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A Study On Dual Hyperbolic Generalized Pandita Numbers

Abstract. In this paper, we introduce the generalized dual hyperbolic Pandita numbers. As special
cases, we deal with dual hyperbolic Pandita and dual hyperbolic Pandita-Lucas numbers. We present Binet’s
formulas, generating functions and the summation formulas for these numbers. Moreover, we give Catalan’s,
Cassini’s, d’Ocagne’s, Gelin-Cesaro’s, Melham’s identities and present matrices related with these sequences.
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1. Introduction

The hypercomplex numbers systems, [8], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,
C={z=a+ib:a,becR,i*=—1},
hyperbolic (double, split-complex) numbers, [6],
H={h=a+jb:a,beR,j>=1,j+# 1},

and dual numbers, [14],
D={d=a+¢cb:a,bcR,e®>=0,¢e#0}.

Some non-commutative examples of hypercomplex number systems are quaternions, [24],
Hg = {q = ao + a1 + jaz + kas : ag, a1, az,a3 € R,i% = j2 = k? = ijk = —1},

octonions [9] and sedenions [15] are part of a sequence of real algebras constructed through a recursive
method known as the Cayley—Dickson process. The algebras C (complex numbers), Hg (quaternions), O

(octonions) and S (sedenions) are all derived from the real numbers R via this doubling procedure. The
1
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process can be extended beyond sedenions to generate higher-dimensional algebras known as 2™-ions (see for
example [3], [12], [5]).

Quaternions were introduced by the Irish mathematician W. R. Hamilton (1805-1865) as an extension
of the complex numbers [24]. Hyperbolic numbers with complex coefficients were first studied by J. Cockle
in 1848 [10]. Later, H. H. Cheng and S. Thompson [7] introduced dual numbers with complex coefficients,
which they termed complex dual numbers. Dual hyperbolic numbers were subsequently introduced by Akar,
Yiice, and Sahin [13].

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao +ja1) +e(az + jaz) = ao + ja1 + €as + jag

where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers are denoted by
H]D = {ao +ja1 + cas +5ja3 i ap,a1,02,a3 € R, j2 = l,j 7& :|:1,€2 = 0,5 75 0}

The base elements {1,j,¢,ej} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):
le = glj=j 2 =ce=(je)?=0, j°=jj=
ej = Je, e(ef)=(cj)e=0, j(ej)=(cj)i=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and &j denotes
the dual hyperbolic unit ((je)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja; + a2 + jeas and p = by + jby + €by + jebs is
qp = apbo + a1by + j(aob1 + a1bo) + €(aobe + azby + a1bs + azby) + je(aobs + a1bs + azby + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The set of dual hyperbolic numbers constitutes a commutative ring, a real vector space, and an algebra.
However, H D does not form a field, as not every dual hyperbolic number possesses a multiplicative inverse.
For further details on the algebraic structure and properties of dual hyperbolic numbers, see [13].

We now recall the definition of generalized Pandita numbers.

A generalized Pandita sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},,>0 is defined by the fourth-order

recurrence relations
(11) Wy =2Wp_1 —Wyp_o+Wp_3—Wy_4

with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative

subscripts by defining
W_on=2W_(n_1)y = W_(no) + W_(n_3) = W_(n_y)
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for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Soykan has conducted a study on this
particular sequence, for more details, see [17].

The first few generalized Pandita numbers with positive subscript and negative subscript are given in
the following Table 1.

Table 1. A few generalized Pandita numbers

n %% W_,.

0 Wo Wo

1 Wi Wo — Wi +2Wy — W3
2 Wo Wi+ Wy —Ws

3 W3 Wo + W1 — W,

4 Wy — Wy — Wy 4+ 2W5 2Wo = 2W1 +2Woy — W3
5 Wi —2Wy — Wy + 3W3 3Wy — 2Ws

6 W1 —3Wy —2Ws5 + 5W3 3Wy —2Ws

7 2W1 — 5Wy — 4Ws + 8Ws 3Wy — 2W,

8 3Wy — 8Wy — 6Wy + 12W5 Wy — 3W1 + 6Ws — 3W3
9 AW, — 12Wy — 9Ws 4 18W35 oWy —2Wy — Woe — Wy

10 6W; — 18Wy — 14Wy + 27TWs

3Wo + Wy — 5Ws 4+ 2W3

11 9Wy —27TWy — 21Wo + 40W3 AWy — 8W1 + 8Wsy — 3W3
12 13W7 —40Wy — 31Ws 4+ 59W3 AW, — AWy + 5Wo — 4Ws
13 19W7 — 59Wy — 46Ws + 8TWs 9W1 — 12Ws 4+ 4W3

If we set Wy =0,W; =1, Wy =2, W3 = 3 then {W,,} is the well-known Pandita sequence and if we set

Wo =4, Wy = 2,Wy = 2, W3 = 5 then {W,} is the well-known Pandita-Lucas sequence. In other words,

Pandita sequence {P, },,>0 and Pandita-Lucas sequence {S,, },,>¢ are defined by the second-order recurrence

relations

(1.2) P,=2P, 1 — P, o+ P, 3— P,_4, Py=0,P,=1,P,=2,P; =3, n >4,
and

(1.3) Sp =251 — Sn—2+ Sp—3 — Sn—u4, So=4,51=2,5 =2,53 =5, n > 4.

