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Ranks and Subdegrees of the Action of the Product of Four Alternating Groups on the
Cartesian Product of Four Sets of Ordered Pairs

ABSTRACT

The rank and subdgrees of the action of A, x 4,, X A, X 4, actingon W2l x x[21 x yl2l x 7[2]
are determined in this paper. Using combinatorics and mathematical induction, the rank of
Ay X Ay X Ay X Ay, (V1= 4) acting on W x x[21 x y[21 x 7121 is 2% and the subdegrees are:

14 <((n7—l!2)!) B 1) ,6 <((ni!2)!) B 1>2'4 (((nr—llz)!) B 1)3 and (((nﬁ!z)!) B 1)4'
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1. PRELIMINARIES
1.0 Introduction

The Cartesian product of ordered sets of pairs W; 2!, x,1? | v,2l and Z,1?! is defined as the set
of all ordered pairs (w,x,y,z) suchthat we Wil xex yeylland ze zIV. The

ordered pairs sets are generated using the Groups, Aligorithms and Programming software
(GAP).

Higman (1964) worked on finite permutation groups of rank 3 and proved that the rank of any
4 —fold transitive group is 3 when considered as a group of permutations of unordered pairs of
distinct letters. Higman (1970) established that the action of S,, on 2-element subsets from the

set X ={1,2,..,n} hasrank 3 with subdegrees as: 1,2(n—1) and (";).

Nyaga (2018) showed that the action of direct product of 4,,, is transitive on the Cartesian product
of 3 sets. The rank and subdegrees associated with this action for n >4 is 8; and

1,(n—1),(n — 1)?,(n — 1)3 respectively.

Mutua et al., (2018) found the action of direct product of S, x 4, on P x Q to be transitive and
also imprimitive provided n > 3. The associated rank for this actionis 6 when n = 3, butis 4 for
alln > 3. The subdegrees are: 1,(n — 1),(n — 1), (n — 1)2. Mutua et al., (2018) established that
for n > 4, the sub-orbits are self-paired thus the respective graphs for the suborbits are un-

directed.
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Maraka et al., (2025) showed that the action of the direct product of three alternating groups acting

on the Cartesian product of three sets of ordered ¢ —tuples has a rank of 8 and the subdgrees

are: 1, 3 <((nfip)l) - 1),3 (((n’jp)!) - 1)2 and (((nfip)!) - 1)3 .

1.1 Definitions and Theorems

Definition 1.1.1. Group action [9]

Given a group G and a non-empty set X , the action of G to the left of X matches a unique

elementgx € X if Vg € G suchthatforall x € X and g;,9, € G:

(i) (9192)x = g1 (g2)x.
(i) e.x = x, given that e is the identity in G.
When G acts from the right side of X, its action can similarly be denoted as such.

Definition 1.1.2. Transitive group [5]

A group G is termed to act transitively on a set X provided forall x,y € X, 3g € G:g(x) =y,

that is, the action gives only a one orbit.
Definition 1.1.3. Stabilizer of an Element [12]

Let x e Xand agroup G acton X. The stabilizer of x in G is given by Stab;(x) = {g €G: gx =
x}.
Definition 1.1.4. Fixed point [9]

Given a non-empty set X and group G acting on X with g € G. The set of elements x fixed by g €

G is referred to as fixed point set of h given by Fix (g) = {x eP: h(x) = x}.
Definition 1.2.5. Orbit [5]

For x € X, the action of a group G on X, partitions X into separate equivalence classes known as

orbits. Hence, Orb;(x) = {gx:g € G}.
Definition 1.2.6. Rank and Subdegrees [10]

Given that the action of G on a set X is transitive and x € X. The orbits of G, on X are referred
to as the suborbits. The rank of G on X is the number of those suborbits and their sizes are called

subdegrees of G on X.
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Definition 1.1.7. Direct product action [2]

Given (G4, X) and (G,,Y) as permutation groups. The direct product G; X G, acts on the separate

xg., x€ X

union X UY by the law , :{
y x(91,92) Vgs VE Y

and on Cartesian product X xY by the law
(x,¥)(91, 92) = (x91,¥92)-
Theorem 1.1.8. [6]

The action of A, X ..x A4, ,(Vm <o) on X, % ... x X,,[%! is transitive, Yn — ¢ > 2.
Theorem 1.1.9. Orbit — Stabilizer Theorem [12]

Given G actson aset X, |0rb; (x)| = |G: Stabg(x)].

