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Approximation of the Solution to a Complex Nonlinear Fractional Stochastic
Partial Differential Equation (SPDE) Using a Combinatorial Approach

Abstract

In this paper, we propose a combinatorial approach to approximate the solution of
a nonlinear fractional stochastic partial differential equation. Initially, we proposed an
approximation of the shadow price for the fractional SABR model [I2]. In these works, we
did not obtain explicit formulas that maximize the utility function. This paper constitutes
the second step toward solving equation (42) in [12].
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1 Introduction

We consider a portfolio composed of risky and less risky assets following the stochastic differential
equations dFy; = puFidt + o Fy;dB; and dFtO = rFtOdt, where r is the constant less risky rate. Let
MY be the proportion of the less risky asset and A} be that of the risky asset. For any pair 0(t) =
(A2 AL g<i<r With T € IRy, the value of the portfolio at time ¢ is given by Vp(t) = AP F + A} Fy.
Portfolio optimization consists of determining an optimal allocation 8(t) = (A{, \}), <t<7» Which
maximizes the expected utility function of terminal wealth R, 7 = x + fOT A\t dFy, i.e., finding the
pair 8(t) = (A, A\}) that maximizes

T
E[U(R:¢)] =E [U (x +/0 AtldFtﬂ (1)

In our previous works ([12],[6],[I]), under certain conditions and assumptions, we derived the
following fractional stochastic partial differential equation:

o 2
ap(t, ! >)

2¢1 o,H
e“0;p(t, F,’
i p( t,A)( 8Fto,H

09 + ofp(t, Fyx')
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and
t
M(t) = CV2H (H - ;) / (t — s+ A)YE=32qw,

An approximation of the solution to this SPDE is necessary. The function p(t, ) is a C? class
function and always satisfies assumptions (Hj) to (Hy) in [12] as follows:

op(t, x) . Ip(t,y)

(Hy) : ’ o o ‘ng—y!
) |2 <k,
(Hs) : W <K3
9%p(t, z)
(Hy) : 923 < Ky

where K1, Ko, K3, K4 are real constants.

2 Solving the SPDE

After analyzing the SPDE, we will combine several methods to approximate a solution.
2.1 Analysis of the SPDE (2)

o 2
The stochastic partial differential equation exhibits a quadratic nonlinearity in (8?) and a

e . dp . . . op(t, F, tof )
multiplicative stochastic term M (t)a—F To simplify our notation, we set ————— = Jrp,
tA

82p(t7Ftof) o,H o,H
W = Jrrp, p(t, TN ) = p, and FiA =F.
A

e Left-hand term: 25152
es(t)p#lp) is nonlinear, controlled by &2.
oy + 0;p

e Right-hand term:

Op + Ht*H 162 F20p pp + /1 — p2 M (1)drp .

Anisotropic diffusion

Stochastic transport

This complexity motivates the use of combined methods.
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2.2 Definitions and Concepts

In the context of the HJB equation, the objective is to solve an optimal control problem where
the value function V' (¢, z) satisfies an equation of the form:

%—‘t/(t,x) + zlelg{ﬁa‘/(t,m) +I(t, x, a)} =0, V(T,z)=g(x), (3)

where:

e L% is the infinitesimal generator associated with the controlled SDE

dXs = p(s, Xs,as)ds + o(s, Xg, as) dWs,

o [(t,z,a) is the instantaneous cost, and g(x) the terminal condition,
e A denotes the set of admissible controls.

The idea is to interpret the SPDE as the dynamic equation (or the optimality condition)
associated with an optimal control problem. To do so, we must:

o Identify the unknown function p(t, F') as the value function of the control problem.

o Find a control problem whose dynamics (the controlled SDE) and total cost generate, via
the dynamic programming principle, an HJB equation of the form .

By applying the dynamic maximum (or minimum) principle, we define the Hamiltonian
1
H(t, F,0p, Orp; a) = u(t, F,CL) OF + 502(15, F, a) Opp + l(t, F, a),

and the HJB equation then becomes

87V(t, F) -+ sup H(t, F Ve, Vip; a) =0.
ot acA
For more details, see [7], [3], [11], [5], and [§].

In our SPDE, the nonlinear terms in p and its derivatives can be reinterpreted in terms of
an optimal control problem involving the choice of an action a (which may appear implicitly in
the quadratic term).