The sequences { P, },>0 and {S, }n>0 can be extended to negative subscripts by defining
P=P (1) P_(n_2) +2P_(y_3) — P_(n_a)

and

Sn=5(n-1) = S—(n-2) T 25 (n-3) = S_(n—4),

for n = 1,2,3, ... respectively. Therefore, recurrences (1.2) and (1.3) hold for all integer n.

We can list some important properties of generalized Pandita numbers that are needed.
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e Binet formula of generalized Pandita sequence can be calculated using its characteristic equation

which is given as
et—23 4~ 1= -2 —D(x—-1)=0

The roots of characteristic equation are

1/3 1/3
_ L (2, /3L (23
@7 375"V 54 Vios)
1/3 1/3
6 — 1+w %_ﬁ_ ﬂ +w2 @_ ﬂ
3 54 108 54 108 ’
1/3 1/3
L2, /3 (2 31
= -+w | = — wl| = =1\ 7=
7 3 54 7V 108 54 Vios)
§ = 1,
where
—14+4V3
w= %[ = exp(27i/3).

Using these roots and the recurrence relation, Binet formula can be given as

z1a™ 298" 23"
W pu—
n 30_2 35-2 3y_2 "7

= A1a" + A" + A3y + Au,

4

where 21, z2 and z3 are given below

21 = (aW3—a2—a)Ws+ (—a® +a+ )W — W),
2 = (BWs—B(2—B)Wa+ (=" + B+ 1)W1 — W),
= (Ws =72 —7)Wat (=7 + 7+ W1 = W),
zg = —Ws+Wy+ W
and
z
(1.4) A=
A = s
z
A =
As = 2.

Binet formula of Pandita and Pandita-Lucas sequences are

n+3 n+3 n+3
o B 8l

P, = -1,
' 3a—2+3ﬁ—2+37—2
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ot

and
Sn :an+6n+7n+17
respectively.

e The generating function for generalized Pandita numbers is

iW £ Wo + (Wy — 2Wo)x + (Wo — 2Wy + Wo)a? + (W3 — 2Wo + Wy — Wo)z?
L 1—2x+ 22 —a3+z4 ’

n=0
For more details about generalized Pandita numbers, see [17].

o0
Next, we give the exponential generating function of » W, Z; of the sequence W,.
n=0

o0
LEMMA 1. [11, Lemma 1.4].Suppose that fw, (xz) = Zo W2 is the exponential generating function of
n=

the generalized Pandita sequence {Wy, }.

Then > Wn% is given by
n=0
i W 2" (aWs —a2— o)Wy + (—a? +a+1)W; — Wo)e‘””
"l 3o — 2
n=0
L (BW3 — B(2 = B)Wa + (=% + B+ L)W — WO)e,B;c
38 —2
LOWs =12 = )Wo + (22 + 7+ WL = W)
3y—2

+(—=W5 + Wa 4+ Wy)e®.
The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Pandita and Pandita-Lucas numbers

n+3 5”-&-3 n+3

00 0o n 3 ax 3 Bz 3 yx
n « y T a’e B e v’e
: P, % = — 1= = _
ap X b= r G sttt e YV T2 352 32 ¢
b): Z Sn%: Z(Oén—f—ﬂn—l—’y"—i-l)%:eaw+66l+€’yx+€x.
n=0 n=0

Next, we give some information on published papers related to hyperbplic and dual hyperbolic numbers

in literature.

e Cockle [10] presented the hyperbolic numbers with complex coefficients.
o Akar at al [13] introduced the dual hyperbolic numbers.

e Cheng and Thompson[7] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [19] introduced dual hyperbolic generalized Pell numbers given by

‘771 =V, +jVn+1 + <<5Vv’n+2 +j5Vn+3
where generalized Pell numbers are given by V,, = 2V,,_1 + V,,_2, Vo = a, V4 = b (n > 2) with the initial

values Vp, V1 not all being zero.
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e Cihan at al [21] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHF, =F, +an+1 +5Fn+2 +j<€Fn+37

DHLn = Ln + jLn+1 + ELn+2 + jELn+3.

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + Fi,_2, Fy = 0,F} = 1, L, =

Lp1+Lpo,Lo=211 =1

e Soykan at al [22] introduced dual hyperbolic generalized Jacopsthal numbers given by

~

Jn = Jn +jJn+1 + 8Jn+2 —|—j6Jn+3

where Jn =dJp_1+ 2Jn—27 JO =a, J1 =b.

e Bréd at al [1] studied dual hyperbolic generalized Balancing numbers are

DHB, = By, + jBn+1 + EBn+2 + jSBnJrg

where Bn = GBn,1 - anz, BO = 0, Bl =1.

e Yilmaz and Soykan [23] introduced dual hyperbolic generalized Guglielmo numbers are

To = To + 511 + T + jeTs
where T,, =371, 1 — 3T, o+ 1T, 3, Ty =0,T1 =1,T, = 3.
e Dikmen [2] introduced dual hyperbolic generalised Leonardo numbers given by

