Dual Hyperbolic Generalized Adrien Numbers

Abstract. This study introduces the generalized dual hyperbolic Adrien numbers, a novel extension
of the classic Adrien framework, enriched by dual and hyperbolic algebraic structures. These sequences are
constructed within a fourth-order linear recurrence system, offering intricate mathematical behavior and
promising structural versatility. Special attention is devoted to two distinguished cases: the dual hyper-
bolic Adrien and dual hyperbolic Adrien—Lucas numbers, each revealing unique interrelations between dual
numbers, hyperbolic units, and classical integer sequences.

For each class, explicit Binet-type expressions are derived, enabling direct computation and closed-
form analysis. Ordinary and exponential generating functions are presented to encapsulate the sequences’
evolution and provide analytical tools for combinatorial and algebraic exploration. Summation formulas
are established to link consecutive terms and identify structural patterns across the sequences. Matrix
representations are also constructed, encoding the recurrence relations and offering compact formulations
suitable for computational applications.

The proposed families of numbers serve not only as theoretical constructs but also as candidates for
deeper investigations into symbolic computation, algebraic identities, and discrete dynamical models. Their
formulation opens doors for applications in areas such as cryptography, quantum computation, and signal
processing, where dual and hyperbolic systems are gaining renewed interest.
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Keywords. Adrien numbers, Adrien-Lucas numbers, dual hyperbolic Adrien numbers, dual hyperbolic

Adrien-Lucas numbers.

1. Introduction

Sequences defined by linear recurrence relations play a fundamental role in discrete mathematics, com-

puter science, and theoretical physics. An m-order linear recurrence relation with constant coefficients takes
1
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the general form:

Qp = ClGp_1+ C2Ap_2+*+ + Cpnap_m, formn>m, (1.1)

where ¢1, ¢a, ..., ¢ € R (or C), and a,, denotes the n-th term of the sequence. The initial values ag, a1, ..., Gm_1

must be specified to uniquely determine the sequence.

Characteristic Equation and General Solution. To analyze such relations, one typically considers

the characteristic polynomial associated with Equation (1.1):
P(z)=2™— ™l — ™ — . (1.2)

Suppose the roots of P(x) are ri,73,...,7rs, with respective multiplicities mq,ma,...,my such that
my1 + mo + --- +mp = m. Then the general solution to the recurrence relation is expressed using the
Binet-type formula:

k mjfl
=2 (3 i) 0
j=1 \ i=0
where «;; are constants determined by the initial conditions. This closed-form expression circumvents

recursion and allows for direct computation of a,,.

Generating Functions. An alternative and powerful method for studying recurrence relations involves
the use of generating functions. The ordinary generating function (OGF) of a sequence {ay },>0 is defined

G(z) =) ana". (1.4)
n=0

Substituting the recurrence into the series leads to an algebraic equation for G(x), typically of the form:

_ Po(x)
Q(z)’

where Py(z) encodes the initial conditions and @Q(x) is derived from the recurrence relation coefficients,

G(z)

(1.5)

often matching the characteristic polynomial P(z). Generating functions simplify convolution operations,
enable combinatorial interpretations, and allow extraction of closed-form expressions via partial fraction

decomposition or coefficient extraction techniques.

Special Cases of Linear Recurrence Relations. We now examine specific instances of linear recur-
rence relations for orders m = 2,3,4,5. These cases illustrate how the general theory adapts to concrete
examples and provide insight into the structure and solvability of such relations.

A second-order linear recurrence relation has the form:
Up = ClAp_1 + Cop_o, N> 2. (1.6)

Characteristic Equation:

¢ —cix—cyg =0
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Let the roots be r; and r5. Then the general solution is:
an = ary + Bry

where «, 8 are determined by initial conditions ag, a.

Generating Function:
ap + (a1 — c1ap)x

1—ciz — cox?

G(z) =
A third-order recurrence takes the form:

Qp = C1Up_1 + C20n_2 + C3Gn_3, N =>3.
Characteristic Equation:
m3—clm2—02x—03 =0
Let the roots be r1,7r2,73. Then the general solution is:
an = arf + fry +ry

Generating Function:

Glz) = Py()

1—ciz — cox? — c3x3
where Py(z) encodes the initial conditions ag, a1, as.

A fourth-order recurrence is given by:

Gp = C1ap_1 + C20p 2 + €30y 3 + C4Gp g, N >4

Characteristic Equation:

x* —cle — cox? —c3x—cg =0

Let the roots be 71,72, 73,74. Then the general solution is:
an = ary + pry +yry + ory

Generating Function:
PO (.’17)

1—ciz — 2?2 — c3x3 — eyt

G(x)

A fifth-order recurrence relation is:

Gp = C1Gn_1 + C2Qp_2 + €C3Ap_3 + C4Gn_4 + C5Ap—5, T 2> 5.

Characteristic Equation:

=4
2® —crat — con® —csx® — ey — 5 =0

Let the roots be r1,72, 73,74, 75. Then the general solution is:

5

(1.7)

(1.8)

(1.9)
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Generating Function:

G(z) = Po(2)

1—ciz — cox? — c3x3 — cqxt — c52d

REMARK 1. If the characteristic polynomial has repeated roots, the general solution includes polynomial
terms multiplied by powers of the root. Generating functions provide a compact representation and are

especially useful for extracting asymptotic behavior and closed-form expressions.

1.1. Special Cases of Linear Recurrence Sequences. We now present notable examples of linear
recurrence sequences, each defined by specific initial conditions and recurrence relations. For each, we provide
the recurrence, initial terms, Binet-type formula (when available), and generating function.

e Fibonacci Sequence

— Recurrence:

F,=F, 1+ F, o, FI=0 F-=1

— Binet’s Formula: Let ¢ = 1+2‘[ P = . Then:
¢n _ /(/)71,
F,=-—"
V5
— Generating Function:
> x
G(z) :T;an" Il p——

e Lucas Sequence
— Recurrence:
L,=L, 1+ Ly, o, Ly=2  Li=1
— Binet’s Formula:
="+
— Generating Function:
-z
Z Lna" Til-z-a?
e Pell Sequence
— Recurrence:
P,=2P, 1+ P, 2, Ph=0, P =1

— Binet’s Formula:Let « = 1 + \/57 B=1-— /2. Then:

P, = o ﬁn
2v2
— Generating Function:
G () :

e Jacobsthal Sequence
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— Recurrence:

Jp=Jp-1+2Jp2, Jo=0, J =1

— Binet’s Formula: Let A\ = 1+2\/§’ Ay = 1_2‘/5. Then:

— Generating Function:

e Tribonacci Sequence

— Recurrence:

Th=Th1+Th_2+ Tn737 Ty = 0, T = 0, T, =1

— Generating Function:

2

G(x)

1l—az—22—2a3

— Binet’s Formula: Let 71,72, 73 be roots of 3 — 22 — 2 — 1 = 0. Then:
T, = air] + asry + azry

where a; are constants determined by initial conditions.
e Narayana Sequence

— Recurrence:

