Compactness of pseudo-differential type
operators involving fractional Fourier
transform

August 25, 2025

Abstract
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and 7 (x,A") are investigated. Norms of pseudo-differential type operators
modulo compact operators are discussed.
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1 Introduction and motivation

The Fourier transform of a function ¢ € L (R) is defined by
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and its inverse Fourier transform is as follows:
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The term "pseudo-differential operators"[1, 2 3, 4] has a fairly broad defini-
tion and covers such topics as harmonic analysis, partial differential equation,
geometry, mathematical physics, microlocal analysis, time-frequency analysis,
imaging, computations, and quantum mechanics. In mathematics, natural sci-
ences, medicine, scientific computing, and engineering, current trends and novel
applications are highlighted. The emphasis is on contemporary developments in
different branches of engineering, mathematical sciences, the natural sciences,
medicine, scientific computers.

In reality, Kohn-Nirenberg and Hérmander [5] were the ones who first intro-
duced the pseudo-differential calculus, and later authors expanded on it, primarily
in a local context, to examine local regularity and local solvability of PDEs.

Pseudo-differential operators on R are standard or conventional generaliza-
tions of partial differential operators or ordinary differential operators and singular
integrals.

Many faculties, scientists, Ph.D students and researchers of other field devel-
oped the theory of pseudo-differential operators with the help of different types
of integral operators like Fourier transforms ( see [0, [7]), Hankel transform ( see
[8,19,10] ), Fourier Bessel Transform on R (see [[11,12]), Weinstein transform (
see [13] ), Laguerre hypergroups (see [14]) and Jacobi differential operators (see
[LS]).

From 19th century Fourier analysis is a most frequently used tools in signal
processing and in any other scientific studies/streams [16} [17, 18, [19]. In the
pure mathematics and apllied mathematics literature, a generalized concept of the
Fourier transform well known as the fractional Fourier transform was considered
in 1980-1987, by Mcbride, Kerr and Namias [20, 21], The Kernels of the two
operators differ in a ratation by an angle 0 in the time-frequency domain. From
1980s, The FrFt has been independently reinvented by a number of research work-
ers and faculty members across the world.

Applications of these transforms are in the design of lens, analysis of laser cavity,
study of wave propagation in quadratic refractive index medium when the system
is axially symmetric.

The research area of many pure mathematicians / applied mathematicians has frac-
tional Fourier transform. Fractional Fourier transform [22,, 23, 24, 25]] has been
defined as follows:

(F99)(&) = 8°(&) = | K &)p(x)dx n
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Ccf =,/ % and studied some properties of this transform.

The corresponding inversion formula of (.%%¢)(€) is defined in the following
ways

0= [ KOE(F 9)(E)d @
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and C9 =,/ HEA8 = CF.
Hence, K9 (x,&) = K~ 9(x,&).
It implies that the inverse of a FrFT with the parameter 0 is the FrFT with the

parameter —6.

Definition 1. A tempered distribution @ belongs to the Sobolev type space Hy,(R),
and s€R if its fractional Fourier transform % 4@ corresponding to a locally inte-
grable function (¢ @) (&) over R such that

Yol = ( [ 10+ 123 !d&) <o ®)

This space is complete with respect to the norm *||@||s.

Definition 2. The space ¢, the so-called space of smooth functions of rapid de-
scent, is defined as follows: @ is a member of ¢ iff it is a complex valued C*-
function on R and for every choice of B and 7y of non-negative integers, it satisfies

pd"o(x)
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Lemma 1. (Peetre) For any real number s and for all £,1 € R, the estimate

(1+|€!2
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is satisfied.

Proof. See [6]]. ]



2 Symbols

Let a(x,&) be a complex valued function defined over R x R and the a(x,&) €
C(R x R) is said to be an element of the class A if and only if a(x,7§) = a(x, &)

fort > 0,
lim a(x,§) = a(e,§)

[ e

exists for & € R — {0} and a(eo, &) is C*-function.
We define d'(x,&) = a(x,&) —a(e, &) and assume the estimate as V [, p,q € N,
there exits Dy , , > 0 such that

(1+ |x|2)l\D§Dga’(x,&j)\ <Dy,, forallxcR. (6)

