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Abstract

The purpose of this study is to demonstrate that, although it is challenging to provide a precise and exhaustive description of the Borel sigma-algebra, it is often possible to enclose the measure of any Borel set with arbitrary precision. In other words, for any given Borel set, one can identify an open set that contains it and a closed (or compact) set that encompasses it. This approach allows us to establish upper and lower bounds for the measure, which facilitates the analysis of the properties of Borel sets.

This enclosing process is essential because it enables us to work with approximations while maintaining mathematical rigor. By using open and closed sets, we can better understand the structure of Borel sets, even without a detailed description. This opens the door to practical applications in various fields of real analysis and set theory, where the notion of measurement is fundamental.
Furthermore, this enclosing method also offers interesting perspectives for theoretical research. By exploring the relationships between Borel sets and other classes of sets, we can develop more robust mathematical tools. Additionally, although the precise characterization of the Borel sigma-algebra may elude our understanding, the enclosing techniques allow us to navigate effectively through the complex landscape of measurable sets while providing meaningful results for theory and its applications.
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INTRODUCTION   
               
In this manuscript, we consider a metric space  which plays a central role in the study of measurements. The notion of distance, noted , is used to determine the proximity between points in this space. This structure allows us to define fundamental concepts such as continuity, convergence, and compactness, which are essential in analysis and probability theory.

The measures we are examining are established on the Borelian tribe which is derived from the distance-induced topology d . This tribe is generated by the open sets of X , which most often allows us to integrate measurable functions, to study the properties of measurable sets, and to define integrals on these sets.

The regularity of a measure on a metric space is a key concept that ensures that the measure of a set can be approximated by the measure of its open or closed sets. More precisely, a measure μ is said to be regular if, for any measurable set , there exist open sets  and closed F such as  with This property is crucial because it ensures the possibility of working with simpler sets when evaluating complex measures [1].

In addition, regularity allows us to establish other important results such as Carathéodory's theorem, which links measurement to the notion of content, and ensures the existence of probabilistic measures on metric spaces. These concepts are fundamental for applications in statistics, game theory, and functional analysis.

Thus, the analysis of the regularity of measures in a metric space enriches our theoretical understanding of measures and deepens our knowledge of their fundamental properties [2].

This leads to the following definitions:

Results

Definition 1:
(1). A measure on (x, ℬ(x)) is externally regular if
       ℬ(x ) .
(2). A measure µ on (X, ℬ (X), is internally regular if
ℬ(x), µ(A) = sup { is compact, A k} .
(3). A measure (x, ℬ(x)) is regular if it is both externally and internally regular [3].
1.1. THE CASE OF A FINITE MEASURE
Proposition 1.1.2
Let be a finite positive measure on (x, ℬ (x)).
Then, for all A ℬ(x) and all >O, there exists an open O and a closed F such that F .
DEMONSTRATION:
The principle of the demonstration is to show that ℬ (x) / A verified (1.2)} is a tribe containing (X), and consequently ℬ (X).
· Contains (X): let A and O; we set O =A and, for all O ,
={ }.
The function is continuous so it is closed and
( =A.
[4] Continuity to the left of a measure, results in
So, µ (O) being finite, ; finally, for large enough, we have We have thus shown that (x) .
 is stable by countable union: let ,( a sequence of elements of . By hypothesis, there exist for all sets and respectively closed and open such that : . Now
 and on the other hand we can easily verify that
From which it emerges by - under additivity that [5] 	:
On the other hand as:	
it exists such as :
We then pose:
O is open, F is closed and we have:	
Finally, (o) being finished,
- is stable by complement: either A and , F and O such that F and . It is clear that 
 is closed, is open and = O ⧵ F, so
µ( 
[5] The preceding proposition could have been stated equivalently in the following form:
ℬ (x) , = sup{ (F),F closed, F }= inf{ (o),O open, A }.
It is this last formulation that we will now try to extend to certain infinite mass measurements, provided that they are however finite on sufficiently large Borelians.
2. THE CASE OF A FINITE MEASURE
Definition 2
A measure on a measurable space (X, ) is said to be finite if there exists an increasing sequence ( ) of Borel numbers verifying:
X= and ( ) for all .
By extension, the space (X, ) is said to be finite.
Theorem 1
(1)If is a finite measure on (X, ℬ (X)), then
ℬ (x), µ(A) = sup{ (F), F closed, F A}.
(2) If, in addition,											
then the measurement is externally regular, that is to say:
A ℬ(X), (A) = inf { (O) ,O open, A O}.
(3) Finally, if we can choose compact Borelians , the measure is internally regular, that is to say A ℬ (X) , (A) = sup{ (K), K compact, A K}. [6]
Demonstration:
Before tackling the demonstration of this theorem, we would like to recall some essential properties of positive measure on a measurable space.
Essential properties
Let be a positive measure on (X, A).
: is a growing movement for inclusion:
(1) A, B , A B (A) ≤ (B).
(2) if in addition (A) , then (B\A) = (B)- (A) .
(3) On the other hand, if (A)= , we cannot say anything about (B\A).
 Demonstration: 
[7] These results follow from the fact that B=A (B\A) (disjoint union), hence (B)= (A )+ (B\A) (A)[ take =A, =B\A]. 
 : is highly additive:
                A , B , (A B) + (A B)= (A)+ (B).
Demonstration:
 either (A B)= and (cfr p 1 ) (A)= (B)= .
Let (A B) , in which case we decompose A B disjointly into A B = ( A\(A B) (A B) (B\(A B).
From which: (A B) = (A\(A B))+ (A B)+ (B\(A B))
                         = (A)- (A B)+ (A B)+ (B)- (A B)
                         = (A)- (A B )+ (B).
P3: is “left continuous”: let ( be an increasing sequence of elements of (i.e. for all ). [8]				

