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Abstract

The objective of this paper is to analyze the performance of a fuzzy Markovian waiting system with a posteriori impatience by the method . We start by solving a system of fuzzy Kolmogorov differential equations, otherwise called equilibrium equations, allowing us to obtain the fuzzy state probabilities of the system in steady state by the recursive method. These probabilities are considered as probabilistic indicators of the system's performance. In addition, these fuzzy state probabilities will allow us to determine the system's performance indicators. In particular, the numerical results obtained show that the LR method allows us to obtain more realistic performance indicators than those of the classical model, while maintaining high computational efficiency.

The originality of this article lies in the analysis of the performance of the fuzzy Markovian waiting system with a posteriori impatience by the method . This is a method based essentially on the arithmetic of fuzzy numbers of type . Since the calculation of the product and the quotient is made possible by the use of two approximations called tangent approximation and secant approximation, only the secant approximation will be used in this article, because it provides the same results as the other methods concerning supports and modes. It is a method that seems short and efficient when the fuzzy variables that define the system are fuzzy numbers of the same type and that provides exact values of the supports and modes of the performance indicators. A numerical application is proposed to illustrate the validity and feasibility of this method.

Keywords : Fuzzy Markovian waiting systems, Performance indicator, A posteriori impatience, Method , Fuzzy state probabilities, Recursive method, Stationary state.


1. Introduction

In this paper, we propose the use of a scientific method called the “LR method.” This is an approach for calculating the performance indicators of a fuzzy waiting system. It is essentially based on the arithmetic of LR fuzzy numbers. Since multiplication and division are open operations on LR fuzzy numbers, calculating the product and quotient of these numbers is made possible by using two approximations: the tangent approximation and the secant approximation. Among the two, the secant approximation seems to be the best because it gives the same results as the other methods regarding supports and modes. Thus, in this work, the LR method will always be limited to the secant approximation because it gives exact values of the performance indicators. That being said, the LR method is designed based on the expression of these performance indicators using supports and modal values. It is a short and efficient method when the fuzzy variables that define the system are fuzzy numbers of the same type L – R. The most naturally used fuzzy numbers in this type of study are triangular and trapezoidal fuzzy numbers [ Alonge , WJ, et al., (2023)].

As for fuzzy Markovian waiting systems with impatient customers, the field is still almost virgin. We believe that research in this context is still almost non-existent. Therefore, in this article, we analyze the performance of a Markovian waiting system considering an important factor, namely a posteriori impatience, by the method , in steady state, without losing sight of the fact that the methods for studying fuzzy Markovian waiting systems with impatient customers are similar to those of ordinary Markovian waiting systems with impatient customers.

To characterize impatient customer behavior, in the literature according to Kangzhou, W., et al., (2010), there are three terminologies used in queuing theory, namely, hesitation, otherwise known as a priori impatience, defined as the decision not to join the queue at all; denial, otherwise known as a posteriori impatience, defined as joining a queue but leaving without being served; and recall or return or feedback, defined as a customer who is dissatisfied with the quality of service and decides to leave the queue to request or complete the service after a random time.

Despite numerous studies on queuing systems and the application of fuzzy theory to these systems in some cases, until now the attention of some research has focused on the time a customer has to spend in a queue, while forgetting that people can take advantage of it to spend it in other services, therefore, through this study we find a simple way to analyze the performance of such a system.

In case of impatience, the impatient customer has to make the decision whether to join the gas station or not once arriving at the gas station, when the service provider(s) are not idle. The main factor determining the customer's decision whether to join the gas station or not is the time before receiving the service [Liu, L., et al., (2006) and (2008)]. However, the customer always makes his decision based on the queue length, because time is invisible. In the pioneering work on impatient queuing, Haight, F.A., (1957) and (1959) assumed that the customer has a threshold value N before arriving at the service center; if the observation is less than N, he joins the queue, otherwise, he leaves it. Yassen, MF, et al., (2017) analyzed the transient and steady states of an infinite Markov queue system where abandonment and failure are defined and the system can be subject to disasters and repairs in the event of server failure.

It is evident that a posteriori impatience is a special case of a priori impatience [Liu, L., et al., (2008)]. However, unlike a priori impatience, customers do not leave the queue upon arrival if the queue size exceeds a certain number. In this case, a person who has joined the queue may decide to leave the service if the time consumed exceeds a maximum waiting time, called delay or patience, available to them [Haight, FA, (1959)].