3 The pseudo-differential type operator A(x,A’)

In 1965, the pseudo-differential operators were studied by Kohn and Nirenberg [5]]
and Hormander [26] by using the theory of Fourier transform and then seeing its
importance in the theory of partial differential equations [27, 2| [7]. Motivated by
the works of Zaidman [7], Vishvesh Kumar and Shyam Swarup Mondal [28] and
Agrawal, Shekhar [23, 24, 25]], we define the pseudo-differential type operator
A(x,A’) involving the fractional Fourier transform for any function ¢ € ¢ and
a(x,&) € A [23,24]as follows

Leta(x,&) =a(eo, &) g7 cotar d' (x,&) be a symbol and as previously, VA, & € R

ily(2,E) = /R Ko (6, A)d (x, € )dx. %

Since the fractional Fourier transform is a continous linear map of ¢ onto itself.
This implies that dj, (A, &) € 4 uniformly for £ € R. Let us define, for any ¢ € ¢
and x € R, a function ¥ (x) = [A(x,A")@](x), by

A(x, ) /Ka (E)dE ¥ E€R. ®)

The function G(&) is given by

Ga(§) = aleo.£)9u(8) +C LML (E — . E)gulman. ©)

Evidently, it has to be proved that G (&) is fractional Fourier transformable, in
fact, we have G (&) € Li(R) as

Ia(w,i)fﬁa(i)lﬂrérl'axl\a( )19 (E)]
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then obviously, it is sufficient to show that

[ [ (& —n.)@a(n)landg < =
RJR

Since

8 (&=1.8) = [ KalrE =M (xE)dx

in fact,

[ 16 =n.E)pu(m)ldn <Di [ (1415 —nPesca)”F@a(n)idn.

l

This last expression is the convolution between (1 + |E|?csc? ) ™2 and @y (&)
both integrable for / sufficiently large.
Hence

[ 1 =n.m)l|a(n)ldn <<
Thus A (x,A")@ is continous and bounded on R. Hence we can say that
A —i(n?*— cotax 4 =
(FalA(x.A))I(E) = a(+.E)Pal8) +Cl [ /M EVG, (£~ m)gu(n)an

is verified the fractional Fourier transform being in ¢’.

4 The pseudo-differential type operator o7 (x,A’)
In this section, let a(x, &) € A be a symbol. We define the pseudo-differential type

operator <7 (x,A") associated with the symbol a(x,&) of 4 in ¥’ by means of the
formula [23) 24]]

[ (x,A") g /Ka (&)dE. (10)

Where, for ¢ € ¢, the function Hy(&) is defined by the relation

Hq(&) =a(°°,é>¢a(é)+C&/Re"'<"2‘5”>c°t°‘da(é —1n,MPu(m)dn (11

Voe¥and & € R.
With the same proof used for A(x,A") we have; the function <7 (x,A’)@ is
continous and bounded for x € R. Besides, we see that if the symbol a(x, &) does
not depend on x, we have A(A") = o7 (A).



S Compactness of Pseudo-differential type Opera-
tor

Let a(x,&), b(x,&) and ¢(x,&) = a(x,&)b(x,&) be three symbols, and A(x,A’),
B(x,A’),C(x,A") the associated pseudo-differential type operators.
Note 1.: Let a(x,&),b(x, &) be two symbols such that a(x,&)b(x,§) =0 Vx,§ #
0 € R. Then the A(x,A’)B(x,A’) is compact in L>(R).
In fact, A(x,A")B(x,A’) — C(x,A’) is compact, where C(x,A’) is associated to
a(x,&)b(x,&) =0. So, C(x,A’) is the null operator and the result follows.
Note 2.: Let ¢(x),y(x) be C* — functions with disjoint supports, and a(x,&)
be a symbol. Then the operator ¢ (x)A(x,A")y(x) : L*(R) — L*(R) is a compact
operator.

In the present chapter, we use the following criterion of compactness. Let
& C L*(R) be a set, such that

D *llolh = (Ja(1+1&[*)[9a(é)?dE)? < Cfor ¢ € ¥ and
(i1)
im [ [Ga(&+) - Gu(§)dE =0,
|€|<o

uniformly for ¢ € ¢, for any fixed o > 0.

The ¢ is precompact in L?(IR), and therefore a subsequence of every sequence in
¢ is convergent in L>(R).