Np=Np_1+Np_3, No=0, Ni=1 Ny=1

— Generating Function:
T

G(x)

R

— Binet’s Formula: Let 71,72, 73 be roots of 23 — 22 — 1 = 0. Then:
Nn = blr? + bQTg + bg’l"g

e Padovan Sequence

— Recurrence:

Pn:Pn72+Pn737 -P():]-7 P1:17 P,=1

— Generating Function:
_ 22 +z+1
o 1—a22 23

— Binet’s Formula: Let 71, 72,73 be roots of 3 —z — 1 = 0. Then:

G(z)

P, = cir] + cary + cary

e Tetranacci Sequence

ot
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— Recurrence:
In=Th 1 +Th2o+Th 3+Th 4, To=0, T1=0, T5=0, T3=1

— Generating Function:

3

G(z)

1—z—a%2—a3—2*

— Binet’s Formula: Let 71,172,735, 74 be roots of 2* — 23 — 22 —2 — 1 = 0. Then:

4
Tn = Z di’/‘?
i=1

e Pentanacci Sequence

— Recurrence:
Pn: n—l+Pn—2+Pn—3+Pn—4+Pn—5a P0:07 P1:O7 P2:0a P3:07 P4:

— Generating Function:

4

Gle) = l—z—a%2—a3—z*—2b

— Binet’s Formula: Let r1,ry,r3, 74,75 be roots of 2® — z* — 23 — 22 — 2 — 1 = 0. Then:

5
P, = E ey
i=1

2. Background on Hypercomplex Number Systems

Hypercomplex number systems, as introduced by Kantor, [10], constitute algebraic extensions of the real

number system.Among the commutative instances of such systems are the complex numbers, defined as:
C={z=a+ib:a,beR,i’>=—1},
as well as the hyperbolic numbers (also referred to as double or split-complex numbers), [8],
H={h=a+jb:a,beR,j*=1,5#+1},

and dual numbers, [15],
D={d=a+ecb:a,bcR,e?=0,¢#0}.

Quaternions, introduced by Hamilton, extend complex numbers into a four-dimensional non-commutative

algebra over the real numbers, [22],
Ho = {q = ap +iay + jas + kaz : ap, a1, az,a3 € R,i* = j2 = k* = ijk = —1}.

The octonions [11] and sedenions [24] exemplify higher-dimensional hypercomplex number systems.. The

algebras C (complex numbers), Hg (quaternions), O (octonions) and S (sedenions) are structured as real
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algebras derived from the real number system R via a recursive doubling procedure known as the Cayley—
Dickson Process.This iterative method allows for the construction of successive 2"-dimensional algebras,
extending beyond sedenions to form generalized entities referred to as 2" —ions [5], [13], [7].

Quaternions were first formulated by the Irish mathematician W. R. Hamilton (1805-1865) [22] as a non-
commutative generalization of the complex numbers. In 1848, J. Cockle introduced the notion of hyperbolic
numbers with complex coefficients [12].Later, H. H. Cheng and S. Thompson [9] extended this framework by
defining dual numbers with complex coefficients, which they termed complex dual numbers. More recently,
Akar, Yiice, and Sahin [14] proposed the algebraic system of dual hyperbolic numbers, further enriching the
landscape of generalized number systems.

A dual hyperbolic number is a hyper-complex number and is defined by

q = (ao + jar) +e(az + jaz) = ao + jay + €az + €jas

where ag, a1, as and ag are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao +ja1 + cag —|—5ja3 i ap,a1,02,a3 € R, j2 = l,j 75 :|:1,€2 = 0,5 75 0}

The base elements {1,j,¢,e5} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = glj=j 2 =ce=(je)? =0, j°=jj=

ej = je elef) =(ef)e=0, jej) = ()i=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((j¢)? = 0).
The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeas and p = by + jby + €by + jebs is

qp = apby + a1by + j(aobi + a1bo) + €(aobe + azby + a1bs + azbi) + je(aobs + a1bs + azbi + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The algebra of dual hyperbolic numbers forms a commutative ring, a real vector space, and a real
algebra. However, the structure denoted by Hyp does not constitute a field, as not every dual hyperbolic
number possesses a multiplicative inverse. For further details on the algebraic properties and construction
of dual hyperbolic numbers, the reader is referred to[14].

To lay the groundwork for subsequent analysis, we first recount the established definition of generalized

Adrien numbers, as presented in the existing literature.
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3. Background on Generalized Adrien Sequence

A generalized Adrien sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order
recurrence relations
Wy, =3Wh_1—Wp_o—Wy_4, n>4, (3.1)
with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining
Weopn=-W_(no2) +3W_n3) = W_(n—a),
for n = 1,2,3,.... Therefore, recurrence (3.1) holds for all integer n. Soykan has investigated this specific

numerical sequence in a recent study, for more details, see [16].

Characteristic equation of {W,,} is
232424 1=(P -2 -2 - 1)(z—1)=0.

The roots of characteristic equation are

1/3 1/3
_o2 (e, BT, (6 [
@ = 375" V3 54 6]
1/3 1/3
= 37% 5"V 36 “ A5 V3)
1/3 1/3
_ 2+ 2 6714'_ @ + Q_ @
T 3T 51" Ve “\ 51 6]
5§ = 1.
Where
w= %\/g = exp(27i/3).
Note that
at+B+y+d = 3,
aft+ay+ad+py+60+v = 1,
afy+apfd+ayi+pyvé = 0,
afyd = 1.
Note also that
atf+y = 2
aft+ay+py = -1

afy = 1.
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Using the roots and the recurrence relation of {W,,} the Binet’s formula for the generalized Adrien numbers

can be expressed for all integers n as follows

pia” p2B" p3Y" pad”
3.2
4a2+3a—1+452+35_1 4’)/2+3’y—1+ 3 (3.2)

= Sia" + 898" + Sz + 546",

Where p1, p2, ps and py are given below

p1 = (aWs—a(3—a)Ws+ (—a®+ (3 —1a+ )W, — 1W)),

p2 = (BW3—B(3—B)Wa+ (=B>+ (3 - 1)B+ )Wy — 1Wy),

ps = (W3 =B —NWa+ (—7* + (3 — L)y + HYW; — 1Wp),

pi = —(Ws—2Wo— Wy — W).

And

S5 T 33
% = EaseT
L
5 — (W 2W23— Wi — Wo)

Binet’s formula of Adrien and Adrien-Lucas sequences are

A (20?+atia" (252+5+1)ﬁ”+ 2 +y+1n" 1
" 402+ 3a—1 48% +38 -1 472 43y -1 3’

and
B, =a"+8"+9"+ 1
respectively.
If we set Wo = 0,W; = 1,Ws = 3, W3 = 8 then {W,,} is the well-known Adrien sequence and if we set
Wo =4, Wy = 3,Wy = 7, W5 = 18 then {WW,} is the well-known Lucas sequence. In other words, Adrien
sequence {Ay },>0 and Adrien-Lucas sequence { By, },>¢ are defined by the fourth-order recurrence relations

as;

b
3
|

3An,1 - An,Q - An,4 s A() = 0, A1 = 1, A2 = 3,A3 = 8, n Z 4, (34)

B, = 3By.1—DBn_o—DBn4, By=4,B,=3,By=7,B; =18, n > 4. (3.5)
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The sequences {Ay, }rn>0, {Bn}n>0, can be extended to negative subscripts by defining,

A_, = —A_(n_Q) + 3A—(n—3) - A—(TL—4)’

B_n

—B_(n—2) +3B_(n_3) — B_(n_4),

for n = 1,2,3,... respectively. As a result, recurrences (3.4),(3.5) hold for all integer n. Binet’s formulas as
follows.