Our SPDE is not in the form of a classical HJB equation. The Cole-Hopf transformation is
thus necessary to bring the equation into a linear or quasi-linear form. Using this transformation,
the equation takes the form:

ou “ B
E—i_ﬁ u—r(t, F)u=0,

with an operator £ corresponding to the controlled dynamics. The solution is given by

T
u(t, F)=E [exp <_/t (s, Xs) ds) 9(X1) ‘ X = F] )

and the value function V' (or p) is recovered by inverting the transformation.
Furthermore, the optimal control is given by the maximizer of the Hamiltonian:

1
a*(t, F) = argsup{u(t, F,a) Vi (t, F) + 50°(t, F,a) Vip(t, F) +1(t, Fa) .
acA

The Cole-Hopf transformation introduces a new variable u(¢, F') defined by

u(t, F) = (6} + 6} p(t, F))..

3
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Thus,
eu(t,F) — 50
pt, F) = Tt
t
Differentiating with respect to F', we obtain:

dp B
67(15’ F) -

et yp(t, F)
5t ’
and the second derivative:
0%p

7(t7F) =

e (upp(t, F) + (up(t, F))?)
OF? |

3

After substitution, the SPDE transforms into an equation in wu(t, F'):
e2 (e —6Ne" (up)? = 0t ug + Ht* 7162 F2\ /1 — p2 M (1) e“uF(uFF + (uF)Q) +...,

where the dots represent additional terms related to the time derivatives of the coefficients &Y
and 0;}.

Now, we consider u(t, F') as the value function of the optimal control problem and apply the
Hamilton-Jacobi-Bellman (HJB) method to the obtained equation.

2.3 Formulation of the Optimal Control Problem

We aim to interpret the function u(t, F') as the value function of the following control problem.
Suppose the controlled dynamic system is described by the SDE

dFs = u(s, Fs,as)ds + o(s, Fs,as) dWs, s € [t,T], (4)

with as € A (the set of admissible controls). The total associated cost is defined as

T
Jwﬂwﬂq/LﬁﬂmMHMﬂﬂﬂzﬂ,
t

and the value function is given by

t,F)=inf J(t, F;a).

u(t, F) = inf J(t, F;a)

The dynamic programming principle (see [4], [2]) implies that u(¢, F') satisfies the Hamilton—Jacobi-Bellman
equation

u(t, F) + igg{u(t, F,a)up(t,F)+ 302(15,}7, a)upp(t,F) + L(t, F, a)} =0, (5)

with terminal condition

u(T,F) = g(F).

In our case, following the Cole-Hopf transformation ([9],[10]), the transformed SPDE formally

takes the form
& (¢ — )" (up)?
T2 ; (6)
(6;)

eY uy
5T + N (t, F,u,up,urr) =
¢

where the term N notably includes the diffusion term arising from the transformation:

et up (uFF + (uF)Q)

(67)2

N(t, Fyu,up,upp) = Ht*" 162 F2 (/1 — p2 M(t) +--
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We can rearrange this equation in the form

ut(t7F> +E[(t,F,U,UF,’U,FF> = 0;
where
i

et

g2 (e% — dMe" (up)?
(04)2

This equation can be interpreted as an HJB equation associated with an optimal control problem,

with the Hamiltonian

ﬁ(t,F,u,up,uFF) =

- N(t, F,u,up,uFF)] )

1
H(t,F,up,upp;a) = u(t, F,a) up + 502(15, F,a)upp + L(t, F,a),

such that

inf H(t, Fup,upp;a) = ﬁ(t,F,u,uF,qu).
acA

In other words, the structure obtained through the Cole-Hopf transformation allows us to

identify the coefficients of a control problem whose value function wu(¢, F') satisfies the HJB

equation (5)).

2.4 Application of the HJB Method

To solve the HIJB equation , the approach is as follows:
We assume that the coefficients u, o, and the instantaneous cost L depend on a control a.
The optimal control a*(¢, F') is given by the minimizer of the Hamiltonian:

1
a* (1, F) = argmin {,u(t, FLa)up(t, F) + 50>t Fa) upe(t, F) + L(t, F a)} .
ac

This minimization condition is obtained via the dynamic maximum (or minimum) principle.
Under sufficient regularity assumptions (notably u € C? in F and sufficiently smooth in t),
the HJB equation

1
(1, F) + min {u(t, FLa)up(t, F) + 50>t Fa) ups(t, F) + L(t, F a)} —0,
ac
with terminal condition u(7T, F') = g(F'), can be tackled using various analytical or numerical

methods. For instance:

¢ Semigroup method and Fourier transform: By applying the Fourier transform in
F, the differential operator is transformed into multiplication by its symbol, reducing the
equation to an ODE in ¢ for each frequency.

e Iterative methods and numerical schemes: In the nonlinear case, fixed-point or
discretization methods (finite differences, finite elements) are employed.

