
Dual Hyperbolic Generalized Adrien Numbers

Abstract. This study introduces the generalized dual hyperbolic Adrien numbers, a novel extension

of the classic Adrien framework, enriched by dual and hyperbolic algebraic structures. These sequences are

constructed within a fourth-order linear recurrence system, offering intricate mathematical behavior and

promising structural versatility. Special attention is devoted to two distinguished cases: the dual hyper-

bolic Adrien and dual hyperbolic Adrien—Lucas numbers, each revealing unique interrelations between dual

numbers, hyperbolic units, and classical integer sequences.

For each class, explicit Binet-type expressions are derived, enabling direct computation and closed-

form analysis. Ordinary and exponential generating functions are presented to encapsulate the sequences’

evolution and provide analytical tools for combinatorial and algebraic exploration. Summation formulas

are established to link consecutive terms and identify structural patterns across the sequences. Matrix

representations are also constructed, encoding the recurrence relations and offering compact formulations

suitable for computational applications.

The proposed families of numbers serve not only as theoretical constructs but also as candidates for

deeper investigations into symbolic computation, algebraic identities, and discrete dynamical models. Their

formulation opens doors for applications in areas such as cryptography, quantum computation, and signal

processing, where dual and hyperbolic systems are gaining renewed interest.
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1. Introduction

Sequences defined by linear recurrence relations play a fundamental role in discrete mathematics, com-

puter science, and theoretical physics. An m-order linear recurrence relation with constant coeffi cients takes
1

demir
Vurgu

demir
Vurgu



2 FEYZA DEMIRCI, YÜKSEL SOYKAN

the general form:

an = c1an−1 + c2an−2 + · · ·+ cman−m, for n ≥ m, (1.1)

where c1, c2, . . . , cm ∈ R (or C), and an denotes the n-th term of the sequence. The initial values a0, a1, . . . , am−1
must be specified to uniquely determine the sequence.

Characteristic Equation and General Solution. To analyze such relations, one typically considers

the characteristic polynomial associated with Equation (1.1):

P (x) = xm − c1xm−1 − c2xm−2 − · · · − cm. (1.2)

Suppose the roots of P (x) are r1, r2, . . . , rk, with respective multiplicities m1,m2, . . . ,mk such that

m1 + m2 + · · · + mk = m. Then the general solution to the recurrence relation is expressed using the

Binet-type formula:

an =

k∑
j=1

(
mj−1∑
i=0

αj,in
i

)
rnj , (1.3)

where αj,i are constants determined by the initial conditions. This closed-form expression circumvents

recursion and allows for direct computation of an.

Generating Functions. An alternative and powerful method for studying recurrence relations involves

the use of generating functions. The ordinary generating function (OGF) of a sequence {an}n≥0 is defined

as:

G(x) =

∞∑
n=0

anx
n. (1.4)

Substituting the recurrence into the series leads to an algebraic equation for G(x), typically of the form:

G(x) =
P0(x)

Q(x)
, (1.5)

where P0(x) encodes the initial conditions and Q(x) is derived from the recurrence relation coeffi cients,

often matching the characteristic polynomial P (x). Generating functions simplify convolution operations,

enable combinatorial interpretations, and allow extraction of closed-form expressions via partial fraction

decomposition or coeffi cient extraction techniques.

Special Cases of Linear Recurrence Relations. We now examine specific instances of linear recur-

rence relations for orders m = 2, 3, 4, 5. These cases illustrate how the general theory adapts to concrete

examples and provide insight into the structure and solvability of such relations.

A second-order linear recurrence relation has the form:

an = c1an−1 + c2an−2, n ≥ 2. (1.6)

Characteristic Equation:

x2 − c1x− c2 = 0
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Let the roots be r1 and r2. Then the general solution is:

an = αrn1 + βr
n
2

where α, β are determined by initial conditions a0, a1.