Table 1 presents the initial generalized Adrien numbers corresponding to both positive and negative
subscripts.

Table 1. A few generalized Adrien numbers

n W, W_,

0 Wo Wo

1 Wi 3Wy =Wy —Ws

2 Wy 3Wy — Wy — Wa

3 W3 3Wy — 3Ws 4+ W3

4 3W3 — Wy — W 10Wy — 6W71 — 3W5

) 8Ws3 — Wy — 3Wy — 3W 10w, — 6Wy — 3W,

6 21W3 — 3W1 — 9W,y — 8W, 10Wy + 3W7 — 18Ws 4 6W3

7T 54W3 —8Wh — 24Wse — 21Wy  3Wy — 28W7 + 36Ws — 10W5

8 138W3 —21W; — 62W, — 54W,  33W7 — 28Wy — Wy — 3Ws
After then we can write the generating function of generalized Adrien numbers,

Z W, Wo + (Wl — 3W0)CI? + (WQ —3Wy + Wo).’lﬁ + (Wg —3Wsy + Wl)
1—3z+ a2+ a2t

Next, we give the exponential generating function of Z Wy, $, of the sequence W,.

For more details about generalized Adrien numbers, see [16]

LEMMA 2. [4].Suppose that fw, (x) = Z Wy %5 is the exponential generating function of the generalized
Adrien sequence {W, }.

o0
Then ) W, % is given by:
n=0

— . 2" (aWs—aB-—a)Wot (—a?+ (B —Da+1)W; — Wo) e
2 Wiy = (- B)a—(a—0)
L (BWs = BB = B)Wa + (=5 + 3= DB+ W1 = Wo) 5,
(B—a)(B—7)(B—10)
+(’YW3 - (3 ’y)Wg + ( (3 — 1)’7 + 1)W1 - W())e,yw n (W3 —2Wy — W71 — Wo)ew
(v —a)(y = B)(v—9) -3 '

The previous Lemma 2 gives the following results as particular examples.
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COROLLARY 3. Ezponential generating function of Adrien and Adrien-Lucas numbers are given by:

a): ioAni_i(((2a2+a+l)a” (28° + B8+ 1)B" (272+7+1)7n_1)ﬁ

=0 40?4 3a—1 48% + 36 -1 492 + 3y -1 37 n!
202 1 232 1 22 1)y 1
:((a +a+ )eaaj (/82+/3+ )eﬁm (/y +’V+ )’y evw—*ex).
402 +3a—1 48% +38 -1 4?2 +3y-1 3
b): 3 Bup = 3 (0" + 8" 4" + 1) 5 = e 4 6P 4 1 e,
n=0 n: n=0 n.

Subsequent sections offer a comprehensive overview of the scholarly literature addressing hyperbolic and

dual hyperbolic numbers.

e Cockle [12] presented the hyperbolic numbers with complex coefficients.
e Akar at al [14] introduced the dual hyperbolic numbers.

e Cheng and Thompson[9] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [17] introduced dual hyperbolic generalized Pell numbers given by

-~

Vn = Vn +jVn+1 + EVn+2 +j6‘/n+3

where generalized Pell numbers are given by V,, = 2V,,_; + V,,_2, (n > 2) with the initial values V{ V1 not all

being zero.

e Cihan at al [2] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHF, = F, +an+1 +5Fn+2 +j5Fn+3;

DHLn = Ln + jLn+1 + SLn+2 + jELn+3.

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_2,Fy = 0,F}, = 1,L,, =

Ly 1+ Lp_2,Lg= 27L1 =1L

e Soykan at al [18] introduced dual hyperbolic generalized Jacopsthal numbers given by

jn - Jn +.jJn+1 + EJnJrQ +j8Jn+3

where Jn = Jn,1 + 2Jn,27 J() =a, J1 =b.

e Brod at al [1] studied dual hyperbolic generalized Balancing given by

DHBn = Bn + jBn+1 + EBn+2 + jEBn+3

where Bn = GBn,1 - Bn,Q, BO = 0, Bl =1.

e Yilmaz and Soykan [23] introduced dual hyperbolic generalized Guglielmo numbers given by
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To = To + jTy + €T + jeTs
where Tn = 3Tn,1 - 3Tn,2 + Tvnfg,T() = 07T1 = ].,TQ = 3.

e Dikmen [3] introduced dual hyperbolic generalised Leonardo numbers given by
/l\o = l() +jll +6ZQ +j613

Iy =21 —lp_3,lg = ]-;ll = 1712 =3.

e Eren and Soykan [6] introduced dual hyperbolic generalized Woodall numbers given by

ﬁo =Ro+jR1 +€cRa+ jeRs

where R,, =5R,, 1 —8R, 2+ 4R, 3, Ro=—-1,R1 =1,R, = 7.
In this study, we present the dual hyperbolic generalized Adrien numbers and provide a comprehensive
analysis in the subsequent section. Key structural properties are also explored, highlighting their broader

mathematical significance.

4. Dual Hyperbolic Generalized Adrien Numbers and their Generating Functions and

Binet’s Formulas

In this section, we introduce the dual hyperbolic generalized Adrien numbers and present their corre-
sponding generating functions and Binet-type formulas. Specifically, we define the dual hyperbolic gener-
alized Adrien numbers over the hyperbolic dual number system Hp. The nth dual hyperbolic generalized

Adrien number is given by:

Wi = Wi + jWast + eWigo + jeWnys, (4.1)

with the initial values /WO, W\l, Wg, /Wg, (4.1) can be written to negative subscripts by defining,
an - an + jW7n+1 + 5W7n+2 + j€W7n+3, (42)

so identity (4.1) holds for all integers n.
As special cases, the nth dual hyperbolic Adrien numbers and the nth dual hyperbolic Adrien-Lucas

numbers are given as.

o~

An = An + jAn+1 + 5An+2 + jEAnJr?n (43)

and

~

Bn = Bn + jBn+1 + €Bn+2 + jEBn+3, (44)

respectively. It can be easily shown that

~

A\ = 3121\71_1 - A\n—Q - A?L—4 )
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and
E = 3§n71 - §n72 - §n74'

The sequence {Wn}nzo can be extended to negative subscripts by defining

o~ o~ ~

A_, = —A,(n,Q) + 3121\—(7173) - A*(n*‘l)'

B_n=-B (n2) +3B_(n-3 — B_(n_q)-
for n = 1,2, 3, ... respectively. Therefore, recurrence (4.1) holds for all integer n.
Table 2 presents the initial values of the dual hyperbolic generalized Adrien numbers for both positive
and negative indices.