As a set 4 is precompact in L?(R) if and only if the set & of fractional Fourier’s
transform is precompact in L?(R), it will be sufficient to prove that: From criterion
of M.RIESZ. A set .4 in L?(R) is relatively compact iff

@ [lw(§)PdE <C, Vye.r,

(b)

lim [ |w(&+v) ~ y(E)PdE =0

uniformly for y € A,
(c)
lim [ |w(&)PdE =0

G—ro0
1424
uniformly for y € 1.
See the verification of (a), (b) and (c) in [7].
We will now prove the

Theorem 1. Ifa(x, &) is a symbol, the pseudo-differential type operator A(x,A) —
a (x,A') is compact in L*(R).



Proof. Let ® be a bounded set in L?(R). We define U (x,A") = A(x,A") — o (x,A").
To show that U(®) is relatively compact in L2(R). Or U(®) = {U@, ¢ € O} is
relatively compact in L*(R).

We have

“(ACx,A) = (x,A) @l 1 () < Cla)*[[ @111 (g

therefore, for ¢ € @, the set {U @} yce is bounded in H'(R). Hence the set U/(-G\))
is bounded in L*(R).
We have to show that for every o > 0, it is

lim /|U(p§+v) Up(& ]dg 0
|[v|—0
El<o

uniformly for ¢ € ©.

Lemma 2. The symbol a(x,&) is such that a(ee, &) = 0, in this case to prove that

lim /\AxA' (€ +) —A(x,A)g(£)2dE =0

uniformly for o € @NY.
Proof. We have

[Fa (A.2)) 0] (6) =CL [ e 79, ~0.£),(m)dn

and
[(Fa (A, A)) 9] (£ +0) =C, [ e &0, (£ v . £)@u(m)dn.
Now
| [Za (A.A) 9] (6 +0) — [Fa (A(x.A)) 9] (§)
€L [ e e (v - n.E)gu(m)dn)

+]C [ e inmag, (&~ . )G, (n)an)
ci] [ |a.(& +v=n.9)][@.m)]an
+ 1] [1aE = n.8)|@.m)dn

a,(&+v —n,é)\zdn)é (/ \@(n)}zdn)é
a, (8 —n,é)l2dn)é (/ I@(n)lzdn)é
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We get

| [Za (A(x,A)) 0] (§ +0) = [Fa (A(x,A) 9] (§)]

= \/ﬁ(a"‘l’”o)zl)z </(1 +(E+v—1n)°csc? oc)’dn>

1
+

1

2
—_ (¢ D) /1+ - 2csczald) , where [ =1,2,3,....
T Cllol0l [0+ &P o) w

For every fixed ¢ > 0; we have

/ <G|[Z(x,A’)<p]<€ +0) — [A(x.a)](6)['d

Tsino

1
+

TTsin o

<

TSsin o ! Tsin o

Clolornt [ [ 0+ +v-myesca) lanag

Cloloyor [ [ (14 E -y ese @) 'dnag

(“llello)*DiCy + (“lello)*Di*C,,

where 1 is sufficiently large.

We take € > 0, such that

Therefore,

J.ed

77:sm(x( “q)”O)ZDlzCI 2 5 and 77:s1na( H(PHO)ZD;ZCZ < %

~

Ax.A)P)(E +0) ~ A, A)pl(E)]dE < +5 =e.

2
Hence
lim / }AxA' (E+0)—A(x,A) (cﬁ)}zd&:O.
[v|—0
IEl<o
This completes the proof of Lemma 2. [

Lemma 3. The symbol a(x,&) is such that a(ee,&) = 0, in this case to prove that

lim /‘%(p&—i—v) A& ‘d& 0
|[v|—0
I§l<o

uniformly for p € ®@NY, V fixed ¢ > 0.

Proof. We have

(7)) 0] &) = [ (& —n.m)du(mdn
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and

(7)) 9] (£ +0) = [ dal& -+ —n.m)¢u(n)an
() o] 6+v)~ [(708)) 0] (&) = [aa(&+—n.m)pa(n)dn
- /da(é—n,n)%(n)dn.
Now,
[(7x8)) 0| € +v) - | (7)) 0] )
= | [ da(& +v—nm) (&~ n.m)] fulm)an|’

</|¢a(n)|2dn) </{&a(éw—n,n)—da(é—n,n)lzdn)

= “llgll)* [ aal&+v~n.m) - dal& ~n.m)dn.