When an individual decides whether or not to continue waiting for a service in the queue, the rules they follow are formulated in various ways in the literature. The queuing model proposed in this article applies to various fields, including manufacturing, production, communications, transportation and networks, catering, bank or commercial counters, ATMs, parks, etc.

The fundamental problem of this article revolves around the following questions:

· Can it facilitate the performance analysis of the fuzzy Markovian waiting system with a posteriori impatience?
· What are the performance indicators that allow management to be optimized while reducing expectations in this system?
· How to calculate them?

Provisional answers to these questions can be formulated as follows:

First , the mathematical approach of fuzzy numbers and its arithmetic would be indispensable for analyzing the performance of this system. Despite its weaknesses related to approximate results leading to loss of information and the restricted framework of fuzzy numbers to which it would apply, it would have major advantages over other approaches: no nonlinear program resolution is required, which would make it short, flexible and direct compared to other methods.

Second , the optimization of management by decreasing the expectations in the system would be possible by evaluating the performance indicators through mathematical tools such as convergent geometric series, Kolmogorov fuzzy equations, Little's fuzzy formula, recursive method, fuzzy Markov chains, fuzzy number type approach and its arithmetic.

The remainder of this paper is organized as follows: Section 2 presents some preliminaries necessary for fuzzy number arithmetic of type . Section 3 reviews the method . Section 4 analyzes the performance of the a posteriori impatient waiting system . Section 5 proposes a numerical application. Section 6 concludes the study with a conclusion.

2. Preliminaries
2.1. Fuzzy subset

Definition 1: [Dubois, D., et al., (1980); Adia, B., et al., (2022) and Kwang, H., (2005) ]

Let us consider a referential set or a universe . A fuzzy subset (Blurred set) of is defined by the membership function .

We note

Definition 2: [ Hanss , M., (2005) ; Bed , B., (2013) and Mukeba , JP, (2020) ]
Consider a fuzzy subset of the universe . The support , the height , the kernel and the alpha cutoff are numbers defined respectively by:





Definition 3: [Mathew, S., et al., (2018) and Garg, H., (2016) ]
A fuzzy subset is said to be normal or normalized if and only if and is convex if and only if

2.2. Fuzzy number

Definition 4: [Bede, B., (2013)]

A fuzzy subset defined on the universe of real numbers is a fuzzy number if its membership function verifies the following conditions:
1. is convex;
2. is normal, that is, it exists such that ;
3. is semi-continuous above;
4. is bounded by .

Definition 5: [Jain, A., et al., (2020); Syropoulos, A., (2020) and Ehsanifar, M., et al., (2017)]
fuzzy , with membership function , is said to be triangular , if there exist three real numbers such that:

where is the unique modal value of ; that is, .

Definition 6: [Mahama, S., et al., (2010) and Stefanini, L., et al., (2006)]
A fuzzy number is said to be of type if, and only if, there exist three real numbers and two positive, continuous, decreasing functions in the unit interval such that:


 


where is the modal value or mode of ; and are called deviations or deviations respectively left and right of .
fuzzy number type is often specified using notation ; it is called the representation or writing or form of .
The family of fuzzy numbers of type is denoted .

2.3. Arithmetic on fuzzy numbers
2.3.1. Arithmetic on intervals
Definition 7: [Buckley, JJ, (2004)]

Consider two ordinary closed intervals and . We define the arithmetic operation on these two intervals by the following relation:
where division is only possible if zero does not belong to .

In the case of operations ; equality (12) simplifies as follows:

  
  

  



Moreover, if the above intervals are defined in the set of positive real numbers , the multiplication, division, and inverse interval operations can still be written as follows:




2.3.2. Arithmetic of alpha cuts
Definition 8: [ Hanss, M., (2005)]

Consider and two fuzzy subsets of and respectively ; with . The four operations are performed on and , passing them in the following way:







2.3.3. Arithmetic of alpha – cuts and intervals
Definition 9: [ Kaufmann, A.,(1973) ]


Performing fuzzy arithmetic by alpha-cut and interval arithmetic involves the successive use of:

· Relations (22); (23); (24) and (25) for defuzzification;
· Relations (13); (14); (16) and (18) for ordinary calculations on closed real intervals;
· Relation (5) for fuzzification.