/l\o = l() +jll +612 +j€lg

by =2 1 —lp_s,lo=1,1; = 1,1 = 3.

e Eren and Soykan [4] introduced dual hyperbolic generalized Woodall numbers given by

E() = Ro+ jR1 +€Ra + jeRs

where R, =5R,, 1 —8R, 2+ 4R, 3, Ro=—-1,R1 =1,R, = 7.
In this paper, we define the dual hyperbolic generalized Pandita numbers in the next section and give

some properties of them.
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2. Dual Hyperbolic Generalized Pandita Numbers and their Generating Functions and

Binet’s Formulas

In this section, we define dual hyperbolic generalized Pandita numbers and present generating functions
and Binet formulas for them. We now define dual hyperbolic generalized Pandita numbers over Hy. The

nth dual hyperbolic generalized Pandita number is

(21) /W\n =W, +jWn+1 + €Wn+2 +j8Wn+3-

The sequence {Wn}nzo can be extended to negative subscripts by defining

W_p=W_p+iW_ i1 +eW_pi0+ jeW_p43.

for n =1,2,3, ... respectively. Therefore, recurrence (2.2) holds for all integer n. Note that

Wo = Wo+ Wi+ Wy + jeWs
Wi = Wi+ jWa+eWs+ jeWy
Wy = Wa+jWs+eWy+jeWs
It can be easily shown that
(22) /Wn = 2/1/[7”,1 — /Wn,Q + /any, — Wn,4

and

W_, = W—(n—l) - W—(n—Z) + 2VV—(n—?)) - W—(n—4)

The first few dual hyperbolic generalized Pandita numbers with positive subscript and negative subscript
are given in the following Table 2.

Table 2. A few dual hyperbolic generalized Pandita numbers
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n W, w_,

0 ﬁ/\o W\o

1 W Wo — Wy + 2Wa — Ws
2 Wa Wy + Ws — Wy

3 Ws Wo + Wy — Wy

4 Wy — Wy — Wa + 25 W — 2W; + 2Wo — W
5 Wy — 2Wy — Wa + 3Ws 3W, — 2Ws

6 W1 — 3Wo — 2Wa + 5Ws 3W, — 2Ws

7 2Wy — 5Wy — AW, + 8Ws 3W, — 2W,

8 3Wy—8Wy—6Wo+12W5 Wy — 3W, + 6W, — 31s
9 AW, — 12W — OW, + 18W5  5W, — 2W — Wa — Wy
10 6W, — 18Wy — 14W, + 275  3Wo + Wy — 5T + 217
11 9W, — 2TWy — 21W, + 40Ws AW, — 8W, + 8Wa — 3T
12 13W; — 40W, — 31W, + 59Ws AW, — AW, + 5, — 4Ws

13 19W, — 59W, — 46W, + 8TW; OW, — 12W, + 4W;

As special cases, the nth dual hyperbolic Pandita numbers and the nth dual hyperbolic Pandita-Lucas

numbers are given as

(23) ﬁn :Pn +an+1 +€Pn+2 +j5Pn+3
and
(2.4) Sp =S+ jSni1 4 €Sns2+ jeSnis

respectively. The sequences {}3"}”20 and {gn}7120 can be extended to negative subscripts by defining
Popn=P_ (n1) = P_(n—2) +2P_(n—3) = P_(n-4)

and

~

Sn=5_(n1) = S_(n-2) T25_(n-3) = S_(n—4)

for n = 1,2,3, ... respectively. Therefore, recurrence (2.3) and (2.4) holds for all integer n

For dual hyperbolic Pandita numbers (taking W,, = P,, Po=0,P, =1, P, =2, P; = 3,) we get
Py = j+2¢+3je,
Py = 2j+3¢+5je+1,

P, = 35+ 5e+8je+2,
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and for dual hyperbolic Pandita-Lucas numbers (taking W,, = S,,, Sop =4,51 = 2,5 = 2,53 =5,) we get

So = 2j+ 2+ 5je+4,
Si = 2j+5e+ 6je+ 2.
Sy = bBj+6e+Tje+2

A few dual hyperbolic Pandita numbers and dual hyperbolic Pandita-Lucas numbers with positive subscript
and negative subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Pandita numbers

n P, P,

0 7+ 2e + 3j¢ J+ 2e+ 3j¢
1 27 +3e+5je+1 €+ 2j¢e
2 37 + 5 + 8je + 2 —j€

3 95j+8+12je+3 -1

4 8j+12¢+18je+5 —j—1

5 1254+ 18+ 275 +8 —j—c

Table 4. Dual hyperbolic Pandita-Lucas numbers

~

n Sn §—n

2j +2e +5j5e +4 2j +2e+5j5e +4
1 2j + 5e + 67 + 2 —47 4+ 2e+2je+1
2 5j + 6e + Tje + 2 Jj+4e+2je -1
3 6j+7¢e+11je+5 e—jJ+4je+4
4 Tj+1le+16je+6 4j —e+je+3
5 11j +16e+22je+7 —3j+4e—je—4

Now, we will state Binet’s formula for the dual hyperbolic generalized Pandita numbers and in the rest

of the paper, we fix the following notations:

