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Abstract—This paper presents an efficient spectral method for solving second-order elliptic equations with variable coefficients defined on a planar circular sector. The main idea is to employ the domain mapping method to convert the original problem on a planar circular sector into an equivalent form on a standard rectangle domain. Appropriate weighted Sobolev spaces are then introduced to develop the corresponding variational formulation and its discrete approximation. The existence and uniqueness of weak solutions are established via the Lax-Milgram lemma. Finally, numerical experiments demonstrate the convergence and high accuracy of the proposed algorithm.
Keywords— Spectral method, second-order elliptic equations, variable coefficients, planar circular sector.

I. INTRODUCTION

Second-order elliptic equations constitute fundamental mathematical models for describing diverse physical phenomena, with broad applications in electromagnetic fields and heat conduction computation. In recent years, significant progress has been made in developing numerical methods for second-order elliptic equations, with widespread applications of finite difference methods[1,2], finite volume methods[3,4], finite element methods[5,6,7,8], and spectral element methods[9,10]. However, these traditional numerical methods are mostly limited to rectangular computational domains, and achieving high accuracy requires significant computational time and storage capacity. These limitations become particularly pronounced when dealing with planar circular sectors, where the convergence rates of traditional methods typically deteriorate substantially. In contrast, spectral methods, as a class of high-accuracy numerical methods, offer new possibilities for solving such problems[11,12,13,14]. Therefore, developing an effective spectral method for solving second-order elliptic equations on planar circular sectors is of significant importance.
The main purpose of this paper is to propose an efficient spectral method for second-order elliptic equations with variable coefficients on a planar circular sector. Initially, by introducing a polar coordinate transformation, the variable coefficients second-order elliptic equations on a planar circular sector are converted into an equivalent form on a standard rectangular domain. Subsequently, appropriate weighted Sobolev spaces are constructed to establish both the variational formulation and its discrete scheme. Furthermore, the existence and uniqueness of weak solution are rigorously proved via the Lax-Milgram lemma. Finally, some numerical experiments are presented, and the results demonstrate that the proposed algorithm is convergent and achieves high accuracy.
The rest of this paper is organized as follows. In section 2, we derive an equivalent scheme of the original problem. In section 3, we prove the existence and uniqueness of the weak solution. In section 4, we describe the details for an efficient implementation of the algorithm. In section 5, we present several numerical experiments to demonstrate the effectiveness of our algorithm. Finally, in section 6, some concluding remarks are given.

II. POLE CONDTION AND AN EQUIVALENT SCHEME

We consider the following second-order elliptic equations with variable coefficients:		

		
where  is a planar circular sector (see Fig. 1),  denotes the polar coordinates corresponding to  and  is the boundary of .
[image: ]
Fig. 1. Planar circular sector.
Let us denote


Then, by a direct calculation, the Laplace operator in polar coordinates is given by

		
Thus, we can rewrite  as follows:

		
where  is the essential pole condition.


III. EXISTENCE AND UNIQUENESS OF THE SOLUTION

To derive the weak formulation and its discretization of , we begin by defining the weighted Sobolev spaces:

	
with the corresponding inner products and norms


Then, a variational form of  is: Find , such that

		
where


Define an approximation space =, where  denotes the set of all polynomials with degree at most . Then the corresponding discrete scheme of  is : Find , such that

		
We now prove the existence and uniqueness of the weak solution. For notational convenience, we denote by that  there exists a positive constant  such that .
Lemma 1 is a continuous and coercive bilinear functional on , that is,

		
 By using the Cauchy-Schwarz inequality, we can easily show that


In addition, we derive that


This finishes our proof. 
Lemma 2 If  then  is a bounded linear functional on , that is

		
 From Cauchy-Schwarz inequality, we have


This completes the proof.
From Lemma 1-2 and Lax-Milgram Lemma, we obtain the following theorem:
Theorem 1 If, then the problems  and  have unique solutions  and , respectively.

IV. EFFICIENT IMPLEMENTATION OF THE ALGORITHM

To effectively solve problem , we begin by constructing a set of basis functions spanning the approximation space. Let  denote the Legendre polynomial of degree . Let us denote 


Then, the approximation space  can be defined as follows:

	
We can expand the approximate solution  as follows:

		
The elements of the coefficient matrix are denoted by

	
Let us denote


we use  to denote the vector formed by the columns of . Now, substituting  into   and taking  through all the basis functions in , we can derive the following matrix form: 



with

	

V. NUMERICAL EXPERIMENT

To validate the efficacy of the proposed algorithm, some numerical experiments will be performed using MATLAB 2021a.
We denote by  the numerical approximation to the exact solution , and define their errors in the sense of -norm and -norm respectively as follows:


Example 1: We select  and . Clearly,  satisfies the boundary conditions of equation , Table 1 presents the -norm and -norm errors between the exact solution  and numerical approximation  for varying . To further validate the algorithm's stability and high accuracy, we present the figures and their error figures of the exact and numerical solutions in Fig. 2 and Fig. 3, respectively. 