IN

Apply Taylor’s formula; we obtain, if dg = dg(A, 1), the relation

aA(X(é +0— 77»77) _da(g - T[,T]) = (v7gradlda(€ —n + 907”))7 0<o<l1.
It implies that

|da(E+v—n.1) —da(§ —n.1)| < |vllgradsau(& —n+6v,1)|.
From (6),

|1+ ]2/ Dada(A, )| <C,  M#£0AER.

o |gradyan(E—m+0v.0)| <CGA+|E-n+0v),  VI=1,23,.to =

(7)) o] 6+v) = [(70x.8)) 0] (B < (Cllglo) [ pPCH(1+1E—n+6v/) 2 an.
Terefore, taking integration on both sides with limit |§| < o, we have
[ [(7tm)) o] & +v) - [(7108)) o] )t
§l<o

< Clelo? [ / [PCH(1+ 16~ +6vf) Pdndg (12

El<o|é|<o



Since ¢ € ®NY we have (%||¢||o)> < M. We take £ > 0, and choose at first po ()
and vp(€) such that

Mo [ P+ E-n+ou(e)P) Panas <. 13)

I&]<00 |§]<00

where [ is sufficiently large.
From the (12) and (13), we get

| 1[(7e)) o] (g +v) = [(Txa)) o] (6) i <.

El<a
Therefore
. — 2
fim / (7)) o] (& +v) = [(71x.8)) 0] (€)]Pag = 0.
|v|—0
El<o
The proof of the Lemma 3 is completed. ]

Lemma 4. We have in the case a(e,£) =0 that Vo > 0

.55‘0'54 [(Awa0) o] v [(Awa) o] @)Fag =0

and

pim, | W[ ] €0 [( ) o] @ =0

uniformly for ¢ € ©-bounded set in L*(R).

Proof. Since ¢ is dense in L?(R). Given & > 0, howeversmall and ® a bounded
set in L?(R), there is V¢ € ©, an element @; € ¢, such that ¥||@ — @¢|, <
\/ 4= Hence, for ¢ € ® we have *||¢||y < L, and *||@;[lo = *||@: — @ + ¢]|o <

M=) (@ = @e)llo+*llllo = “Il@ — @ello + “[|@lly < &+ L < L+1, and there-
fore the set {¢¢ : @ € @} is a set @, bounded in L?(R) and included in . Here
we have, for |v| < |v,(€)| that in case a(e0,E) =0

| 1(Awan) o] E+v) - [(Awa)) o] @ e <5 vacon

I€|<o

10



/I Tx8)) 9] ) - [(e8)) 9] ©Laz < . v co,
§l<o
Hence, we deduce the inequalities
[ 1[(Aea)) o] (& +v) - [(Awx.a)) 0] §)[ e
El<o
- /\ xA’ §+u)_[(&X,A’))(p}(§+u>+[(A(x,A’>)<p](§+u)
El<o
— [(Awa)) o) @)+ [(Aa)) o] &)~ | (A.8)) o] (6)12ag
< [ 1[(Axa)) o] € +v) - [(Awa)) ] (€ + ) a
45y
+ | (Awa)) e € +v) - [(Axa)) 0] (&) a
45y
+ [ [(Awa)) o &) - [(Awa)) o] (©)] g
El<o
= A e-elR+ [ |[(Axa)) o] (E+v)— | (Aw)) 0. (€)[ g
El<o
+ (AA) (9= @.)o)?
= 20w @+ [ [[(Ax)) @] E+v) - [(Awa)) o] €)[ e
I€l<o
< 2(*llo— o) +3
< 26( %)24—;:;4—;:8.
Hence,
“1)1'110'5[6\ Alx)) o] 6+ v) = [(Alxa)) 0] ) =0
Similary, we can prove that
s, | 1[(@e)le o () o] e o,

11



This completes the proof of Lemma 4. [
Thus, applying Lemma 2, Lemma 3, Lemma 4, Theorem 1 is proved. 0

Theorem 2. If a(x,&), b(x,&) and c(x,&) = a(x,&)b(x,&) are symbols, then
A(x,A)B(x,A") — C(x,A") : L*(R) — L*(R) is a compact operator.