(2.5) a = l+ja+ea®+ jea’,
(2.6) B = 1+jB+ep +jep.
(2.7) ¥ = 1l4jy+er* +jey?
(2.8) 0 = T=1+4j+¢c+7je,
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Note that we have the following identities:
a’ = 1+a®+2aj+2a% (a? +1)e+4a’je
= 14 8%4+2j8+ (28" +26%)e + 453,
af = l+af+(a+pB)j+ (o + 62 +2a8° +a°8) e+ (a+B) (o + 57) je,
a’B = 1+ + 2+’ +2(aB+ 1) (a+B8)j+2 (e + 5+ a8 +4aB +1) (o + ) e

+4 (o + B) (@ + B> + aB?) je,

af” = 1+ +2aB8+ (a+28+aB?) j+ (B2 +2aB8+1) (a®+28%) e+ (a+28+ ap?) (a® +25°) je,
aZBQ = 1+p8+a?+a?B +4aB+2(af+1) (a+B)j+2(a?+ B>+ +4aB +1) (& + ) e

+4(aB +1) (a+ B) (o + 57) je
THEOREM 3. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Pandita number
18
(29) W\n = Ala"& + AgﬁTLB + A3’}/n/’? + /I\A4

where @, 3, 7,6 are given as (2.5)-(2.8)

Proof. Using Binet’s formula
W, = Ar1a™ + A" + Asy™ + Ay.
where A, Ag, Az, A4 are given in (1.4) we get
W, = Wu+ Wit +eWyhio +jeWigs
= A" 4 Af" + Az + Ag 4 (Ara™ T 4 A T 4 Azt 4 Ay)
+e(A1a" TP 4+ Ao Agy™ TP 4 A) o je(Ara TR 4 AT 4 Agy TR 4 Ay)
= Aa"(1+ja+ea® +jea’) + AoB" (1 +jB + B> + jep?)
+A37" (1 +j7 +e7” +jer’) + Aa(l+j +e + je)
= Aja"a+ AsB"B + Asy"F + 1A,

This proves (2.9). O

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Pandita number is

N a™t3a Bn+3B ,YTL+3’,77
" 3a—2 36724_3772_

(2.10)
and the Binet’s Formula of nth dual hyperbolic Pandita-Lucas number is
(2.11) S, = aa" + BA" + 37" +1,

Next, we present generating function.
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O~
THEOREM 4. Let fi (z) = Y. Wya™ donate the generating function of dual hyperbolic generalized
" n=0

Pandita numbers is given as follows?

fo (z) = i Woam — Wo + (Wl - 2/M7())x + (Wz - 2W1 + /1/170)302 + (Wg — 2W2 + /Wl — /V[7())x3
W _n:O . 1—2z+4 2% — 23 4 2t ’

Proof. Using the definition of dual hyperbolic Pandita numbers, and substracting = f(z), 22 f(z) and
23 f(x) from f(z) we obtain (1 — 2z + 2% — 2® + 2%) faw,, ()

(1—2x+2% 2%+ :B4)fw\n(x)

oo oo oo oo oo
= § W, z" — 2z § W, z" + 22 § W,z" — 23 § Woa" 4 zt § W™,
n=0 n=0 n=0 n=0

n=0

S S S) oo 00
— Z ann _9 Z ann—&-l + Z ann+2 _ Z ann—&-S + Z ann—i-4,
n=0 n=0 n=0 n=0

n=0
= Z ann -2 Z W(n,l):c” + Z W(n,g)x” — Z /W(n,g)x" + Z /V[?(n,4)$n,
n=0 n=1 n=2 n=3 n=4
= (WO + /Wlx + /V[72x2 + /V[73x3) — 2(Woac + WwQ + ngg) + (WOxQ + Wlx?’) — WO;E?’
+ Z(/V[?n - 2/Wn—1 - /Wn—2 - /Wn—3 + /Wn—4)xn7
n=4
= /Wo + (Wl — 2/12[70)3? + (WQ - 2/V[71 + W0)$2 + (Wg — 2/W2 + Wl — /Wo)ac?’.
And rearranging above equation, we get (4). O
The following results are immediate consequences of the preceding Theorem.
COROLLARY 5. For all integers n, we have following identities:
(j + e +4je) + (1 — e — je)x + (e + je)a? + (3je)a®
1—2z+4 22 — 23 424 '

(2j + 2 + 5je + 4) + (¢ — 2§ — 6z — 4je)x + (35 — 2e + 2)x? + (26 — 45 + 8je + 7)a?
1—2x 422 —a3+a? '

a): > Pam =

b): Y00 Span =

Theorem (4) gives the following results as special cases,

(1-2z+2% —a® +a%)f5 (x) = Py + (P — 2P))z + (Py — 2Py + Po)a® + (P3 — 2P, + Py — Py)a® =
(4 + 5e + 4je) + (1 — e — je)x + (e + je)a? + (3je)x3,

(1 -2z +2%— 23+ $4)f§n (z) = So + (51 — 280)x + (S2 — 251 + Sp)a + (S5 — 25, + S — Sp)a® =
(2j + 2e + 5je +4) + (e — 2§ — 62 — 4dje)x + (3j — 2e + 2)2% + (26 — 4j + 8je + 7)x3.