Table 2. A few dual hyperbolic generalized Adrien numbers

n Wn W—n

0 Wo /WO

1 Wl 3W2 - W\l - /WS

2 W, 3W, — Wy — W

3 W 3Wo — 3Wa + Wy

4 3Ws — Wa — W 10Ws — 6W; — 3Ws

5 8Wy— Wi — 3Wa — 3W, 10W, — 6W, — 3W,

Note that

/WO = Wo+ Wi +eWs + jeWs =Wy + jW1 + eWy + jeWs,
Wi = Wi+ W+ eWs+ jeWy = Wy + jWa + eWs + je(3Ws — Wy — W).
Wo = WatjWs+e(38Ws — Wa — Wo) + je(8W5 — Wy — 3W, — 3W).

We now introduce specific cases of the dual hyperbolic generalized Adrien numbers that exhibit distinct

structural or computational properties.

4.1. Some dual hyperbolic generalized Adrien numbers. The nth dual hyperbolic Adrien num-
bers, the nth dual hyperbolic Adrien-Lucas numbers, respectively, are given as the nth dual hyperbolic

Adrien numbers is given En = A, 4+ jAns1 + Ao + jeA, 13, with the initial values

AO = AQ —|—_]A1 + 8142 + j&‘A?,,
Ay = A1+ jAs+cAsz+ jeAy,

AQ = A2 + jAg + 6A4 + j€A5,
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the nth dual hyperbolic Adrien-Lucas numbers is given En = B, +7B,+1+¢eB42+ jeB,+3 with the initial

values
By = Bo+jBi+¢eBy+ jeBs,
El = Bl —|—]B2 —+ 8B3 +j€B4,
By, = By+jBs+¢eBy+ jeBs.

For dual hyperbolic Adrien numbers (taking W,, = A,,, Ag =0,A; =1, Ap = 3,43 =8, n>4) we get

Ay = j+3+8j
A = 143j+8 +2lje
Ay = 3+8j+2le+ 5dje

and for dual hyperbolic Adrien-Lucas numbers (taking W,, = B,,, By =4,B1 =3,By=7,By =18, n>4)

we get
By = 4+43j+7e+18je
B, = 3+47j+18¢+43je
By, = T7+18j+43¢+ 108je

Tables 3 and 4 present selected values of the dual hyperbolic Adrien and Adrien-Lucas numbers for positive

and negative indices.

Table 3. Dual hyperbolic Adrien numbers Table 4. Dual hyperbolic Adrien-Lucas numbers

n A, A, n B, B_,

0 7+ 3+ 8ej 14 3¢ + 8¢j 0 4+ 37 + 7e + 18j¢ 4437 4+ 7e + 18j¢
1 1+ 35 4+ 8 + 21j¢e €+ 3¢j 1 3475+ 18 + 43j¢ 47 4 3e + Tj¢e

2 3+ 85+ 21c + 54j¢e je 2 7+ 185 + 43¢ + 1085¢ —2+4e + 3je

3 8 4+ 215 + 54e + 138j¢e -1 3 18 + 435 4 108e + 274 ¢ 9 —2j +4je

4 214545 + 138 + 3525¢ —j 4 4341085 + 274 + 696j¢ —2+97 —2¢

5 5441385 + 352¢ + 897j¢ 1—¢ 5 108 + 2745 + 696 + 1771je  —15 — 25 4+ 9¢ — 2j¢

Now, we will state Binet’s formula for the dual hyperbolic generalized Adrien numbers and in the rest

of the paper, we fix the following notations:

a = l+ja+ea®+ jea’, (4.5)
B = 1+jB+¢eB+jep’. (4.6)
7 = 1+jy+er+jey? (4.7)
5 = T=1+j4¢+Je, (4.8)
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Note that we have the following identities:

a = 14 ja+ea®+ jea®,

B = 1+jB+ep + e,

&’ = 1+ 0”4 2aj 4 207 (@ + 1) £ + 4a’je,
~2

= 1+ 6%+2j8+28% +28% + 4j8%,
aB = 1+a(B+7)+j8+e(a®+ B2 + jaB’ + jo? e + B3(ae + je) + o (Be + je),
a’B = 1+ + B+’ +2(aB+1) (a+B8)j+2 (e + 5%+ a8 +4aB +1) (o + %) e

+4 (a+B) (o + % + ap?) je,

af” = 1+8°+2aB8+ (a+28+aB?)j+ (B2 +2a8+1) (a®+28%) e+ (a+28+ af?) (a® +25°) je,
aQEQ = 1+ +a?+a?8 +4aB+2(af+1) (a+B)j+2(a®+ 5>+ +4aB +1) (& + ) e

+4(af +1) (a+ B) (a” + 57) je.
THEOREM 4. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Adrien number is
W, = @S1a" + BS2™ + 337" + 0S4, (4.9)

a, B, 7, 0 are given as (4.5), (4.6), (4.7) ,(4.8).

Proof. Using Binet’s formula of the generalized Adrien numbers given below
Wiy = S1a™ 4 828" + S37™ + S,
where S, Sa, Sa, Sy are given (3.3) we get
Wn = Wi+ Wit +eWnpo + jeWiis
= Sia" + 528" + S37" + Sy
+5(S1a™ T + S8 + S5y 4 Sy)
+e(S1a" 2 + 858" 4 S5y 4 Sy)
+je(S1a™ 3 4 S58™ 13 4 Syt 4 Gy)
= S1a"(1+ ja+ea® + jea®) + S8 (1 + jB + B> + jes?)
+837"(1+ 4y +ev’ +je7’) + Sa(l + 5 + & + je)
= AS10" + BSyB" + 7557 + 18,4,
This proves (4.9). O

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Adrien number is

- @2 ta+l)ama 282+ B8+1)B"B (22 +y+ 1)
402 +3a —1 487 +36 -1 4y? +3y -1

i
= 4.10
3 (410)

n =
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and the Binet’s Formula of nth dual hyperbolic Adrien-Lucas number is
B, =aa" + BB" +3v" + 1. (4.11)

In the following section, we present the generating function associated with the dual hyperbolic generalized

Adrien numbers.

THEOREM 5. The generating function for the dual hyperbolic generalized Adrien numbers is

(4.12)

iw = Wo + (W1 - 3Wo)$ + (/V[?Q —3Wy + Wo)xQ + (Wg —3Wa + /V[71)a:3
~ L 1— 3z + 22 + 2? ‘

Proof. Let

fi, (@) = Wya"

n=0
be generating function of the dual hyperbolic generalized Adrien numbers. Then, using the definition of
the dual hyperbolic generalized Adrien numbers, and substracting = f (x) and x2 [ (z) from fr (), we

obtain (1 — 3z + 22 + x4)an (x)

(1— 3z + 22 +m4)fwn(x) = ZWx" — 3xZWx” + 22 ZW:E" +at ZWm",
n=0 n=0 n=0 n=0

oo P oo P oo _ oo P
= Z Wa™ -3 Z Wan ! 4+ Z Wa"+2 4 Z Wt
n=0 n=0 n=0 n=0

=S Z Wx" -3 Z W(n_l)m" + Z W("_g)x" + Z W(n_4)x”7
n=0 n=1 n=2 n=4
= (WO + Wlx + WQCL’Q + ng'?)) - 3(W0(£ + Wle + WQZ'?)) + 3(W0:L’2 + Wlx?’),
+ Z(Wn - ?Tm\/nfl + Wn72 + Wn74)xn7
n=4
= /Wo + (Wl — SWO)ZE + (WQ - 3/M71 + 3W(])£B2 + (/Wg, - 3W2 + Wl)x?’.