2.3.4. Arithmetic of fuzzy numbers of type
1. Addition and subtraction

Definition 10: [Dubois, D., et al. (1980) and Hanss, M., (2005)]

Dubois and Prade showed that if and are two fuzzy numbers of the same type , then their sum and their difference are fuzzy numbers of type given respectively by:



2. Multiplication of fuzzy numbers of type
Definition 11: Secant approximation [Dubois, D., et al., (1980) and Hanss, M., (2005) ]
Consider two fuzzy numbers of the same type ,

Dubois and Prade arrived at the global formula for the multiplication of fuzzy numbers of type :

3. Division of fuzzy numbers of type 

Definition 12: Secant approximation of the inverse [Hanss, M., (2005)]

The secant approximation of the inverse of a positive fuzzy number of type , is defined by
If and are two fuzzy numbers of the same type , Hanss defined the secant approximation of the quotient of these numbers as follows:


3. Left-right (LR) method
3.1. Description

Consider a fuzzy Markovian waiting system whose rates are fuzzy numbers of the same type L – R noted: ; and whose performance indicator to be calculated is designated by . In a fuzzy model, the formula is written:

Or is a fuzzy variable function , defined using the fuzzy operations in .

To determine by the L – R method , we proceed as follows:
3.2. Procedure:
L – R entries of all fuzzy rates and substitute them into (31).
Step 2: Apply fuzzy number arithmetic of type L – R to the expression found in the previous step. In this case, only formulas chosen judiciously from relations (26); (27); (28) and (30) are useful to us [Mukeba, JP, (2015)].
Step 3: According to this arithmetic, the final expression to be obtained is a fuzzy function approximately equal to the fuzzy function of type L – R , given by

Where is the modal value of , and where and represent its left deviation and right deviation respectively. In this case, the support of is the interval:

Step 4: (Final Result): The desired performance indicator is a fuzzy number whose support is the open interval with bounds and ; and modal value .
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4.1. System Description

The system is an a posteriori impatient system where arrivals are Poissonian with fuzzy rate. The service time is exponential with fuzzy rate , the number of servers is exponential and the patience delay is exponential with fuzzy rate . The queue capacity is infinite and disciplined . This system is modeled by a homogeneous life and death process with fuzzy birth and death rates defined respectively by:

4.2. Hypotheses (or characteristics) of the model

The a posteriori impatient waiting system has the same characteristics as the model .

4.3. Steady-state analysis
4.3.1. Theorem 1: 
Let the steady-state fuzzy probabilities of the posterior impatient waiting system be the respective rates

SO :


Proof: If , the steady-state fuzzy Kolmogorov equations are given in this case by:

By recurrence, we arrive at:

If , the system of Kolmogorov equations reduces to the equation:

By recurrence,


From where


On the other hand, using the normalization condition , , we deduce that,

exists if
4.3.2. System performance indicators with retrospection
Proposition 1: (The fuzzy probability that a customer who enters waits: )
Let be the fuzzy probability that an incoming customer waits. Then:

Proof: The fuzzy probability that a customer who enters waits is given by the relation:



From where

Note 1:


Proposition 2: (Fuzzy average number of customers in the queue: )
Let be the fuzzy average number of customers in the queue. Then,

Evidence :




Proposition 3: (Fuzzy average waiting time in the queue: )
Let be the average fuzzy waiting time in the queue. Then,


Proof: Applying Little's formula, we obtain:




Proposition 4: (Fuzzy average stay time: )

Let be the fuzzy average length of stay. Then,

Proof: We know that the fuzzy average dwell time is the sum of the fuzzy average time spent in the queue and the fuzzy average service time. We have:

Proposition 5: (Fuzzy average number of customers in the system: )
 Let be the fuzzy average number of customers in the system. Then,

Proof: By Little's fuzzy relation, , we find:



Proposition 6: (Fuzzy probability of loss: )
Let be the fuzzy probability of loss. Then,

Proof: The fuzzy probability of loss being the ratio between the fuzzy patience rate and the fuzzy arrival rate; in the steady state, is given by:
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5. Digital application
5.1. Declaration

Calls to a technical rescue center arrive according to a Poisson process, at a rate of approximately 30 calls per hour. The time required for a rescuer to respond to a customer is distributed exponentially, at a rate of approximately 5 minutes. The rescue center has three technical rescuers to assist callers. In addition, each caller has a time limit of approximately 10 minutes, after which they are required to respond.