Next, we give the exponential dual hyperbolic generating function of §0 Wn% of the sequence Wn

LEMMA 6. Suppose that fwn (z) = io Wn% 1s the exponential dual hyperbolic generating function of

the generalized Pandita sequence {W, }. -



UNDER PEER REVI EW

0 - n
Then } W, % is given by
n=0

3 Wnil == A€ + AP B + A3e7"F + Aqe”l.
n!
n=0
where @, 3, 5,0 are given as (2.5)-(2.8)
Proof. Using Binet’s formula

Wn = Ala” + AQB” + Ag"}/n -+ A4.

where Ay, Az, A3, A4 are given in (1.4) we get

ZWn%T = ZWn +] ZWn+1 +52Wn+2 +]€ZWn+3

n

n=0 ’ n=0 n=0 n=0 n=0
_ Z(Ala +A2B"+A3’Y +A4)7+]Z Ala”+1+A 5IL+I+A 7n+1+A4)7'
n=0 n=0

+5Z Ala”+2+A 6n+2+A 7n+2+A4)7+]€Z Ala”+3+A 5n+3+A 7n+3+A4)7'
n=0 n=0

= (A1 + AqePT 4+ Age?® + Age”) + j(Arae™™ + Ay el + Agye?™ + Ayge”)
+e(Aja?e®” + Ay 3% 4 A3y 4 Age®) + je(Arade®® + Ay 33T + Az 4 Age®)
= A1e® (1 + ja+ +ea® + jea®) + Age™ (14 jB + +2f° + jef°)
+ A3 (1 4 jy + +ev? + je®) + Age®(1 + § + +e + je)
= A1e™Q + A2ePB + Aze’y + Age”1
This proves (6). O

The previous Lemma 6 gives the following results as particular examples.

COROLLARY 7. Ezponential dual hyperbolic generating function of Pandita and Pandita-Lucas numbers

0 . 3 Ty 6 e[hﬁ v efya N
: P, i = *1.
ap Y=g ot 3oty e

~

Ty + eﬁzB + 775 + 1.

g
18

L
nonl

3
Il
o

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized dual hyperbolic Pandita number {ﬁ/\n} by the use of generating

function for Wn

THEOREM 8. Binet’s formula of generalized Gaussian Pandita numbers
(3.1)

= qpa” q20" g3y qad"”
e P TP iy S B e B B v vy T vy S s p iy o S
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where
@ = /Woa3+(W1—2/Wo)a2+(/Wo—2W1 )Oé—/V[?o+W\1—2/V[72+W3’
@ = WOB3+(W1*2WO)[32+(WO*2W1 )ﬁ*W0+W1*2W2+W37
q3 = /W073+(W1—2/V[70)’Y2+(W\0—2W1 )’Y—W\o+/V[71—2/W72+/V[73,
@ = Wod®+ (ﬁ/} f2WO)52+ (W072W1+W)5 Wo + Wy — 2W, + Ws.
Proof. Let

h(z) =2t — 2% + 2% — 2z + 1.

Then for some «, 3,y and § we write

h(z) = (1 — az)(1 — Bz)(1 — yz)(1 — éx).

ie.,
(3.2) gt =2t a2t - 20 +1=(1-ax)1 - Bz)(1 —yx)(1 - oz).
Hence é, 35 and are the roots of h(z). This gives a, 8,y and § as the roots of
1 1 2 1
h(-)=——-————=+—+1=
(x) x?2  x ad Tt

This implies 4 — 23 + 22 — 22 + 1 = 0. Now, by it follows that

o n (Wl_/WO_2W2+/W3)x3+ (W\O_le +W2)CL‘2—|— (W1_2/WO).’E+/WQ
;}an N (1 —ax)(1 = B2)(1 —~2)(1 — o2) :

Then we write

Wl—/WO—2W2+/V[73 3 + W0—2/W\1+W\2 z? + /W\1—2/V[70 £C+/V[70
(33} _ By + By
- (1 —ax)(1 - Bz)(1 —vz)(1 — o) (1—az) (1-px)
B By

M
So
(Wl — WO — QWQ + Wg) 1’3 + (W@ — 2W1 + Wg) .’£2 + (Wl — 2W0> x + W()
= Bi(1-pz)(1 —~vx)(1 - dx) + Ba(1l — az)(1l —vyz)(1 — dx)
+Bs3(1 — azx)(1 — Bz)(1 — éz) + Bs(1 — az)(1 — fz)(1 — yz).

If we consider x = é, we get/Wo + % (/Wo - Qﬁf\l + /Wg) - % (Wg - /Wl + QWQ — /Wg) + é (/Wl - 2/1/[70) =
B (38-1) (-1 (30-1).
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This gives

5 (Wo = 2T, 4 77 + (1 — 810 — 4775 + 773 + ~ (W — 2170
Woa? + (/Wl - 2ﬁ/\0) a? + (WO —2W, + 17172) a—Wo + Wy — 2Ws + Ws
(0 = Ao =)o~ 5) |

B, = QS(WO +

Similarly, we obtain

/W\0B3 + (Wl —2/W\0) 62 + (/WO — 2W1 —|-/V[72) ﬁ—/W\O +W\1 - 2/W\2 +W3

P = BB -9 ’

i Wor® + (W1 = 2W0) 2 + (Wo = 21 +W2) 7 — Wo+ Wy — 20, + Wy
b (v —a)(y = B)(v - 9) ’

. /V[7063+(/V[?l—Q/WO)(SZJr(/WO—Q/W1+W2)6—/V[70+W1—2/V[72+W3
4 - .