Demonstration:
we pose for . We check by recurrence that for all .Indeed, let us suppose that 
It then comes = . On the other hand, the are two by two disjoint by construction. From which finally
.
Note : the sequence being increasing for inclusion, it comes from ; hence the possible writing is the terminology 
P4: is “right continuous”: let ( be a decreasing sequence of elements of ( i.e. for all ), such that it exists with .
So [9]
Proof: we apply the previous result to . It comes

And, moreover, because for . From where 
We conclude by simplifying by the finite quantity
Remarks
- the sequence ( being increasing for inclusion, the identity can be read as soon as the second member is finished.
- the existence of a finite measurement part is essential as illustrated by the following counterexample: we equip ( with the counting measure and for all .
P5: is subadditive: let ( be a sequence of elements of then
.
Proof: we proceed by induction. If , the inequality is trivial.
If ) according to P2.
Let us assume that the result is acquired at rank ; it comes [10]

So, for all Applying the property p3 to the increasing sequence, we obtain

With the support of all the properties thus stated and demonstrated, we can resume the process of demonstrating Theorem 1.
Demonstration: (1)
[11] Let o ; A= so there exists, still by property p3, an integer such that that is to say . We then pose is a finite measure on(X , (X) ) so, according to proposition 1.1.2 above, there exists F, closed, F A, such that . Starting from the above:     +
(2) 2nd case :
Still according to p3 , (A) = or according to the 1st case , =sup{ (F), F A , F closed}≤sup{ (F),F A,F closed}.
Hence (A )≤ sup{ (F), F A, F closed}. The other inequality is obvious.
(2) we pose, for all , Let A and Ɛ>O.
According to proposition 1.1.2, there therefore exists, for all ≥ 1 , (X) such that A and be still
HAS
[12] We will establish per recurrence on the property

 is immediate . Let us assume that it is true. Since it is finite, the strong additivity of (property p2) and the recurrence hypothesis entail




Now, we have simultaneously [13]


 is therefore established. The open being contained in,




(3) We simply note that the sets F are compact as closed in compacts and that (F)= .
3. Regularity of Borel measures [14]
Borel measurements are a first example where all the hypotheses of Theorem 1 are fulfilled.
Definition 3
A measure on (X, is called a Borel measure if, for any compact K of X , (K) is finite. Essentially, we are only interested in Borel measures defined on a separable space (i.e. having a dense sequence) and locally compact.
Definition 4
A metric space (X, is locally compact if every point admits a compact neighborhood , that is to say such that .
We show that, in such a space, every neighborhood of contains a compact neighborhood of
 [15] Fundamental example : , equipped with its normed vector space structure, is a locally compact separable space.
On the other hand, an infinite-dimensional normed vector space is never locally compact. The Lebesgue measure on ( is a borel measure since, any compact K being bounded, there exists M O such that K +
The regularity theorem of Borel measures is stated as follows:
Theorem 2
borel measure on a locally compact and separable metric space is regular, that is to say
Proof : At this stage the proof is purely topological. Indeed, in view of Theorem 1, it is sufficient to show the existence of a sequence of compact sets ( verifying