TABLE 1. Errors between the exact solution and numerical solution for various .
	
	15
	20
	25
	30

	
	1.2711e-07
	 9.6528e-11
	1.4303e-15
	9.5657e-16

	
	1.9483e-06
	1.9649e-09
	6.1882e-14
	5.8769e-14



[image: ]
Fig. 2. Figures of the exact solution (left) and the numerical solution (right) for .

[image: ]
Fig. 3. The error figures of exact solution and numerical solution for  (left) and  (right).
As presented in Table 1, when , the errors between the exact solution  and numerical solution in these two norms have reached approximately  accuracy. Furthermore, Fig. 2 and Fig. 3 further demonstrate that the proposed algorithm exhibits both convergence and high accuracy.
Example 2: We select and . By construction,   satisfies the boundary conditions of equation , Table 2 reports the -norm and -norm errors between the exact solution  and numerical approximation  for varying . In order to further show the accuracy and convergence of our algorithm, we present the figures and their error figures of the exact and numerical solutions in Fig. 4 and Fig. 5, respectively. 

TABLE 2. Errors between the exact solution and numerical solution for various .
	
	10
	15
	20
	25

	
	3.4731e-07
	5.1164e-11
	1.1841e-14
	5.5565e-15

	
	4.2897e-06
	9.2937e-10
	3.4671e-13
	 1.9705e-13



[image: ]
Fig. 4. Figures of the exact solution (left) and the numerical solution (right) for .

[image: ]
Fig. 5. The error figures of exact solution and numerical solution for  (left) and  (right).
As shown in Table 2, when , the errors between the exact solution  and numerical solution  in these two norms have reached approximately  accuracy. In addition, Fig. 4 and Fig. 5 further confirm the spectral convergence and exponential accuracy of the method.
Example 3: We take and . It is obvious that  satisfies the boundary conditions of equation , Table 3 reports the -norm and -norm errors between the exact solution  and numerical approximation  for varying . In order to further show the accuracy and convergence of our algorithm, we present the figures and their error figures of the exact and numerical solutions in Fig. 6 and Fig. 7, respectively. 

TABLE 3. Errors between the exact solution and numerical solution for various .
	
	10
	15
	20
	25

	
	1.0275e-05
	3.7905e-09
	4.9048e-13
	1.3777e-14

	
	 2.7547e-04
	1.3716e-07
	 2.6101e-11
	 4.8156e-13



[image: ]
Fig. 6. Figures of the exact solution (left) and the numerical solution (right) for .

[image: ]
Fig. 7. The error figures of exact solution and numerical solution for  (left) and  (right).
As can be seen from Table 3, when , the errors between the exact solution  and numerical solution  in these two norms have reached approximately  accuracy. In addition, Fig. 6 and Fig. 7 further confirm the spectral convergence and exponential accuracy of the method.


VI. [bookmark: _Hlk171348566]Conclusion 

This paper proposes an efficient spectral method for solving second-order elliptic equations on a planar circular sectors. By applying a polar coordinate transformation, we reformulate the problem in polar coordinates. Through the construction of appropriate weighted Sobolev spaces, we establish the weak formulation and its discretization. Using the Lax-Milgram lemma, we rigorously prove the existence and uniqueness of weak solutions. Numerical results demonstrate the algorithm's stability and high accuracy. While this work focuses exclusively on planar circular sectors, the methodology can be extended to more complex geometries.
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Figure 1: Planar circular sector.




image3.wmf
2

1

,(1),(,)(),

2

(,)g(),(,)(),(,):(1,1).

t

rstsu

ftststsD

qpy

ba

+

==+=

==Î=-

x

xx


oleObject2.bin

image4.wmf
2

22

11

()4[(1)].

1(1)

tts

ut

tt

yyy

p

ìü

D=¶+¶+¶=

íý

++

îþ

x

L


oleObject3.bin

image5.wmf
(,),(,),

(1,)0,(1,)(,1)0,

s

tsftsD

sst

yby

yyy

ì

í

î

-+=Î

¶-==±=

L


oleObject4.bin

image6.wmf
22

12122

0,

():,1,

():||||||,

(1,)(,1)(1,)0,

{}

{

}

D

ts

D

s

LDdtdst

Ddtds

ss

H

t

w

w

ywyw

ywywywy

yyy

-

=<¥=+

=¶+¶+<¥

=±=¶-=

ò

ò


oleObject5.bin

image7.wmf
1

1,1,1,

(,),(,),

(,),(,).