(0 —a)(6 =)0 —7)

Thus (3.3) can be written as

Z Woa™ = Bi(1 —az) ™t + By(1 — )™t + B3(1 —ya) ' + By(1 — dz) L.

n=0
This gives
Z /an" =B Z o™ x™ 4+ By Z B8"z" + B3 Z ~"z" + By Z a™ = Z(Bla" + BsB" + Bsy" + B4d")x".
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

o~

Wn = Bloz" + BQ,B” + Bg’yn + B4(5n.

The following identity establishes a relationship between the dual hyperbolic Pandita numbers and the

Pandita—Lucas numbers.

COROLLARY 9. For all integers m,n the following identities holds:

o~

Wern = m72Wn+3 + (Pm74 - Pm73 - Pm75)Wn+2 + (mej - Pm74)Wn+1 - Wanfi’v

Proof. First we assume that m,n > 0.The Theorem (9) can be proved by mathematical induction on m.

If m =0 we get

W, = P—Zﬁ/\n+3 + (P_y—P_5— P—5)W\n+2 + (P_3 — P—4)W\n+l —WoP_s.
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which is true since P_o = 0,P = —1,P_4 = —1,P_5 = 0. Assume that the equality holds for m < k. For

m=k+1, we get

—

Wititn = 2Woik — Wikt + Waghoa — Waprs,
2Py sWois + (Pmt — Pz — Prv—5) Wi + (Pm—s — Pr—a) W1 — Wy Pr_s)
—(Po—3Wis+ (Pm—s — Pro—s — Prr—6)Wnia + (Pt — Pon—5) Wi — W Pru_s)
+(Pm74Wn+3 + (Pp—6 — P55 — PmJ)/WnH + (Pm—s — me6)/V[7n+1 - W\an,s)

_(Pm75wn+3 + (Pm77 - Pm76 - Pm78)Wn+2 + (mefi - Pm77)Wn+1 - Wnpmf6)~

Consequently, by mathematical induction on m, this proves Theorem 9.

The other cases of m,n can be proved smilarly for all integers m,n. O]

Taking Wn = ﬁn or ﬁ/\n = An in above Theorem, respectively, we get:

COROLLARY 10.

man = Prn—oPois+ (Pr—a — Pu—s — Pu—s)Poya + (Pu—s — Pu—a)Posi — PuPrs,
Smin = Pon—2Snis+ (Pr—s — Pm—s — Pm—5)8ns2 + (Pm—s — Pm—4)Sni1 — SnPr_s.

4. Simson’s Formulas

In this section, we present Simson’s formula for the dual hyperbolic generalized Pandita numbers . This

is a special case of [16, Theorem 4.1].

THEOREM 11. (Simpson’s formula for dual hyperbolic generalized Pandita numbers) For all integers n

we have,

/Wn+3 Wn+2 /Wn-i-l /Wn W3 /W2 /Wl WO

Woia W, W, W, W, W, W, W._ e
An+2 /71—&-1 o n An 1 _ A2 Al AO e 1 _ (W3 . 2W2 + Wo)(W3 . 2W1 +
WnJrl Wn anl Wn72 Wl WO Wfl W72

/Wn /anl Wn72 /V[?nfii /WO W,1 W72 W73

Wo) (W3 — W3

—l—WlQ — /WOQ — /WQ/W?) — 2W1/W3 + W1W2 + /WO/Wg + QW\O/WQ — W()Wl).
Proof. Using Theorem 3 it can be proved by using induction use [16, Theorem 4.1]

From the Theorem 11 we get the following Corollary.

COROLLARY 12. For all integers n, the Simson’s formulas of dual hyperbolic Pandita numbers and dual

hyperbolic Pandita Lucas numbers are given as respectively

ﬁn+3 ﬁn—&-Q ﬁn+1 ﬁn
Py Pon P, Py
a): | TP T T 17 41165 + 115 + 260je.
PTL+1 Py P,_1 P

~

Pn ﬁn—l
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S%+3 Sn+2 Sn+1 n
Sn+2 S’n—&-l Sn Sn—l

~ ~

N . = 452 + 655 + 1125¢ — 126¢.
Sn+1 Sn Sn—l Sn72

b):

~ ~ ~ ~

Sn Snfl n—2 n—3

5. Linear Sums

In this section, we give the summation formulas of the dual hyperbolic generalized Pandita numbers

with positive and negatif subscripts.

