

Ifocted without stress population
I

Diarrhea infected under five
children under stress

This class is characterized by a bit low population of diarrhea infected as compared with the above
class with stress, though mortality and morbidity is a bit high but cant be compared to the class with
stress. These include under five children outside Majengo area in Nyeri county where by they can
access better health care and good house holds. When the force of infection was compared it showed
variation, as in fig 4 p = 0.94795 at this rate there was more infected as rate of infection was also high,
p = 0.74795 as the force of infection decrease there’s a decrease in infection and when p = 0.54795 at
this rate there was minimal infection which show diarrhea can be contained in the population through
increase good health service and proper house holds for the under five children.

4.4 Treatment for under five children in faulty health system

Ea0 . . . i

3 200l . . .
£ 150 \\ i
100}~
ol ; : ;
o 0 2 EY w0 % 7 w0 %

Figure 2: Treatment for under five in faulty health system with time
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This class is characterized by low turn out for those kids seeking medical attention as these
kids come from poor house holds and also the services offered are poor also the means to reach
theses services is a problem the personnel and necessary facilities in these health system is also a
problem. This class may also receive under five children from infected without stress class who may
unknowingly seek health services. There is high mortality rate in this class as most children don'’t get
adequate medical attention and only those who may opt to look for medical services else where can
get help. In fig 5 The variation in the force of infection show difference in population the higher the
force of infection the higher rate of under five children seeking treatment.

4.5 Treatmentin normal health system for under five children at varying
force of infection

Treatment for under five in
normal health system with time

This class is characterized by high population of under five children seeking treatment, these children
though have diarrhea though its not under influence of others factor as compared to those under
stress. Here the health facilities resources and personnel is in good working condition, children can
be able to acquire these services with ease at varying force of infection mean varying population
seeking treatment. The higher the force of infection the higher the population, some children under
stress can can access these services if they have resources to pay for the service as in fig 6.

4.6 Treatment for under five children at varying treatment rate under
stress

This class is characterized by immense low turn out as these facilities usually are known to have faulty
health system and also poor medical services. This population is also characterized by children living
in poor house holds like Majengo in Nyeri county where the case of social factors(stress) is paramount
and access to good services is the only problem though some families can be able to afford good
services but are minimal. An increase in the rate of seeking treatment increase the population of those
seeking treatment decreasing the mortality rate. From the graph fig 7 its evident that an increase in
rate seeking treatment have significant positive impact on the population of children.
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Figure 3: treatment for under five children with time

4.7 Treatment for under five children at varying rate of recovery

0 50
“Time t(in days)

treatment for under five
children with time

In this class under five children are subjected to good health system and proper house holds where
access to health care is not a problem and social factor like stress is not a problem. When the rate
of recovery increases that means more will be leaving and joining the susceptible class the low the
recover the lower the recovered population according to fig 8.

4.8 Treatment for under five children in faulty health system at varying
rate of recovery

As compared to treatment under normal health system this class usually have few children as the
suffer from social health facilities and poor services in the health system and house holds. Anincrease
in rate recovery increase the out put population and a decrease will lead to a decrease as observed
in the in the figure 9.
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Figure 4: treatment for under five children with time
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Figure 5: Comparison between infected under stress and without stress with time
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4.9 Comparison between infected under stress and without stress at
varying force of infection

In this we compare between infected with stress Iy and infected with stress Ix and I's at varying force

of infection. If the parameters increasing the force of infection are reduce this means that children will

not be acute as compared when its high also when social factors like stress is contained in children

the effect of diarrhea is maintained. In fig 10 as p decrease as seen in the red graph the population
will near zero point that means the diarrhea disease will be maintained at baseline level.

4.10 Comparison between infected under stress and treatment in faulty
health system varying rate of seeking treatment

A graph of Is and T¢ with
time

The comparison between infected with stress Is and treatment under faulty health system T¢ the
two classes suffer two main problem where one is under social factor (stress) and the other is faulty
health system under diarrhea there seem to be an increase in the population when «; increase this
may be characterized by the increase in problem of social factor and poor health system and house
holds as observed in fig 11.

4.11 Comparison between infected without stress and treatment in
normal health system at varying rate of seeking treatment

The comparison between under five children seeking treatment without stress and treatment in
normal health facilities show that a decrease in rate of seeking treatment will lead to decrease in
both class as less people will be treated and less will recover as observed in figure 12. Hence more
emphasis should be on increasing treatment rate and ensuring that health facilities are well equipped
to ensure better health facilities.

5 CONCLUSIONS

In this study, we developed and analyzed a deterministic under five childhood diarrhea model incorporating
social factor (stress) and faulty health system and their effect on under five children during diarrhea
outbreak. The model structure comprised of five compartments of human populations, namely;
susceptible individuals, diarrhea infected with stress, diarrhea infected without stress, treated in faulty
health system and treated in normal health system. The model assumed social factor (stress) and
faulty health system as the agents of diarrhea transmission. The model is a first order ordinary
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Figure 6: Comparison between infected without stress and treatment in normal
health system at varying rate of seeking treatment with tim

differential equation. The state variables were proved to be positive and lie in the feasible region. The
model reproduction number, was determined as the largest eigen value of the Jacobian matrix using
the Next Generation Matrix Method. Using the Jacobian Matrix, the local stability of the disease free
equilibrium point was established to be locally asymptotically stable whenever R; < 1. The analytical
results were obtained for the basic reproduction number. Normalized sensitivity indices for the basic
reproduction number with respect to control parameters were determined. The numerical simulations
were carried out in MATLAB which has an inbuilt numerical method-fourth and fifth order Runge-Kutta
method. The numerical results are presented graphically. An increase in the force of infection lead
to increase in diarrhea infection which will also lead to increase in diarrhea on under five children
with social factor problem (stress) leading to higher fueling of diarrhea. This infers that under five
with stress condition contributes significantly to the spread of childhood diarrhea as seen in figure 3.
Faulty health system and poor house holds usually hinder good health services to a child whereby
they cant get good health services or it become a hindrance thus most of the may suffer severely and
high mortality rate in prevalence as observed in figure 5.
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