Note that, using the recurrence relation A= SEn_l — A\n_g — ﬁn_4 and rearranging above equation the
(4.12) has been obtained. O
Now we can write the generating functions of the dual hyperbolic Adrien and Adrien-Lucas numbers as:
(a): fz (2)= X Az = m(j +3e+8¢j) + (1 — 3 +8¢j)x + (65 — 925)w? + (—¢ — 3ej)a?,
n=0
(b): f5 (¥) = Y Bna" = giaror (4 + 3j + T + 18¢j) + (-9 — 25 — 3e — 1lej)a
) n=0

+(2 — 4 — 3ej)2® + (—4j — 3e — Tej)a3.

o0 n
LEMMA 6. Suppose that an (z) = Zo W, %5 is the exponential generating function of the dual hyperbolic
e

generalized Adrien sequence { ﬁ/\n}
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S - n
Then } W, % is given by
n=0
o " R
Z an = 51e°%a + 55775 + S5777 4 Sye”1.
n=0 !

where @, 3, 7,0 are given as(4.5), (4.6), (4.7) ,(4.8).Using either Binet’s formula for the dual hyperbolic
generalized Adrien numbers or the exponential generating function of the generalized form, we obtain the
following analytical expressions. Adrien sequence we get the required identity.Let’ s get the details.

Proof. Using Binet’ s formula
Wy, = S1a" + 528" + S39" + Sa,

where A, Ag, Az, Ay are given in (3.3) we get

TL

Z Wn - Z Wn + .] Z W7L+1 + £ Z Wn+2 + .]5 Z WrL+3
n! n=0 n=0
00 " 00 "
= > (S1a" + SB" + 83" + Sa) "+ D (S1a" T+ 8"+ §ay T 4 S1) 7
n=0 n=0 '

oo n o0 n
n n n 1»' . n n n x
+e§ (8102 4+ 858" + Sy +2+S4)H+je§ (S1a"3 4+ 85873 + Sy +3+S4)ﬁ

n=0 n=0
= (81 4 52€T + S3e7* + S4e%) + j(S1ae® + SyBe T + Ssyel® + Sue)

+e(S1a?e 4 S L 82ePT + Syv2e® 4 Sie®) + je(S1a’e™ + So33eP* + S3y3er™ + Sye”)
= 51e®(1 +ja + +ea® + jea®) + S2eP (1 + jB + +e8* + jeB?)

+837 (1 4§y + +e7? + jer®) + Sae®(1 + j + +¢ + je)

= Sie*a+ SQ€B£B + S3e7H + S,e*1. O
From the previous lemma, we derive the following outcomes as particular instances.
COROLLARY 7. FExponential generating function of dual hiperbolic Adrien and dual hiperbolic Adrien-

Lucas numbers are given by:
a):
o0

2 2 2
% ((2a +a+1)ea“+(2ﬁ jLﬂJrl)eﬁ”%i(27 +wrl)em—le””)

4%+ 30— 1 45° +38— 1 23y -1 3

+j(wew+ (282 +8+1) 5, (272+7+1>ew_1ez)
402 +3a —1 46% +36 -1 4y2 +3y -1 3
(2ot D) oo G BHD) g (P 4D e Lo
402 +3a — 1 46% +36 -1 492 +3y -1 3
+j8((20‘2+0‘+1)eom (2ﬂ2+ﬂ+1)€ﬁfﬂ M Wm_lez)
do? ¥ 3a—1 48% +38 -1 492 +3v -1 37
_ (2a2+a+1)aew+ (28% + B+ 1)B e (292 AT e L
402 + 30— 1 46% +36 -1 4y? +3y -1 3
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b):

e ~

Z B~ = e 4+ £ 4 e 4 jlae™ + BePT el + e”)
+€(a2€ax +52€Bz +,_Y26'yz + ez)
+j8(a36ax 4 53662: +,y3e’yx 4 ex).

= ™q+ PR+ 7y + 1.
5. Obtaining Binet Formula From Generating Function

We next find Binet formula of dual hyperbolic generalized Adrien number {Wn} by the use of generating

function for Wn

THEOREM 8. (Binet formula of dual hyperbolic generalized Adrien numbers)

W pra” n 23" n 3y n Pad”
" (a=B)a—y)(a=8) (B-a)B-7(B-0) (—a)y=8)(—0) (6—a)s-7p) —(7) )
5.1
where
po= W+ (W1 - 3W0)Oz2 + (WQ + Wi+ /Wo)a + (W:z, + Wy + Wl%
p2 = WoB®+ (Wy —3Wo)B% + (Wa + Wy + Wo)B + (Ws + Wy + W),
p3 = /W073 + (/Wl - 3W\0)’72 + (ﬁ/\g + W1 + /V[?O)’Y + (W\3 + /Wz + W\ﬁ,
Py = WQ(SS + (Wl — 3/W70)52 + (WQ + /V[71 + WO)(S + (Wg + /V[72 + Wl)
Proof. Let
h(z) =1 — 3z + 2 + 2.
Then for some «, 3,7 and § we write
h(z) = (1 — az)(1 — Bz)(1 — vz)(1 — dx),
ie.,
1 -3z + 2% = (1 —ax)(1 - Bz)(1 —~z)(1 - dz), (5.2)

Hence i, %, % and % are the roots of h(z). This gives «, 3, and ¢ as the roots of

1 3 1 1
h=)=1-24+— 14— =0
(x) x+3:2+334 0

This implies 2* — 322 + 22 + u = 0. Now, by it follows that
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Z W:En _ /V[70 + (Wl - 3/V[70)$ + (Wg - 3W1 + /Wo)l‘2 + (W:; - 3/V[72 + Wl).’LB
N (1 —az)(1 - Bz)(1 —~x)(1 — éx) '

Then we write

W() + (/V[?l — 3W0)LE + (/V[72 — 3W1 + Wg)l’Q + (/V[73 — 3W2 + /V[71)£L'3
(1 —ax)(1 - Bz)(1 —yz)(1 - o)
. Bl BQ 33 B4
- T8 U=y T (—oa)

) 7

So

W() + (/Wl — 3W0)$ + (/WQ - 3W1 + /W\O):E2 + (/Wg - 3W2 + Wl):c?’
= Bi(1-p2)(1 —~z)(1 —dz)+ B2(1 —az)(l —vyz)(1 - dx)
+B3(1 —az)(1 — Bz)(1 — dz) + B3(1 — az)(1l — Bz)(1 — vyz).