Proof. Let T (x,A") = A(x,A")B(x,A") — C(x,A’) be an operator. Hence, if ¢ €
® where © is a bounded set in L?(R), then T (x,A’)(®) is bounded in L*(R).
Therefore, we have to prove that, Vo > 0

. , -~ p 2
ll)ug%él (v A)9] G +v) - [Tware] @F =0 a4

uniformly for ¢ € ©.
When a(e,&) = b(e,&)

(o0, &) =0, then using Theorem 1 we get, Vo > 0

2

lim /|6xA’ [ @+v)-[Cenane] @) =0 (15)

|[v|—0
I§|<o

uniformly for ¢ € O.
It is only to find

. / - / 2
11)1210&[ {ABxA 5+v) [AB(x,A)q)] ©P=o0. (6

From Lemma 4, then Ve > 0, 3 J,(€), such that

[ i +v)-Aw@)| dg <e. i vl <) and “wlo<L

|€|<o

If ¢ is arbitrary in L?>(R) and *||¢||, < A@, where M,c € R,. Then T% is of
norm 1, therefore

/

|€|<o

/\L _/\
Aol ¢ TV Ao, )

[ o +v)-Ao@)[ @& < Cloli? 1 if ol <de), Vo),
El<o

(17)

12



using (17) for AB@, we get

— — 2 &
| |ABo(& +v)~ABo(&)| d& < (“IBoll? s if ol <die), VoeL(R).
I€l<o
(18)
Since the pseudo-differential type operator B(x,A’) is bounded. Therefore, *||Bo||, <

¢ *||o|lo, where ¢ > 0 is a certain constant.
— — 2 € M ¢
o [ |ABe(E +v) - ABe(E)| & < Aol < P =
€|<o
v < 8i(e), VeoeLl*(R).
It implies that
— /\ 2
lim / ‘AB(p(é +0) —AB(p(&)‘ d& = 0. (19)
V|—
I€l<o

Using (16) and (19), we get

s | (- 0)oi 0 (5-C) s a0
€|<o

Hence, A(x,A")B(x,A") — C(x,A’) : *(R) — L*(R) is a compact operator. O
This completes the proof of the Theorem 2.

Theorem 3. Let a(x,&) be a symbol, A(x,A’) and <7 (x,A’) the pseudo-differential
type operators. Then A(x,A') — o/ (x,A') : L*(R) — L*(R) is a compact linear
operator.

Proof. Using Theorem 1 and Theorem 2, Theorem 3 is proved. U

6 Norms of pseudo-differential type operator mod-
ulo compact operators

Theorem 4. Ler A(x, A/) be pseudo-differential type operator associated with the

symbol a(x, ). Then, for every € > 0 there is a semi-norm || ||" on L*(R), depen-

dent of €, such that every L*>-bounded sequence contains a subsequence conver-
gent in the semi-norm || ||', such that the inequality

lAGA) gl < M +e)lolo+Cloll, Vo eLX(R)

is proved.

13



Proof. We consider b, (x,&) = (M? —a(x,)a(x, &) + €)2. It is obvious that
be(x,&) =b.(x,&), €>0, x,EA0CR.

Let us consider the B,(x,A"), %.(x,A’) associated with b.(x,&) and .o (x,A’) as-
sociated with a(x, ).

Lemma 5. The linear operator
U = (M +€e)—o-A— B, B.: )(R) - L*(R) (20)
is compact.
Proof. We define a relation
PB.-B, = (B, —B,)-B.+B. =U,+B:, (21)

where U, = (%, — B;) - B, is a compact operator according to Theorem 3. From
(20) and (21), we get

U= (M +€)—ao/ -A—U, —B.
We consider
o A= (o —A)-A+A-A=U,+A-A, (say);

where, U, = (o —A)-A : L*(R) — L*(R) is a compact operator, according to the
Theorem 3 and hence we get

U =M +e)—o-A—B:— (U +U,).

We have: BB, — (M*>+¢&—(a-a)(x,A")) = Us : L*(R) — L*(R) is a compact
operator. Hence, we derive

B.(x,A")-B.(x,A) = B}(x,A) =M*+¢&—(G@-a)(x,A") + U,
and therefore

U = M+e—A-A— (M +¢)+ @ a)(x,A)— (U, +U,+Us)
= @ a)(xA)-A-A—(U+U,+Us)=Uy  (say),

where, U, : L*(R) — L*(R) is a compact linear operator by Theorem 3.
Hence, Lemma 5 is proved. O

Lemma 6. Given arbitrary € > 0, we have the relation
1
Re(Ueo,9)o+ellolls = — —lIUeolls, Vo € L(R).