Theorem 1.1.10 [1]

The G, X G,-orbit containing (x,y) € X XY is given by Orbg; (x) X Orbg,(y) and the stabilizer
of (x,y) is given by Stabg, (x) X Stabg,(y).

2. MAIN RESULTS
Theorem 2.1 (Rank)

The rank of G = A, X A, X A, X A,, (n—= 4) acting on W2l x x[2I x yl2l x z[2] js 24,
Proof:

Suppose G acts on W x x2I x yl2l x 721 Let [wy,w,] € WP [x;,x,] € X1, [y,,y,] € Y2
and [zy,z,] € z[2.

Let Q = {[wy, wa], [x1, x2], [y1, ¥2], [21, 213

Then, G, has orbits with exactly four, three, two, one or no ordered pairs elements from Q .
There is only one way of choosing an element with exactly 4 ordered pairs from Q, thatis,

4C, = 1.

There are only four possible ways of selecting an element with exactly three ordered pairs from
Q, thatis, 4C; = 4. So, there are 4 orbits of G, containing exactly 3 —ordered pairs elements

from Q.

There is only 6 possible ways of selecting an element with exactly two ordered pairs elements
from Q, thatis, 4C, = 6. Thus, there are 6 orbits with exactly 2-ordered pairs from Q.

There is only four ways selecting an element with exactly one ordered pair of elements from Q,
thatis, 4C; = 4. So, there are four orbits with exactly 1-ordered pair from Q.

Lastly, there is only one way of selecting an element with no ordered pairs from Q. Thatis,
there are 4C, = 1 orbit with no ordered pair from Q.
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The rank of G on W2 x x[21 x yl2l x 7[2] js:
R(G)= 4C,+4C3+4C, +4C; +4Cho=1+4+6+4+1.
R(G) = 16 = 2%,

Theorem 2.2 (Subdegrees).

The subdegrees of G = A, x A, X A, x A, actingon W x x[21 x yl2l x 7[2] gre; 1,

4 (((nﬁlz)!) B 1) 6 <((nﬁ!2)!) B 1>2’4 (((nilz)!) B 1>3 and <((nﬁ!2)!) - 1)4'

Proof:

Let Q = {[wy, ws], [x1, %21, [y1, ¥21, [21, 2213

Suppose G = A, X A, X A, X Ay, acts on W2 x x21 x y21 x 7121 Then, w2l =

{[WIJWZ]r ] [Wnl Wn—l]}’ X[Z] = {[xl'xz]' L] [xn'xn—l]}’ Y[Z] = {[ylf yZ]' R [yn' yn—l]} and Z[Z] =
{[21;22]' ey [Zn:Zn—l]}-

Let Q@ = {[wy, w2], [x1, x,], [y1, ¥21, [21, 2,1}

By Armstrong Theorem, we have; OrbGQ = Orbg,, X Orbg, X Orbg, X Orbg,,.

Let; W = {fw;, wo JNWE, X121 = ([x;, x,JA\X 12, Y = {[y;, 3,]\V2] and z[2)' =
{[erZZ]}\Z[Z]'

n!
(n=2)"

|W[2]| = |X[2]| = |y[2]| = |p4[2]| —

Therefore, ] = Xt = || = 22 = (i) - 1),

The 2* orbits of Orbg, are:

(a) The suborbit containing exactly four ordered pairs of elements from Q.
There is only one orbit of G, containing exactly 4 —ordered pairs elements from Q.

Ap= OTbGQ{[Wl; wol, [x1, %21, [y1, ¥21, 21, 2213

|Ag| = [[wy, wall X |[x1, 2211 X [[y1, ¥211 X |[21, 221l

(b) Suborbits containing exactly three ordered pairs of elements from Q.
There are 4 orbits of G, containing exactly 3 —ordered pairs elements from Q.

By= 0rbey (W', [x1,%2), [y1, 72, [21, 2] ' € WET
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1A;] = (W | x |[xg, 2501 % [y, y211 % |21, 2]
=Wl x1x1x1

(( n —'2 )
( )' )X X X

Bz= Orbgy{lw1, wol,x', [y1,2), [z, 2,1} " € X1V

1821 = 1wy, woll x | X2 | x |y, y2 11| % |11, 221
=1x x| x1x1

:1x<((nf—!2)!)_1>><1><1
Thus, |A;| = (((1:—'2)') — 1).