Once a candidate solution u(t, F') is obtained, the verification theorem ensures that it is
indeed the value function of the control problem and that the optimal control is given by

1
(Z*(t,F) = argmi/r_ll {:u’(taF7G'> uF(taF) + 50—2(t7F7a) uFF(taF) +L(t7F7a)} :
ac

In summary, after applying the Cole-Hopf transformation and obtaining an equation in
u(t, F'), we identify it as the value function of an optimal control problem. The Hamilton—
Jacobi—Bellman equation then corresponds to

1
u(t, F) + migl {u(t,F, a)up(t,F) + 502(15,F, a)upp(t,F) + L(t, F, a)} =0,
ae

with terminal condition u(7, F') = g(F’). The result of this approach is the pair (u, a*) characterizing
the optimal solution:
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o u(t, F) gives the optimal value (after transformation, related to p(¢, F') via

eu(t,F) _ 5?

p(t7F): 61
t

o The optimal control a*(t, F') is determined by the minimizer of the Hamiltonian.

Now, let us use the Feynman—Kac method.

We previously applied the Cole-Hopf transformation to our stochastic partial differential
equation (SPDE) and, through a Hamilton—Jacobi-Bellman (HJB) approach, obtained a linear
(or quasi-linear) equation in the transformed function u(t, F'):

1
ug(t, F) 4 p(t, Fya*(t, F)) up(t, F) + 502(15, F,a*(t,F))upp(t,F) + L(t, F,a*(t, F)) = 0,

with terminal condition

U(TaF) :g(F).

Here, a*(t, F) is the optimal control minimizing the Hamiltonian associated with the optimal
control problem.

We now apply the Feynman—Kac formula to represent the solution u(t, F') of this equation
as a conditional expectation.

Let u(t, F') be the solution of the linear parabolic equation

{ut(t,F) + pu(t, F)up(t, F) + 26?(t, F) upp(t, F) — r(t, F)u(t, F) =0, t€[0,T), F€R,
u(T, F) = g(F),
(7)

where u(t, F) and o(t, F') are sufficiently regular functions, and r(¢, F) is a cost rate term.
The Feynman—Kac formula states that the solution of is given by

T
u(t, F) =E lexp (—/t r(s,FS)ds> g(Fr) | Fy = F] ,

where the process (F)s>¢ satisfies the SDE
dFs = p(s, Fy)ds + o(s, Fg)dWs, F,=F.

In our case, after Cole-Hopf transformation and identification via the HJB method, the
equation obtained is

1
ur(t, F) + u(t, F,a*(t, F))up(t, F) + 502(@ F,a*(t,F))upp(t,F) + L(t, F,a*(t, F)) = 0,

with (T, F) = g(F).
To recast this equation into the form of , we identify:

ﬂ(taF> = :U'(tv F7 a*(taF)>7 6(ta F) = U(t7F7 a*(t,F)),

and set
r(t,F) = —L(t,F,a"(t, F)).

Thus, the equation becomes

2(t, F)upp(t,F) —r(t, F)u(t, F) = 0.

N |

u(t, F) + i(t, F)up(t, F) +
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Under these assumptions, the Feynman—Kac formula provides the solution

u(t,F)=E lexp <— /tTr(s,FS) ds) g(Fr) | F; = F] .

Substituting r(¢, F') = —L(t, F,a*(t, F')), we obtain:

T
u(t,F)=E [exp (/t L(S,Fs,a*(s,Fs))ds> g(Fr) | Fy = F] .

This representation expresses the solution u(t, F') in terms of the conditional expectation of a
terminal function weighted by the accumulation of the instantaneous cost along the controlled
process trajectories. We consider the transformed version of the SPDE obtained after applying
the Cole-Hopf transformation and the formulation by the Hamilton—Jacobi-Bellman equation.
To simplify the presentation, we assume that the coefficients (after transformation) depend only
on t and not on F. Thus, the equation reduces to:

ur(t, F) + a(t) up(t, F) + %62(75) upp(t, F) —r(Hu(t, F) =0, tel[0,T), FER, (8)

with terminal condition
u(T, F) = g(F).
Here:
o f(t) = p(t, F,a*(t,F))and 6(t) = o(t, F,a*(t, F')) (assumed independent of F' for simplicity),
o 7(t) = —L(t, F,a*(t, F)) is the (modified) cost term,
o u(t, F') is the value function obtained after the transformation.

We will apply the Fourier transform with respect to F' to convert the differential operator
into a multiplicative operator, and then use the semigroup method to solve the equation, which
reduces the PDE to an ODE in ¢ for each frequency &.