14



Proof. In fact, we have

Re(Ue@,0)ol < U:lloll0]lo
z.ﬁuvgmroﬁrwuo

. (ﬁnzzgm“)ﬁ(ﬁnwuo)z
— Llueli+elol:

and consequently

1
Re(U.@,9) > —EHUefpllé—elleé,

1
Re(Uep, @)+ €ll9lls = — U0l
This completes the proof. ]

Lemma 7. We have the relation, Ve > 0
/ 1
[AGx, A)ell§ < (M*+2¢) | o]l5+ EHUJPH?” Vo € L(R).
Proof. We have

(Ve @) = (M +28) || @[5 — | A(x, )95 — || Be(x, 4) @3-

Using Lemaa 6, the estimate

(M +2¢) || @Il; — 1A (x, A)@|; — [|B(x,A) ][} > —%HU&HS
and therefore
1AGr, A If; + [|Be (v, A) 9]} < (M2+2€)||<PIIS+$I|U8<PI|§
and hence a fortiori
40 &)@l < (4 +22) 9l + . V.01 @2)

This proves the Lemma 7. 0

15



Applying va+b < \/a++/b, aandb > 0in (23), we get

1AGx, A ollo < (M + V2€) | o]0 + \/—||U @llo- (23)
Putting semi-norm ¢||@|| = #5 |U:@||o in (6.4), we have
A, A)@llo < (M +V2e) |||y + |-
This proves the theorem. ]

Theorem 5. Let H be hilbertian; on H is defined a seminorm | | such that

(i) o] < cllolls, ¢ € H,

(ii) for every bounded sequence (,)T there exists a Cauchy subsequence with
respect to | |.

Then: Y€ > 0, there exists He—a closed linear subspace of H, such that HOH, =
H- is of finite dimension and |@| < €||@||u, Vo € H,.

Proof. See [7]. ]

Theorem 6. Let H*(R), Vs € R be a Hilbertian space and A(x,A") € £ (H* : H").
Let us assume that Ve > 0, there exists a seminorm & || || on H*(R) such that || ||, is
relatively compact with respect to &|| || and such that ||| < c||@|l;, Yo € H'(R)
and

IACA) @l < (M+e)llol,+5loll, Vo e H(R).

Then:
inf{|[A+U|| g@sms): U € S} <M.

Proof. It is sufficient to prove that for every € > 0, we find a compact operator U,
in H’, such that

[A+Uoll < M+e)loll,  VocH

Let be J# C H¥; for ¢ € 2% we have, ¢||¢|| < €||¢|| and 22+ of dimension 7,
finite. Let us put & the orthogonal projection on .7; hence, (I — &) projects
on a finite dimensional space.

Therefore, I — P : H*(R) — H*(R) is compact.

Hence, we put —U, = A(I — Z); this is obviously compact. We have

[(A+U:)oll = [|[AZ0], Vo € H'(R).
By the hypothesis of the theorem, we get

A+ U)ol < (M+e)[|Zeoll +°1|20ll, Vo €H'(R).

16



Being now, we get: 2. € J7;, we get
‘N2l < ell 7.0l < €o]

therefore we get,

A+ U)ol < (M+2¢)[[oll,  VoeH(R)
Hence,
lnf{HA + U|’$(H5:HS) U € 66} S M.
This completes the proof of Theorem 6. U

Theorem 7. Let a(x, &) be a symbol such that M = max{|a(x,£)| : x ER and || =
1}; let A(x,Al) be pseudo-differential type operator associated with a(x,&). Let
&, ={U : L*(R) — L*(R) is a linear compact operator }.

Then we have the upper estimates

inf {|[A, A)+U|:U €S} <M, inf{|/(x,A)+U|:U€&.} <M.

Proof. Using Theorem 6 and Theorem 5, Theorem 7 is proved. [

References

[1] Jean-Marc Bouclet. An introduction to pseudo-differential operators. Lec-
ture Notes, Available at http://www. math. univ-toulouse. fr/~ bouclet, 2012.

[2] Man-Wah Wong. Introduction To Pseudo-differential Operators, An, vol-
ume 6. World Scientific Publishing Company, 2014.

[3] Akhilesh Prasad and Manish Kumar. Product of two generalized pseudo-
differential operators involving fractional fourier transform. Journal of
Pseudo-Differential Operators and Applications, 2(3):355-365, 2011.

[4] RS Pathak, Akhilesh Prasad, and Manish Kumar. An n-dimensional pseudo-
differential operator involving the hankel transformation. Proceedings-
Mathematical Sciences, 122(1):99-120, 2012.

[5] Joseph J Kohn and Louis Nirenberg. An algebra of pseudo-differential oper-
ators. Communications on Pure and Applied Mathematics, 18(1-2):269-305,
1965.