A3= OrbGQ{[Wl! WZ]' [xli x2]! y,' [21'22]}: y, € Y[Z]’

1A = [[wy, w]l X |[x1, x2]] X |Y[2],| X |[z1, z,]|
=1x1x vl x1

= 1X1X(((ni!2)!>—1>><1
Thus, |As] = <((nf!2)!) - 1).

Ay= Orbg, {[ws, wol, [x1,%,], [y1, ¥2), 2} 2" € 22V

1841 = 1wy, wall X |[x, %511 X [[y1, y2]1 x |Z12)'|
=1><1><1><|Z[2]'|

=1><1><1><<((nf—!2)!)—1>
Thus, |A,] = <((nf;)!) - 1).

Therefore, |A1| = |A,| = |Az] = |A4].

(c) Suborbits containing exactly two ordered pairs of elements from Q.
There are 6 orbits with exactly 2-ordered pairs from Q.

A5= OrbGQ{W,Jx,: [yll 3’2]; [le ZZ]}: W, € W[Z]’J y, € Y[Z]’
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1As| = [WERV| x [PV x |[xq, x,]1 % |[y1, 2]

= (((n flz)!) = 1) X (((nﬁ—lz)) = 1) x1x1
Thus, |As| = <((nf!2)!) - 1)2.

2
!
But, 1051 = I8l = 18] = 1Ag] = [Ao] = Ay] = <(ﬁ)—1> |

(d) Suborbits containing exactly one ordered pair of elements from Q.
There are 4 orbits with exactly 2-ordered pairs from Q.

Agy= Orbg,{[wy, wal x",y',2'}: x" € x2 yreyl2l ;e z02V

[Ag1] = [[wy, wo]| X |X[2]'| X |y[2]’| x |Z[2]’|

() ()2
Thus, Ay | = <((nf!2)!) - 1>3.

3
!
But, [A11] = |Ag2] = |A13] = [A14] = <(ﬁ) - 1) .

(e) Suborbits with no ordered pair of elements from Q.

There is only one orbit of G, having no ordered pairs elements from Q.
Ays= Orbg, fw',x,y", 2’} w' € w2l x e x2l' y eyl2l 5 e 712V
815] = W e 1 [¥12T | 207

- <<(n ﬁ!2)!) B 1) % <((nf—'2)') - 1> % <((nf—'2)') - 1> % <((n sz) - 1)
Thus, |A| = (((nf—'z)‘) - 1)4.
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Table 1 : Subdegrees of 4, x 4, x 4, X 4, acting on W2l x x[2I x yl2] x zl2]

Length of | 1 n! B nl 2 nl 3 nl 4
ot || (@52 1) | () 1) (G2 ) | () 1)
Number 1 4 6 4 1

of

suborbits

Theorem 2.3 (Summation of subdegrees)
The sum of the number of elements in all the 16 Q —orbits equals the cardinality of

n! n!

2
w2l x x[21 x y[2l x Z12] thatis; 1+ 4 (((n_z)') - 1) +6 (((n_z)') - 1) +

3 4
* <((ni!2)!) B 1) * <((n7—l!2)!) B 1) = (W x x5 vzl ZE2],

Proof:
The cardinality, W2 x x[21 x y[21 x z[2]| = ((nilz)'
subdgrees is equivalent to the cardinality of W2l x x[21 x yl2] x z[2],
— n! -
Let t= ((n_z)!). So, we have;
1+4(t—-1D+6{(t—1D?}+4{t-13}+ (t—1*
=1+4+4t—4+6t>—12t+6+4t3 —12t2 + 12t — 4 +t* —4t3 + 6t> — 4t + 1 = t*

n!

But, ¢ = (55). s0 t* = ((n_z)!)4 = w2l x X121 x y[2] % 712,

4
) . It suffices to show that sum of the

3. CONCLUSION

From this research, it can be concluded that the rank of A, X A, X A, X A,,(V n = 4) acting

n! n!

on W x x[21 x yl2l x 7121 'is 2% and the subdegrees are: 1, 4 <((n_2),) — 1).6 (((n_z),) —

n!

1>2,4 <((n_2)!) - 1)3 and (((nflz)!) - 1>4.
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