If we consider z = 1, we get Wo + (/V[71 - 3ﬁ/\0)é + (Wg —3W + Wg)ﬁ + (/Wg —3W, + Wﬂ%
— B - 21— )1 - 2),
This gives

OIS(WO + (Wl - 3/”70)

5 Ly (Wy—3Wy + Wo) & + (Ws — 6Wa + W) )
1 p—

(@~ B)(a—7)(a—0)
Woa?’ + (Wl — Wg)QQ + (/V[72 — 3W1 + /V[?o)a + (Ws - 3W2 + Wl)
(= B)(a—)(a—4) .

Similarly, we obtain

/Woﬂs + (/W1 — 3W0)ﬁ2 + (/W\Q - 3/V[71 + W\ 8+ (/Wg — SWQ + /V[?l)

_ 0)
B = CEDICERICET ’
B. — WQ’Y?’ + (Wl — 3/1/170)’72 + (WQ — 3W1 + /Wo)’}’ + (Wg — 3W2 + Wﬁ
3 - 9
(y—a)(y=B)(v—9)
s Wod® + (W — 3W0)s” + (W — 8Wi + Wo)d + (Ws — 3Wa + W1)
v (6—a)(d—B)(0—) '

Thus (5.3) can be written as

S Wam = Bi(1 - ax) ™ + By(1 — )™ + B(1 — ya) ™! + By(1 - dw) .

n=0

This gives

o0 P o0 o oo o
Z Wz = B Z az" + Bs Z B8"x"™ + Bs Z ~x™ + By Z o"x"
n=0 n=0 n=0 n=0 n=0
o0

Y (Bia" + BoB" + Byy" + Byd")z".

n=0

19
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Therefore, equating coefficients from both sides of the above expression yields the following formulation.
/W = B1a” + Bgﬁn + B3’)/n + B45n

and then we get (5.1). O

We can get an identitiy related to dual hyperbolic Adrien numbers given below.
THEOREM 9. For all integers m,n the following identities hold:

Wansn = Am—aWoss + (= Am—s — Anes)Wose + (— A ) Wasr — Ap_sWh.
Proof. First we assume that m,n > 0 then (9) can be proved by mathematical induction on m. If m =0
we get
Wy =A_oWnis+ (—A_s — A_5)Wio + (—A_)Wpiq — A_sW,,.
which is true since A_5 =0, A_3=—-1, A_4, =0, A_5 = 1. Assume that the equality holds for m < k. For
m=k+ 1, we get

—

Witiin = 3Woik — Wosho1 — Wagk_s,
= 3AoaWyss + (— Az — Aps) Wi
+3(—Ap— ) Wos1 — A3 W,
~(Ap—sWots + (—Aj—a — Aj—6)Wogz + (—A_s) War1 — Ap_aWy,)
— A sWhgs + (—Ap—g — Ajes) Whgz + (—Ay—6) W1 — Ax—6Wh.

Consequently, by mathematical induction on m, this proves Theorem (9).
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking Wn = A, or ﬁ/\n = B,, in above Theorem, respectively, we get:
COROLLARY 10.

ngrn - Am72;{n+3 + (_Amffi - Am75)121\n+2 + (_Am74)121\n+1 - Am73A\n7

§m+n = Am—2§n+3 + (_Am—3 - Am—5)§n+2 + (_Am—4)§n+1 - Am—3§n~
6. Simson’s Formulas

This section introduces Simson’s formula as applied to the dual hyperbolic generalized Adrien numbers.

This is a special case of [21,Theorem 4.1].

THEOREM 11. For all integers n, we have

/Wn+3 Wn—&-Q Wn-{—l /Wn
Tz Tt T = (Wt W+ 2Wa— W) (— W35 W+ W WS —(Wo+3W, —TWa ) W2
WnJrl Wn anl Wn72

—_ —~ —

Wn Wn—l Wn—2 Wn—3
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+(3W — AW, — 14W) W2 + (2Wo + Wy — 6Wa)W2 — (W) + 2Wa)WE + 13W, WaWs + WoWalWs +
SWoWi W — TWW, Wh).
Proof. Take r =3,s = -1,t =0,u=—-1. O

COROLLARY 12. For all integers n, the Simson’s formulas of dual hyperbolic generalized Adrien number

and dual hyperbolic generalized Adrien-Lucas numbers are given as:

o~

An+3 An+2 An+ 1 An

n n A\n A\n—
+2 +1 Y= 185 — 972 + 13956 — 12,

"TH = 23495 — 164432 — 1644352 — 2349,

respectively.
7. Linear Sums

This section presents the summation formulas for the dual hyperbolic generalized Adrien numbers,

encompassing both positive and negative subscripts. We then proceed to introduce the summation formulas

for the generalized Adrien numbers.

THEOREM 13. For the generalized Adrien numbers with positive and negative subscript, we have the
following formulas:

(a): > W, = %(—(n+3)Wn+3+(2n+7)Wn+2—|—(n+2)Wn+1+(n+4)Wn—|—3W3—7W2—2Wl—Wo).
k=0

n

(b): Wor = %(_(n+2)W2n+2 + (2’/’L—|— 5)W2n+1 + (’I’L+ 3)W2n + (’I’L+ 2)W2n_1 +2W3 —4Wy — 3W1)
k=0

(C): Z W2k‘+1 = %(—(n+l)W2n+2—|—(2n—|—5)W2n+1—|—(n—|—2)Wgn—|—(n+2)Wgn_1—|—2W3—5W2—2Wo).
k=0

(d): X Wop= 5=+ DW_pyz+ 2n+ DWoppo + (0 + 2)Woppa + (n +3)W_, + Wz — Wy —
k=1

2W, — 3Wh).
(€): 3 Woop = 2(—(n+ 2)Wosnpa + (20 + 3)W_opir + (n + HWoop + (0 + 2)W_o,_1 + 2W5 —
k=1

AW, — Wy — 4Wy).
(f) Z W_2k+1 = %(—(’I’L + 3)W_2n+2 + 2(n + 3)W_2n+1 + (n + 2)W_2n + (TL + 2)W_2n_1 + 2Ws3 —
k=1

3Wo — AW, — 2Wy).
Proof. For the proof, see Soykan [19]. O

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

numbers.
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THEOREM 14. For the dual hyperbolic numbers, we have the following formulas:
(@): > Wi = 2(—=(n+3)Woys+ 204+ T)Wogo+ (n+2) W1 + (n+4)W,, +3Ws — TWo — 2, — Wy).
k=0

(b): S Wap = L(—(n+2)Wapta+ (20+5)Wani1 + (n+3)Wap + (n+2)Way 1 +2Ws — 4 W, —3WW)).
k=0

(C): Z /W\Qk_H = %(—(’I’L—F1)/W\2n+2+(2n+5)/m72n+1+(7’L+2)/W\2n+(n+2)W2n_1+2/W\3—5/W\2—2/V[70).
k=0

(d): kf} W_op = L=+ DOWeopia + Cn+ DW_pio + (n+2)W_pi1 + (n+3)W_ + Wy — Wy —
20, . 3Wo).
(e): kil Wk = L(—(n + 2)Wo_snsa + 20+ 3)Wesns + (n + DW s + (0 + 2)W sy + 2Ws —
4TV, — T, — 4TF).
(f): 2 Wook1 = 3(—(n+3)Woanp2 + 200+ 3)W_sni1 + (n+2) W + (n+2)W o1 + 2Ws —
3T, — 4T, — 277).
Proof.

