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	PART 1: Comments

	
	Reviewer’s comment
Artificial Intelligence (AI) generated or assisted review comments are strictly prohibited during peer review.
	Author’s Feedback (It is mandatory that authors should write his/her feedback here)

	Please write a few sentences regarding the importance of this manuscript for the scientific community. A minimum of 3-4 sentences may be required for this part.
	This manuscript presents a clear and comprehensive exposition of the geometry and topology of moduli spaces - an area of deep and ongoing importance in modern mathematics. By blending foundational theory with detailed examples, the paper bridges the gap between abstract concepts and concrete mathematical structures, which is especially valuable for researchers and graduate students entering the field. The inclusion of detailed theorems (e.g., Theorem 3.1 on smoothness) and compactification techniques (such as Deligne-Mumford and GIT methods) makes it a useful reference for both mathematical and theoretical physics communities. Given the paper’s well-structured treatment of connections to string theory, mirror symmetry, and enumerative geometry, it provides a timely contribution to the interdisciplinary applications of moduli theory.
	

	Is the title of the article suitable?
(If not please suggest an alternative title)
	Yes, the title “Geometry and Topology of Moduli Spaces in Modern Mathematics” is generally suitable and reflects the content and focus of the manuscript. However, for added specificity and academic precision, a more informative title could be:
“Moduli Spaces: Geometric Structures, Topological Properties, and Modern Applications”
This highlights the expository and applied nature of the work while maintaining the focus on core mathematical concepts.
	

	Is the abstract of the article comprehensive? Do you suggest the addition (or deletion) of some points in this section? Please write your suggestions here.
	The abstract provides a good overview of the paper's scope and includes appropriate keywords. It effectively mentions the focus on structural properties, classifications, key theorems, and applications. However, the following improvements are recommended:
1. Addition: Briefly mention the three main classes of moduli spaces covered - moduli of curves, vector bundles, and K3 surfaces.
2. Clarification: The phrase “culminating in an analysis of open problems” is misleading since no specific open problems are outlined in the manuscript. This should be revised unless such content is added.
	

	Is the manuscript scientifically, correct? Please write here.
	Yes, the manuscript is scientifically sound. The theorems are stated appropriately and the arguments follow standard reasoning used in algebraic geometry and deformation theory. For instance, the proof of Theorem 3.1 uses the Kodaira-Spencer map and deformation theory effectively to argue for the smoothness of moduli spaces. The coverage of connectedness, compactness, and local structure aligns with the modern literature and accepted mathematical formulations. The only minor scientific drawback is the occasional lack of rigorous notation or omitted mathematical formalisms in some definitions (e.g., no precise definitions of tangent spaces or sheaves are given).
	

	Are the references sufficient and recent? If you have suggestions of additional references, please mention them in the review form.
	The references are quite broad and mostly appropriate, drawing from both classical and recent works in the following topics:
1. Enumerative geometry and string theory (e.g., Szabo 2010, Maloney & Witten 2020)
2. Moduli theory and algebraic geometry (e.g., Catanese 2015, Conrad 2006)
3. Compactification and deformation theory (e.g., Alexeev & Engel 2022)
However, a few recent and highly influential works could be added to further strengthen the paper:
1. Olsson, M. “Algebraic Spaces and Stacks.” AMS Colloquium Publications (2016). Useful for discussing stack-theoretic aspects of moduli.
2. Huybrechts, D. “Lectures on K3 Surfaces.” Cambridge Studies in Advanced Mathematics (2016). Relevant for the section on K3 surfaces.
	


Review Form 3


Created by: DR
Checked by: PM
Approved by: MBM
Version: 3 (07-07-2024)

	Is the language/English quality of the article suitable for scholarly communications?
	The language is mostly clear and readable, with appropriate mathematical terminology and scholarly tone. However, a moderate round of language polishing is recommended to fix minor grammatical issues, especially in transitions and some verbose sentences.
	

	Optional/General comments
	1. The manuscript is very well-organized, making it accessible to readers with a solid background in geometry and topology.
2. While examples are appropriately chosen, adding a short subsection on moduli stacks or a remark on derived moduli theory would modernize the treatment further.
3. Including a diagram or schematic (e.g., showing relationships between moduli of curves, Teichmüller space, and mapping class groups) would improve visual understanding.
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	Are there ethical issues in this manuscript? 

	(If yes, Kindly please write down the ethical issues here in details)
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