[6] Samuel Zaidman. Distributions and pseudo-differential operators, volume
248. Harlow, England: Longman Scientific & Technical, 1991.

17



[7]

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

S Zaidman. Pseudo-differential operators. Annali di Matematica Pura ed
Applicata, 92(1):345-399, 1972.

Ram S Pathak and Pradip K Pandey. A class of pseudo-differential opera-
tors associated with bessel operators. Journal of mathematical analysis and
applications, 196(2):736-747, 1995.

RS Pathak and S Pathak. Certain pseudo-differential operator associated
with the bessel operator. INDIAN JOURNAL OF PURE & APPLIED MATH-
EMATICS, 31(3):309-317, 2000.

Ram Shankar Pathak and S Pathak. The pseudodifferential operator a

(x, d). International Journal of Mathematics and Mathematical Sciences,
2004(8):407-419, 2004.

Akhilesh Prasad and Vishal Kumar Singh. On pseudo-differential oper-
ator associated with bessel operator. [Int. J. Contemp. Math. Sciences,
6(25):1237-1243, 2011.

Akhilesh Prasad and Kanailal Mahato. On the sobolev boundedness re-
sults of the product of pseudo-differential operators involving a couple of

fractional hankel transforms. Acta Mathematica Sinica, English Series,
34(2):221-232, 2018.

Abdessalem Gasmi and Anis El Garna. Properties of the linear multiplier
operator for the weinstein transform and applications. Electronic Journal of
Differential Equations, 124:1-18, 2017.

Miloud Assal. Pseudo-differential operators associated with laguerre hyper-
groups. Journal of computational and applied mathematics, 233(3):617—
620, 2009.

N Ben Salem and A Dachraoui. Pseudo-differential operators associated
with the jacobi differential operator. Journal of mathematical analysis and
applications, 220(1):365-381, 1998.

Luis B Almeida. The fractional fourier transform and time-frequency rep-
resentations. IEEE Transactions on signal processing, 42(11):3084-3091,
1994.

Ahmed I Zayed. A convolution and product theorem for the fractional fourier
transform. IEEE Signal processing letters, 5(4):101-103, 1998.

Ahmed 1. Zayed. Fractional fourier transform of generalized functions. In-
tegral Transforms and Special Functions, 7(3-4):299-312, 1998.

18



[19]

[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

Ahmed I Zayed. On the relationship between the fourier and fractional
fourier transforms. IEEE signal processing letters, 3(12):310-311, 1996.

AC McBride and FH Kerr. On namias’s fractional fourier transforms. IMA
Journal of applied mathematics, 39(2):159-175, 1987.

Victor Namias. The fractional order fourier transform and its application to
quantum mechanics. IMA Journal of Applied Mathematics, 25(3):241-265,
1980.

RS Pathak, Akhilesh Prasad, and Manish Kumar. Fractional fourier trans-
form of tempered distributions and generalized pseudo-differential operator.
Journal of Pseudo-Differential Operators and Applications, 3(2):239-254,
2012.

Abhisekh Shekhar and Nawin Kumar Agrawal. Inequality and estimate of
generalized pseudo-differential operators involving fractional fourier trans-
form. In AIP Conference Proceedings, volume 3087. AIP Publishing, 2024.

Abhisekh Shekhar and Nawin Kumar Agrawal. Generalized pseudo-
differential operators associated with symbol classes involving fractional
fourier transform. Serdica Mathematical Journal, 48(4):247-270, 2022.

Abhisekh Shekhar and Nawin Kumar Agrawal. Fractional fourier transform
in extended sobolev type spaces. IOSR Journal of Mathematics (IOSR-JM),
18, Issue 6 Ser.I(Nov.-Dec. 2022):PP 45-55, 2022.

L Hormander. Pseudo-differential operators. Comm. Pure Appl. Math.,
18:no. 3, 501-517, 1965.

Luigi Rodino. Linear partial differential operators in Gevrey spaces. World
Scientific, 1993.

Shyam Swarup Mondal and Vishvesh Kumar. Self-adjointness and com-
pactness of operators related to finite measure spaces. Complex Analysis
and Operator Theory, 15(2):22, 2021.

19



	Introduction and motivation
	Symbols
	 The pseudo-differential type operator A(x,')
	The pseudo-differential type operator A(x,') 
	Compactness of Pseudo-differential type Operator
	 Norms of pseudo-differential type operator modulo compact operators 