[16] First step: (x is compact:
By compact we mean
 
Let {be compact}; I being (at most) countably infinite, we can write it as a countable union of an increasing sequence of finite sets , .
either ; admits a compact neighborhood . Therefore it exists such that . Consequently

We pose

It is clear that

.
[17] Second step: construction of by recurrence: We pose ; then we suppose constructed compacts such that The set is compact and, by local compactness of X, everything in the neighborhood is a compact Now, by hypothesis therefore the family ( forms an open covering from which we can extract a finite covering . We then pose . The set thus constructed is compact as a finite union of compacts the sequence of compacts thus constructed finally verifies

Topological complements:
(1) A compact metric space is always separable. Indeed, a compact metric space, let us denote it by K, is always separable. For any , we can, by compactness, cover K with a finite number of balls of radius r:

It is immediate that { } is countable and dense in K. If now a metric space X is a countable union of compact sets, these are separable and hence X is because a countable union of countable sets is countable. [18]
(2) By combining assertion (1) and the first step of Theorem 2 above, we obtain that, in a locally compact metric space (x, d), there is equivalence between separability and compactness:
(3) in fact, Urysohn's metrizability theorem implies that, if a separate topological space, not a priori metrized, is locally compact and admits a countable basis of open sets, then it is metrizable in the sense that its topology is generated by a distance (see [2], p.218(2)).
4. Regularity of finite measures on a Polish space
Regularity can also be obtained under completeness assumptions when is finite.
Definition 5 [9]
A metric space (x, d) is called Polish if it is both separable and compact.
Theorem 3: Let (x, d) be a Polish space. Any finite measure on the space (X, 𝔅 (x)) verifies
(1) Compact as such
(2) is regular in the sense of (definition 2).
Proof: (1) let ( be a dense sequence in X and for all it exists such that

We then pose



For all , therefore is a precompact set in the complete space (x, d); being closed, it is therefore compact (of .[ 5]p.137).
2. the result remains if we replace the hypothesis of local compactness by the weaker one of regularity which stipulates that any neighborhood of a point contains a closed neighborhood.
On the other hand, the –additivity of entails

(2) This point is an immediate application of proposition 1 and assertion (1) since, if F is closed and K compact , F is compact.
5. Application to the characterization of measurements[ 20]
From the previous theorems and proposition 1, we find (or obtain) useful results for characterizing measurements.
Theorem 4
Let (x ,d ) be a metric space and two measures on (X, if and verify one of the following three properties:

Or (Theorem 1),
(2) (x ,d ) is locally compact, separable and for all compact K of X, (see theorem 2),
(3) (X ,d ) completely separable,
SO
Conclusion
This work highlights the crucial importance of metric spaces in the study of measures. The notion of distance, as a foundation, plays a central role in defining essential concepts such as continuity, convergence, and compactness. The Borel tribe, which emerges from the topology induced by this distance, offers a powerful framework for exploring the properties of measurable sets and for defining integrals rigorously.
The regularity of measures turns out to be a fundamental concept, because it ensures that the measure of a measurable set can be approximated by those of open or closed sets. This property is decisive for the treatment of complex measures, because it allows the use of simpler sets, thus facilitating calculations and analyses.
Furthermore, deepening the analysis of the regularity of measures enriches our theoretical understanding and allows us to broaden our knowledge of their characteristic properties. This strengthens our ability to manipulate measures in various mathematical contexts, thus promoting advances in diverse fields such as functional analysis and probability theory. In short, this study opens new perspectives for mathematical research, highlighting the interconnection between metric structure and measure.

Regularity can also be obtained under completeness assumptions when is finite.
From the previous theorems and proposition 1, we find (or obtain) useful results for characterizing measurements.
Proposition 1 could have been stated equivalently in the following form:
It is this last formulation that we now try to extend to certain infinite mass measurements, provided that they are however finite on "sufficiently large" Borelians. In short, the end of any demonstration or proof is marked by a small black square .
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