D

ttss

D

dtds

dtds

www

www

yjwyjyyy

yjwyjwyjwyjyyy

-

==

=¶¶+¶¶+=

ò

ò

‖

‖

‖

‖


oleObject6.bin

image8.wmf
1

0,

(,)(),(),

abHD

w

yjjj

="Î


oleObject7.bin

image9.wmf
1

(,)(,),

4

().

4

ttss

D

D

atsdtds

bfdtds

pw

yjpwyjyjbyj

pw

p

jwj

=¶¶+¶¶+

=

ò

ò


oleObject8.bin

image10.wmf
(,)(),.

NNNNN

abX

yjjj

="Î


oleObject9.bin

image11.wmf
(,)

a

yj


oleObject10.bin

image12.wmf
1,1,

2

1,

|(,)|,

(,).

a

a

ww

w

yjyj

yyy

‖

‖

‖

‖

‖

‖

ˆ

‰


oleObject11.bin

image13.wmf
1

1

1

2122

2

1

2122

2

1,1,

|(,)||()(,)|

4

||||||

||||||

||||||.

[]

[]

ttss

D

ttss

D

ts

D

ts

D

atsdtds

dtds

dtds

dtds

ww

pw

yjpwyjpwyjbyj

wyjwyjwyj

wywywy

wjwjwjyj

-

-

-

-

=¶¶+¶¶+

¶¶+¶¶+

¶+¶+

´¶+¶+=

ò

ò

ò

ò

‖

‖

‖

‖

ˆ

ˆ


oleObject12.bin

image14.wmf
2122

2122

*

21222

1,

(,)||()||(,)||

4

||()||||

4

||||||.

ts

D

ts

D

ts

D

atsdtds

dtds

dtds

w

pw

yypwypwyby

pbw

pwypwyy

wywywyy

-

-

-

=¶+¶+

¶+¶+

¶+¶+=

ò

ò

ò

‖

‖

‰

‰


oleObject13.bin

image15.wmf
1,

|()|.

b

w

jj

‖

‖

ˆ


oleObject14.bin

image16.wmf
11

22

22

1

2122

2

1,

()|||||||

4

||||||.

[][]

[]

DDD

ts

D

bfdtdsfdtdsdtds

dtds

w

p

jwjwwj

wjwjwjj

-

=

¶+¶+=

òòò

ò

‖

‖

ˆ

ˆ


oleObject15.bin

image17.wmf
2

()()(),02.

kkk

tLtLtkN

f

+

=-££-


oleObject16.bin

image18.wmf
span{()():0,2}.

Nij

XtsijN

ff

=££-


oleObject17.bin

image19.wmf
2

,0

()().

N

Nijij

ij

ts

yyff

-

=

=

å


oleObject18.bin

image20.wmf
1

1

()()()(),()()()(),

(,)()()()(),()().

4

ijklijklijklijkl

DD

ijklijklklkl

DD

atstsdtdsbtstsdtds

ctststsdtdsdftsdtds

pwffffwffff

p

p

wbffffwff

¢¢-¢¢

==

==

òò

òò


oleObject19.bin

image21.wmf
00010,2

10111,2

2,02,12,2

,

N

N

NNNN

yyy

yyy

yyy

-

-

----

æö

ç÷

ç÷

Y=

ç÷

ç÷

ç÷

èø

L

L

MMOM

L


oleObject20.bin

image22.wmf
(),

++=

Ψ

£

ABF


oleObject21.bin

image23.wmf
(),(),(),().

ijklijklijklkl

abcf

====

£

ABF


oleObject22.bin

image24.wmf
(

)

2

1

2

2

()

()()

(,)

1

()()|(,)(,)|,

2

()()(,)(,)max|(,)(,)|.

NN

L

D

NNN

LLD

tsD

uutstsdtds

uutstststs

pwyy

yyyy

¥¥

W

W

Î

-=-

-=-=-

ò

xx

xx

‖

‖

‖

‖

‖

‖


oleObject23.bin

image25.png
0.15

0.15

01

01

0.05

(x)xn

0.05

()n

005

005

01

01

0.15

0.15





image26.png
x)

u(x) - uy!

05

x)
)

u(x) - uy!





image27.png
o
3
o °
o
3
S & % 8 e
S < 9 9
(x)xn
-
:: ©
g
AN :
o
3
o °
o
3
° o © @® -
< s <





image28.png
K
3

x1071°
2
15
0
5
0
1




image29.png




image30.png
© o v 2 w g-

(n— (on





image1.wmf
()()()(),in ,

()0,on ,

uug

u

a

ì

í

î

-D+=W

=¶W

xxxx

x


oleObject1.bin