(a): Note that using (4.1), we get

n n n n n
ZWk :ZWk+jZWk+1 +62Wk+2+jEZWk+3
0 k=0 k=0 k=0 k=0

k=
and using Theorem (13) then proof is straightforward.
(b): Note that using (4.1), we get

n n n n n
Z Wap, = Z Wor + Z Waky1 +e€ Z Wag42 + je Z Wak43
k=0 k=0 k=0 k=0

k=0

and using Theorem (13) the proof is easily attainable.

(c): Note that using (4.1), we get

n n n n n
> Worpr=> W1 +35 > Warsa+e» Waria+ie Y Wokia
k=0 k=0 k=0 k=0 k=0

and using Theorem (13) the proof is straightforward.
Proof.

(d): Note that using (4.1), we get

n n n n n
Z W_p = Z W_p+3J Z W_j41+e¢ Z W_j42 + je Z W_jys
k=0 k=0 k=0 k=0 k=0
and using Theorem (13) the proof is easily attainable.

(e): Note that using (4.1), we get

n n n n n
Z W,gk = Z W_or+7J Z W_ok+1 +¢ Z W_gky2 + je Z W_ok43
k=0 k=0 k=0 k=0 k=0

and using Theorem (13) then proof is straightforward.
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(f): Note that using (4.1), we get using Theorem (13), we get

n n n n n
D Wookt1 =Y Woopp1+5Y Woakpo+e» Wara+ije Y Woopi
k=0 k=0 k=0 k=0 k=0

and using Theorem (14) the proof is easily completed. [J

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Adrien numbers.

THEOREM 15. Forn > 0, dual hyperbolic generalized Adrien numbers have the following properties:

(a): > Ap=2(—(n+3) A3+ 2+ T Anso + (n+2)Api1 + (n+4)A, +j — de — 14je).
k=0

(b): éo Aoy, = L(=(n+2)Agni0 + (20 4 5) Agpi1 + (n+ 3) sy + (n+2) Az + 1+ — 3je).

(c): ]:0 Roger = S(—(n+ 1) Agppn + (20+5) Agnin + (14 2) Ay + (n+2) Agp_y — 142 — 3¢ — 10je).
(d): 1:1 A g =2+ 1D)A s+ @n+ DA o+ (n+2)A i1 + (0 +3)A_, + 75 + 8 + 18je).
(e) 5:1 Aop = H—(+2) Agnpat 20+ 3) A g s+ (n+4) Aoy + (n+2)A_gy_y — 1+ 7j+42+Te).

In the following, we derive the ordinary generating functions corresponding to certain special cases of

the dual hyperbolic generalized Adrien numbers.

THEOREM 16. The ordinary generating functions of the sequences ﬁ/\gn, /V[727,+1 are given as follows:

322W; + (23 — 822 + x)ﬁ/\g — 323W, + (23 +22% — Tz + 1)/1/170
4+ 223 + 322 — T +1
(b): T W o — (2 + 2% + 1’)W3 — (3% + 3x2)WQ + (23 +22% - Tx + 1)W1 — 3:52W0
n=0 ""2n+1 4+ 223 + 322 - T +1

(a): 00, Wana™ =

From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic

Adrien numbers (Take ﬁ/\n = En with
Ag=j+3e+8cj, Ay =1+ 35+ 8 + 21je, Ay = 3+ 8j + 21e + 5dje, Az = 8 + 215 + 5de + 138je )

COROLLARY 17. For n > 0 dual hyperbolic Adrien numbers have the following properties.

(a): 0%, A,z = Ty 307 (21 + 5de + 138je + 8) =317 (35 + 8¢ + 21je + 1)+(3e + 8je + 1) (2® + 222
(2% — 82% + ) (85 + 21e + bdje + 3).

(b): Yool Ao 18" = —rymrrigsr—rery 322 (3¢ + 8je + 1) + (32 + 32) (8 + 21e + 5dje + 3) —
(3j 4+ 8 +21je + 1) (a® + 222 — Tx + 1) — (2 + 22 + x) (215 + 54e + 138j= + 8).
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8. Matrices related with Dual Hyperbolic Generalized Adrien Numbers

This part of the study introduces matrix identities that arise in connection with the dual hyperbolic
Adrien numbers.

By using the {A,} which is defined by the fourth-order recurrence relation as follows:
An = 3An71 - An72 - An74 y

with the initial conditions
Ap=0, Ai =1, A, =3, A3 =38. (8.1)

We define the square matrix M of order 4 as

3 -1 0 -1
1 0 0 O
M =
0 1 0 O
0 0 1 O
such that detM = 1. Then, we give the following Lemma.
LEMMA 18. For n > 0 the following identity is true
Wiss 3 -1 0 -1 W
W, 1 0 0 0 W
" +2 /\2 (8.2)
Wit 0 1 0 0 W
W, 0 0 1 0 Wo

Proof. First, we prove the assertion for the case n > 0. Lemma 18 can be given by mathematical

induction on n. If n = 0 we get

Ws 5 10 1) Ws
W | |1 0 0 0 Wa
w, |l o 1 0 o Wi
Wo 0 0 1 0 Wo

Wiis 5 10 1) Ws
Wire | |1 0 0 0 Wo
Wer | [0 1 0 o0 W
W, 0 0 1 0 Wo

Forn =k + 1, we get
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k+1 . k —
3 -1 0 -1 Ws 3 -1 0 -1 3 -1 0 -1 Ws
1 0 0 0 W 10 000 1 0 0 0 Wa
0 1 0 0 wo |l  |o 1 0 o 01 0 0 W,
00 1 0 Wo 00 1 0 0 0 1 0 Wo
3 -1 0 -1 Wis
1o 0 o0 Wieto
o 1 0 o Wit
00 1 0 W
Wita
- Wk+3
| W
Wit

Consequently, by mathematical induction on n, the proof is completed. [
Note that
Apy1 —An—A, o —-A,1 —A,
A, A, 1—A, 3 —A, o —A,
Apy Ay o—A 4 —A, 3 —A, o
Apo —Ap_3—Ans —An_4 —A,_s

For the proof see [20].
We define

Now, we have the following theorem with Ny and Ey;.