2.5 Using the Fourier Transform in F
Define the Fourier transform of u(¢, F') by:

+oo .
ut, &) = / e % u(t, F)dF,
and the inverse transform by:
1 e
u(t, F) = —/ e~ a(t, &) de.
21 J oo

Let us apply the Fourier transform to equation .
We have the classical properties:

Flur(t, F)}(E) = i€ u(t,§),
Applying the Fourier transform to yields:

Fllug(t, F)}E) + a(t) Flur(t, F)}(E) + %52(0 Flupr(t, F)}E) —r(t) u(t, §) = 0,

= w(t, &) + alt) (i€) u(t, §) — %52(75) 2 a(t,€) —r(t)a(t,€) = 0.

We can factorize u(t, £):

B(1,€) + i€ (1) — 5%(0) € — (1) (1, ) = 0. (9)

7
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2.6 Reduction of the SPDE to a PDE in ¢ for each frequency ¢

Equation @]) is a linear ordinary differential equation (ODE) in ¢ for each value of £. Its general
form is:

du

O + N T(t,6) =0,

with
A(t@)ﬂfﬂ()—w()&z r(t).

The solution of this ODE (evaluated for ¢ decreasing from T to t) is given by:
R N T
0(t,6) = A(7, ) exp(— [ As.) ds).
Since the terminal condition is u(T, F') = g(F'), we have:
u(T, &) = g(8)-
Thus,
. ~ T Lo\ 2
u(t, &) = g(&) exp —/t {zgu(s) — 50 ()& — r(s)}ds . (10)
The expression can be interpreted as the action of a semigroup {S(¢,T") }o<i<7 defined

by:
u(t, &) = m(t, T,£) g(&),

with the multiplier (or symbol of the semigroup)

Tr 1.
m(t, T,&) = exp <_/t {zf,u(s) — 502(3) €2 - r(g)}ds).
By applying the inverse Fourier transform, we recover:

+oo |
ut.F) = o= [ GO me.T.¢) de.

This result shows that the solution u(t, F') is expressed as the action of a linear semigroup on
the final data g(F).
Recalling that the Cole-Hopf transformation was posed in the form

u(t, F) = (6 + 6} p(t, F)),

the original solution is recovered by

pu(t,F) _ 5

p(t7F): 51
t

A representation of the solution in the form:

(1,6 = 90) ([ Ao, u(s,))ds),

where A(s, &, u(s, -)) potentially depends on u (thus the nonlinearity is reflected in the dependence
of the symbol). Hence, the solution u(t, F') can be written via the inverse Fourier transform:

u(t,F):l/+ e€F G(€) exp /Asg, )ds)df

2

8
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This expression suggests a fixed-point formulation. We will define an operator 7 on a suitable
space and show, under Lipschitz assumptions, that it is contractive. The fixed point of 7 will
be the desired solution.

Define the operator 7 acting on a function wu(t, F') belonging to a Banach space X (for
example, the space of continuous functions on [0, 7] with values in L?(R)) by:

T F) = o [ e g€) exp(~ [ A& u(s,))ds) e

Here, A(s,&,u(s,-)) is the symbol (or effective function) derived from the semigroup method
which depends on u (for instance, through the coefficients obtained after transformation). The
terminal condition is incorporated via g(§) (the Fourier transform of the terminal data g(F")).

To apply the Banach fixed-point theorem, we must show that 7 is contractive on X, meaning
that there exists 0 < k < 1 such that for all u,v € X,

17 (u) = T()llx <5 llu—wvlx.

The key assumption is that the function A(s, &, u) is Lipschitz in u; that is, there exists a constant
L > 0 such that, for all s,£ and for all u, v:

])\(s,ﬁ,u) — )\(s,f,v)| < L|u—2|y,
where || - |y is an appropriate norm (for example, in L?(R)). Then, by estimating the difference
T(u)(t, F) = T(v)(t, F),
and using the inequality
o™ —eB| <A - Bl min{AB),
one obtains an inequality of the form

IT(w) = T@)llx < L'(T =) [lu—v|lx.

For T — t sufficiently small or under appropriate assumptions, one can have L' (T —t) < 1,
ensuring that 7 is contractive.
The iterative method is then given by:

Unt1(t, F) = T (up)(t, F), n>0,

with an initial condition ug chosen appropriately (for example, ug (¢, F') = 0 or an approximation
of g(F)). By the Banach fixed-point theorem, the sequence (uy,),>0 converges to the fixed point
u*(t, F') which satisfies:

u (t, F) =T u")(t, F).

Recall that the Cole-Hopf transformation was given by:
u(t, F) = (6 + 6} p(t, F)),

so the solution of the original SPDE is recovered by:
u(t,F) _ 50
p(t, F) = 2t

o

3 Conclusion

In this paper, we have proposed a combinatorial method to approximate the solution of a complex
and nonlinear SPDE. However, this work can be improved by identifying the best pair (&7, 6})
that maximizes the value process.
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