5.2. Questions:

b.1. Show that the system is ergodic;
b.2. Determine, in steady state, the fuzzy performance indicators of this system.

5.3. Solution:

Analysis of the problem shows that it is a fuzzy Markovian waiting system with a posteriori impatience of the form , with three servers, of infinite capacity and discipline .

In the classic model, the arrival rate is 30 calls per hour, or calls per hour, the service rate is 5 minutes, or minutes or calls handled per hour, and each call has a delay or patience of 10 minutes, or minutes or calls per hour having a patience of 10 minutes.

By assumption, the arrival rate is about 30 calls per hour, the average service rate is about 5 minutes, or about 12 calls per hour, and the patience rate is about 10 minutes, or about 6 calls per hour. This proves that these are fuzzy rates. Assuming these fuzzy rates are triangular fuzzy numbers, we can write:
Thus, in a fuzzy model, where rates are fuzzy variables, performance indicators also become fuzzy numbers (see formulas (40); (41); (43); (44); (45) and (46)).

5.3.1. Resolution by the method 

1) Let us determine the rate forms and , we have:

2°) Let us show that the system is ergodic:


We have: either , so the system is ergodic or stable and the calculation of performance indicators is possible.

3°) (47); (48); and (49) in (40); (42); (43); (44); (45) and (46) and by applying the formulas of the arithmetic of fuzzy numbers of type , suitably chosen from the formulas in (26); (27); (28) and (30), we obtain successively: Let us first carry out the following auxiliary calculations:


From relation (39), let us first calculate the following quantities:
























From (53) and (55), we calculate:














From (64) and (67), we calculate:






(68) and (69) in (51), we obtain:





Let's first calculate the quantities:


From (52) and (54), we calculate:



From (53) and (56), we calculate:



(72); (73) and (74) in (71), we obtain:


(70) and (75) in (39), we obtain:




a) Calculation of
(74) and (76) in (40), we obtain:




From (63), we calculate:




From (50) and (78), we determine:



(77) and (79) in (42), we obtain:




c) Calculation of
From (61) and (78), we can calculate:



(77) and (81) in (43), we obtain:




d) Calculation of
From (48), we calculate:

(82) and (83) in (44), we obtain:



e) Calculation of
From (77) and (78), let us first calculate the quantities:



From (61) and (48), we calculate:


From (85) and (86), we calculate:


(50) and (87) in (45), we obtain:




f) Calculation of
From (47) and (49), we calculate:


From (63) and (73), we calculate:



(89) and (90) in (46), we obtain:




5°) Supports : From relation (33), we have:






6°) Nuclei (or modes) : From relation (32), we obtain:



7°) Observations:

· The classical model appears as a sub-model of the fuzzy model, since all the values manipulated in this model are also found in the fuzzy model.

· In the classical model, a performance indicator is described by its average value, i.e., a precise value, while in the fuzzy model, it is described by an interval in which its value is included, i.e., an imprecise or vague value, and the average value of the classical approach is considered the most probable value. In other words, the manager of the classical model has a fixed or inflexible decision, while the manager of the fuzzy model has room for maneuver or is flexible.

Based on what has just been said, we conclude that the fuzzy model is more realistic and more informative than the classical model.
	
9. Conclusion

This paper aims to analyze the performance of the Markovian waiting system with a posteriori impatience, in steady state, using the method . These results can be applied in various fields such as communication networks, public services, logistics and industrial systems, thus providing more flexible decision support tools adapted to real uncertainties.

To achieve this, we began by recalling some preliminaries of fuzzy set theory that could make it possible to study this system in order to evaluate its performance. The main tool we relied on is the method . This is a method based on the arithmetic of fuzzy numbers of type . A numerical application was discussed in order to illustrate the validity and feasibility of this method.

From this numerical application, it emerges that all the values of the performance indicators are similar to those calculated in the classical model. Each indicator is characterized by its support and mode. The fuzzy state of these performance indicators shows that a Markovian waiting system with impatient customers, in which imprecise information is introduced, maintains this imprecision throughout its process. Compared to the results obtained in the classical model, those obtained in the fuzzy model are more informative and more realistic.
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