THEOREM 19. Using Ny and Ey;, we get

A"Ng = Egp.
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Proof. Note that we get

where

a11

@12

a3

a14

a21

a22

a23

a24

azi

a32

as3s3

a34

41

Q42

43

Q44

Anpr —Ap—Ans  —An1  —A, Wy W, Wi W,
Ay —An1—Aps —Apo —A,, W, Wi W, W
An1 —Apo—Apq —Ang —An_s W W Wo, W,
Ang —Aps—Aps —Ans —An_s Wo Woy W_, W4

a1l a2 ai13 0G4
a21 A22 Aa23 (24
a3z1 agz G33 Aa34

a41 Q42 Q43 Q44

ApiaWs + (= Ay — Ap_o)Wo + (—An_ )Wy + (—A,) W,
A1 Wa + (= An = Ay )W + (= Ay 1) Wo + (—A) W1,

A aWh 4 (=An — Ay ) Wo+ (—An )Wy + (=AW,

A aWo + (= An — A )Wy 4 (—An_))W_g + (—A,)W_s,
AWy + (—Ap_q — An73)/w72 + (_An72)wl + (_Anfl)/V[?Oa
AnWa + (=An_1 — An_s)Wi + (—An_2)Wo + (—Ap_1)W_1,
AW+ (= An 1 = Ay ) Wo + (= Ap0) W1 + (—Ap1)Wos,
AaWo+ (=An_1 — A s)W_ 1 4 (—An_)W_g + (—Ap_1)W_s,
An 1 Ws 4 (—An—s — Ap_2)Wa + (—Ap_3)Wi + (—Ap_2)Wo,
Ap 1 Wa+ (—A,_o— An74)wl + (_Anf?))/WO + (—An72)/W717
Ay Wi+ (—An_s — Ap_ ) Wo + (—Ap_3)W_1 + (—Ap_2)W_s,
Ap i Wot (—An_s — Ap_ )Wy + (—An_s)W_o + (—Ap_s)W_3,
Ap_oWs + (—A,_3— An75)w2 + (_An74)W1 + (—An73)W07
Ap_osWa + (= An_g — Ap_s5) W1 + (—Ap_g)Wo + (—Ap_s)W_1,
Ap_ oWy + (—A,_3— An75)wo + (—An74)/V[771 + (_An73)/w7727

Anfzwo + (A3 — An75)wfl + (_An74)W72 + (_An73)W73~

Using the theorem (9) the proof is done. O
by taking W,, =A,, with Ag, A1, A2, A3 in (8.3) and (8.4)
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W,, =W B, with WBy, WBy, WBy, WBs in (8.3) and (8.4)

respectively, we get:

84215 4+ 54e + 138je 3485 +21le +54je 1435+ 8 +21je j+3c+ 8¢5

N 3+ 8j + 2le + bdje 1435 4+ 8 + 21j¢ 7+ 3+ 8¢j €+ 3¢ej
A = J
1+ 35+ 8+ 21j¢e j+3c+8¢j €+ 3¢5 je
j+3c+8¢j e+ 3ej je -1
An+3 A\n+2 A\n—&-l A\n
EA\ _ :n+2 A\ﬁJrl AA\n :nfl 7
n+1 An n—1 n—2

An An—l n—2 121\n—3
3475+ 18 +43je 4+ 3] + Te + 18je

18 4435 + 108 4 274je 7+ 185 + 43¢ + 108j¢
4437+ 7¢ + 18j¢ 47 + 3e + Tje

74185 +43c + 108je 3+ 7j + 18 + 43je

Ve = 3475+ 18 + 43j¢ 4435 + 7e + 18j¢ 47 4+ 3e + Tj¢e —2 +4e + 3je
4435+ 7+ 18j¢ 45 + 3e + Tje —2 4+ 4e + 3je 9—2j+4je
§n+3 §n+2 §n+1 B,
B,y1 B, Bp-1 Bh_o
By, Bn1 B..y B,

From Theorem [19], we can write the following corollary.
COROLLARY 20. The following identities are hold:

a): AnNWA = EWA‘

b): ATLNWB = EWB'
9. Conclusions

In this study, we introduce a new class of fourth-order recurrence relations, referred to as the dual
hyperbolic Generalized Adrien numbers, accompanied by two notable special cases. We investigate a com-
prehensive set of structural properties associated with these sequences, including closed-form (Binet-type)
expressions, ordinary and exponential generating functions, Simson-type identities, summation formulas,
recurrence dynamics, and matrix-based representations.

Recurrence relations have long attracted significant scholarly attention due to their versatility and wide-
ranging applicability across disciplines such as physics, engineering, architecture, the natural sciences, and

the arts. Among these, sequences governed by second-order recurrence relations most notably the Fibonacci,
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Lucas, Pell, and Jacobsthal sequences occupy a central position in mathematical literature. The Fibonacci
sequence, for example, gained historical prominence through its role in modeling rabbit population growth in
Leonardo de Pisa’s 1202 treatise Liber Abaci. Both Fibonacci and Lucas sequences have inspired extensive
research, owing to their elegant algebraic structure and numerous remarkable identities.

Recurrence relations play a foundational role in both theoretical and applied mathematics, offering a
powerful framework for modeling sequential processes and dynamic systems. Their significance extends
across diverse domains including algorithm analysis in computer science, population modeling in biology,
signal processing in engineering, and even aesthetic patterns in architecture and the arts. By expressing
each term of a sequence in relation to its predecessors, recurrence relations enable the formulation of efficient
computational strategies, particularly in recursive algorithms and divide-and-conquer paradigms. Classical
examples such as the Fibonacci sequence illustrate their utility in modeling natural growth phenomena,
while more complex relations underpin the analysis of sorting algorithms, dynamic programming, and com-
binatorial structures. In this study, the exploration of fourth-order recurrence relations specifically the dual
hyperbolic Generalized Adrien numbers demonstrates how such constructs can yield rich algebraic proper-
ties, closed-form expressions, and generating functions, thereby contributing to the broader understanding
of discrete mathematical systems.

The structural properties derived from the dual hyperbolic Generalized Adrien numbers open promising
avenues for interdisciplinary applications. In quantum physics, recurrence relations underpin the analysis
of quantum recurrences, such as those observed in the quantum kicked top and Poincaré-type phenomena,
where unitary evolution exhibits periodic behavior in finite-dimensional Hilbert spaces. These sequences
may contribute to modeling quantum coherence, entanglement dynamics, and state evolution in chaotic
systems. In biology, recurrence-based models are instrumental in describing population dynamics, gene
regulatory networks, and disease spread. For instance, nonlinear recurrence relations have been used to
simulate genetic feedback loops and epidemiological transitions, offering insights into temporal biological
computation and memory encoding in cellular systems. In statistics, recurrence relations support time series
analysis, autoregressive modeling, and recurrence quantification techniques, which are essential for detecting
non-stationarity, hidden periodicities, and complex dependencies in stochastic data.

Looking ahead, several future research directions emerge from this study. These include exploring the
algebraic and spectral properties of higher-order Adrien-type sequences, investigating their role in reservoir
computing architectures, and applying them to nonlinear dynamical systems and chaotic attractors. Ad-
ditionally, the integration of recurrence-based models with machine learning frameworks such as recurrent
neural networks and symbolic regression may yield novel computational tools for pattern recognition and
predictive modeling. The matrix representations and generating functions derived here also invite further
exploration in operator theory, combinatorial identities, and quantum information geometry, potentially

bridging discrete mathematics with continuous physical systems.
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