Now, we present the summation formulas of the generalized Pandita numbers.
THEOREM 13. For the generalized Pandita numbers, we have the following formulas:

(a): éo Wi = —(n+3)Wass + (0 + ) Wss + (n+ )W, + 3W5 — AWy — 3W,.
(b): éo Wak = L(=3(n+2)Wan 42+ (3n+8) Wan 41 +2Wan + (3n+7) Wapy + TWs —8Wa — Wy —6W,).
(): ,i: Watsr = L (= (3n4+4) Wap ot (3n+8) Wan 1+ Wan +3(n+2) Wap_1 +6Ws —8Wa+ Wy — TIWy).
Proof. F;r() the proof, see Soykan [18, Theorem 3.12]. OJ
THEOREM 14. For the dual hyperbolic Pandita numbers, we have the following formulas:
(a): kﬁjo Wi = —(n+ 3)Wois + (n 4+ H)Woya + (n + W, + 3Ws — 4W5 — 31,
(b): éo Wak = L(=3(n+2)Wa o+ (3n+8) Wans1 +2Wan + (3n+7) Wa—1 + TWs — 8TWa — Wy — 61W)).
(c): éo Wok1 = 2(—(3n+4)Wan y2+ (3n+8)Wap 1+ Wan +3(n+2) Wap 1 +6Ts—8TWa+ T, —71Wy).

Proof. Use Theorem 13 and the definition of Wn. OJ

As a special case of the theorem 14, we present the following Corollary.

COROLLARY 15. For n > 0, dual hyperbolic Pandita numbers have the following properties:

~ ~ ~

(@): S Py=—(n+3)Puys+ (n+4)Pis+ (n+4)P, +1— 5je — 2.
k=0

(b): Y Pop = 2(=3(n +2)Pania + (30 +8) Pyt + 2Pay + (30 4 7) Pon—1 + 3§ + & — 3je + 4).
k=0

(€): 3 Popy1 = $(—(Bn+ 4)Pop o+ (30 + 8)Pops1 + Py +3(n+2)Pay 1 +j — 3¢ — 8je +3).
k=0

COROLLARY 16. For n > 0, dual hyperbolic Pandita Lucas numbers have the following properties.

(@): 3 5r=—(n+3)Suis+ (n+4)8, 40+ (n+4)8, — 8 — 9 — 10je — 5.
k=0

(b): 3 Sop = 1(=3(n+2)Sani2 + (31 + 8)Sant1 + 282, + (31 4 7)Sap_1 + —12j — 16c — 155 — 7).
k=0

(€): Y Sopr1 = L(—(3n+4)Soni2+ (3n+8)Saps1 + Son +3(n+2)Sap—1 + —165 — 15e — 19je — 12).
k=0
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Next, we give the ordinary generating functions of some special cases of dual hyperbolic generalized

Pandita numbers.

THEOREM 17. The ordinary generating functions of the sequences Wgn, /V[72n+1 are given as follows:

ﬁ/\g (x3 + 322 — x) + /V[70 (29&2 + 2z — 1) — /Wl (mz — x3) — /Wg (m3 + 2x2)
- ot -t a2 422 -1 . ’

o = Wy (x3—|—2x2) —Ws (x3+x2+x) — Wi (x3—2x+1) + Ws (2x3+m2)

(b): 3200 Wan12™ = —zt — a2+ 2 —1 '

(a): 320 Wana™ =

Proof. Similary, the proof can be constructed as in [4, Theorem 4].

From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic
Pandita numbers (Take W, = P, whit Py = j 4+ 2e + 3je,P, = 2j +3c+5je+1, P, = 3j +5e+8je +2, Py =
5j + 8+ 12je + 3 )

COROLLARY 18. For n > 0 dual hyperbolic Pandita numbers have the following properties.

(+ 5e +4je) + (1 — e — je)z + (¢ + je)x? + (3je)?

1—2z+22—a3 424 ,

(b): S By o1a” = (2j +2e +5je +4) + (6 — 2§ — 62 — 4dje)x + (3j — 2 + 2)2% + (26 — 4j + 8je + 7)a3
n=0 " 20+l 1—2x+22—a3 424

(a): 3200, Popa™ =

7

6. Matrices related with Dual Hyperbolic Generalized Pandita Numbers

In this sectiion, using dual hyperbolic Pandita numbers, we give some matrices related to dual hyperbolic

Pandita numbers.

We define the square matrix A of order 4 as

2 -1 1 -1
1 0 0 O
A:
0 1 0 O
0 0 1 O
uch that detA = 1. Note that
PnJrl _Pn+Pn71_Pnf2 Pn_Pnfl _Pn
Pn - n—1+Pn—2_Pn—3 Pn—l_Pn—2 —In-1

Pn—l *Pn—Q + Pn—3 - Pn—4 Pn—2 - Pn—3 —1In-2
Pn72 —lFp-3+ Pn74 - Pn75 Pn73 - Pn74 —4n-3

for the proof see [20].

Then we give the following lemma.
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LEMMA 19. For n > 0 the following identitiy is true:

o~ o~

Woss 2 -1 1 -1 Ws
Wagz | |1 0 0 0 W
Wor | |0 1 0 o Wi
W, 0 0 1 0 Wo

Ws 2 -1 1 -1 Ws
W | |1 0 0 0 W,
wo| o 1 0 o W
Wo 0 0 1 0 Wo

Wi 2 -1 1 -1 Wi
Wiz | |1 0 0 0 W,
Wer | |0 1 0 o0 W
W, 0 0 1 0 Wo
Forn =k + 1, we get
k+1 ,
2 -1 1 -1 Ws 2 -1 1 -1 2 -1
1 0 0 0 W | 1 0 0 0 1 0
01 0 0 Wil o 1 o0 o 0 1
0 0 1 0 Wo 0 0 1 0 0 0
2 1 1 -1 Wiis
10 0 0 Wito
“lo 1 0 o0 Wit
0 0 1 0 Wi
Wk+4
| Wiss
| W
Wk—i—l

Consequently, by mathematical induction on n, the proof completed. [

_ o o =
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We define

Now, we have the following theorem with Ny and Ey;

THEOREM 20. Using Ny and Ey; , we get

A"Ng = Egp.
Proof. Note that we get
P77,+1 *Pn“i’Pn—l*Pn—Q Pn*Pn—l *Pn
Pn - n71+Pn72_Pn73 Pnfl_Pn72 _Pnfl

AnNW
Pnfl —1In-2 +Pn73 _Pn74 Pn72 _Pnf?) _Pn72

P2 —Po3+Pi4—PFPis Po3—P,y —P,3

a1l a2 a1z G4
21 Q22 (23 Q24
a3y asz G33 Aas34

G4g1 Q42 Q43 (44

where

19
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a1
a2
a3
a14
a21
22
a23
24
asi
a32
as33
a34
41
42
43

44

Wi (P, — Py1) = Wa (P, — Py_y + Po_2) = Wo Py + WaPoy1 = Wy,

Wo (Pn— Pp_1) — W\l (Py — Ppo1+ Py_2) — Pnﬁ/\—l + /WQPn—l-l = W\n+2,

W_y (Py— Py 1) = Wo(Py— Pu14 Po_g) = PaW_ g+ WiPoyy = Woia,

W_s (P = Pa—1) = Wi (P — Pact + Pa2) = PuaWo_g + WoPropy = W,

W3 Py — Wa (Puo1 — Po—z + Po_g) + W (Puoi — Pou_z) — WoPoo1 = Wyaa,
WP, —W_ 1P,y = Wy (Py_y — Pog+ Pu3) + W (Pa_1 — Pu_s) = W1,
W1 (Pa—1 = Po2) = WPy + WiPy — Wy (Pyoy — Pyo + Po_z) = Wi,
W_g(Pyy— Py o) =W 3Py 1 +WoPy—W_y (Py1— Py g+ P,_3) = W1,
Wi (Py—g = Pog) = Wa (Pa—s — Pz + Pu—a) = WoPo—z + WaPyo1 = Wy,
Wo (Po—s — Po—3) = Wi (Pu—a = Pa—g + Pya) = W_1 Py + Wo Py = Wi,
W_1 (Py—s — Pus) = W_aPy_o — Wo (Py— — Pu_s + Py_sa) + Wi Py = Wy,
W_, (Pp—2 — Py—3) — W_3Py_g— W_4 (Ph—2 — Pp_3+ Py_4) + WoPn_1 = Wn—%
Wi (Pa—s — Pu—sa) = Wa (Pa—g — Po—a + Pus) — WoPo_s + W3Py_g = W,

Wo (Pu—g = Pua) = Wi (Pa—g — Pa—a + Pus) = W1 Py + WoPy_g = Wy_1,
W_1 (Pau—s — Pu—a) = W3 Py — Wo (Pa—s — Paa + Pus) + WiPy_o = Wy,

W_, (Pp—3 — Pp_4) — W 3Py s —W_4 (Pp—3— Pp_a+ P,_5)+ WoPo_o = W,_s.

Using the theorem (9) the proof is done. O
By taking Wn :ﬁn with ﬁo,ﬁl,ﬁg,ﬁg, in (6.1) and (6.2)

/Wn :Sn with §0,§1,§2,§3 in (61) and (62)
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respectively, we get:

21

5 +8 +12je+3 3j+5e+8je+2 25+3c+5je+1 742+ 3j¢
Ny = 3] +5e+8je+2 2j+3+5je+1 j+ 2+ 3j¢e €+ 2j¢ 7
274+ 3e+55e +1 j+2e+3j¢e €+ 2je —je
J+ 2+ 3j5¢ €+ 2j¢ —je -1
13n+3 13n+2 ﬁn+l P,
Ep = anﬁ ﬁrfl Aﬁn }?H 7
Poy1 P, Py Phoo
P, Poy Pooy P
67+ 7¢+11je +5 55+ 6+ Tje+ 2 2] +5e+6je+2 2j+2+5je+4
N, = 5] +6c+Tje+2 254 5e+6je+2 2j+2c+5bje+4 4j+2e+42je+1
274+05e+6je+2 254+2e+45je+4 —4j+2e+4+2je+1 jH+4e+2je—1
2] 4+2e+5je+4 —4j+2+2je+1 j+4e+2je—1 e—j+4je+4
§n+3 §n+2 §n+1 S,
By = §n+2 §n+1 Agn k?n—l
Sn+1 Sn Sno1 Spe2
Sp Sui Spo S.s

From Theorem [20], we can write the following corollary.
COROLLARY 21. The following identities are hold:

a): AnNﬁ = Eﬁ'
b): AnN§ = Eg.
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