Generating Function:

G(x) =
a0 + (a1 − c1a0)x
1− c1x− c2x2

A third-order recurrence takes the form:

an = c1an−1 + c2an−2 + c3an−3, n ≥ 3. (1.7)

Characteristic Equation:

x3 − c1x2 − c2x− c3 = 0

Let the roots be r1, r2, r3. Then the general solution is:

an = αrn1 + βr
n
2 + γr

n
3

Generating Function:

G(x) =
P0(x)

1− c1x− c2x2 − c3x3

where P0(x) encodes the initial conditions a0, a1, a2.

A fourth-order recurrence is given by:

an = c1an−1 + c2an−2 + c3an−3 + c4an−4, n ≥ 4. (1.8)

Characteristic Equation:

x4 − c1x3 − c2x2 − c3x− c4 = 0

Let the roots be r1, r2, r3, r4. Then the general solution is:

an = αrn1 + βr
n
2 + γr

n
3 + δr

n
4

Generating Function:

G(x) =
P0(x)

1− c1x− c2x2 − c3x3 − c4x4

A fifth-order recurrence relation is:

an = c1an−1 + c2an−2 + c3an−3 + c4an−4 + c5an−5, n ≥ 5. (1.9)

Characteristic Equation:

x5 − c1x4 − c2x3 − c3x2 − c4x− c5 = 0

Let the roots be r1, r2, r3, r4, r5. Then the general solution is:

an =

5∑
j=1

αjr
n
j
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Generating Function:

G(x) =
P0(x)

1− c1x− c2x2 − c3x3 − c4x4 − c5x5

Remark 1. If the characteristic polynomial has repeated roots, the general solution includes polynomial

terms multiplied by powers of the root. Generating functions provide a compact representation and are

especially useful for extracting asymptotic behavior and closed-form expressions.

1.1. Special Cases of Linear Recurrence Sequences. We now present notable examples of linear

recurrence sequences, each defined by specific initial conditions and recurrence relations. For each, we provide

the recurrence, initial terms, Binet-type formula (when available), and generating function.

• Fibonacci Sequence

—Recurrence:

Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1

—Binet’s Formula: Let φ = 1+
√
5

2 , ψ = 1−
√
5

2 . Then:

Fn =
φn − ψn√

5

—Generating Function:

G(x) =

∞∑
n=0

Fnx
n =

x

1− x− x2

• Lucas Sequence

—Recurrence:

Ln = Ln−1 + Ln−2, L0 = 2, L1 = 1

—Binet’s Formula:

Ln = φn + ψn

—Generating Function:

G(x) =

∞∑
n=0

Lnx
n =

2− x
1− x− x2

• Pell Sequence

—Recurrence:

Pn = 2Pn−1 + Pn−2, P0 = 0, P1 = 1

—Binet’s Formula:Let α = 1 +
√
2, β = 1−

√
2. Then:

Pn =
αn − βn

2
√
2

—Generating Function:

G(x) =
x

1− 2x− x2

• Jacobsthal Sequence
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—Recurrence:

Jn = Jn−1 + 2Jn−2, J0 = 0, J1 = 1

—Binet’s Formula: Let λ1 = 1+
√
3

2 , λ2 = 1−
√
3

2 . Then:

Jn =
2n − (−1)n

3

—Generating Function:

G(x) =
x

1− x− 2x2

• Tribonacci Sequence

—Recurrence:

Tn = Tn−1 + Tn−2 + Tn−3, T0 = 0, T1 = 0, T2 = 1

—Generating Function:

G(x) =
x2

1− x− x2 − x3

—Binet’s Formula: Let r1, r2, r3 be roots of x3 − x2 − x− 1 = 0. Then:

Tn = a1r
n
1 + a2r

n
2 + a3r

n
3

where ai are constants determined by initial conditions.

• Narayana Sequence

—Recurrence:

Nn = Nn−1 +Nn−3, N0 = 0, N1 = 1, N2 = 1

—Generating Function:

G(x) =
x

1− x− x3

—Binet’s Formula: Let r1, r2, r3 be roots of x3 − x2 − 1 = 0. Then:

Nn = b1r
n
1 + b2r

n
2 + b3r

n
3

• Padovan Sequence

—Recurrence:

Pn = Pn−2 + Pn−3, P0 = 1, P1 = 1, P2 = 1

—Generating Function:

G(x) =
x2 + x+ 1

1− x2 − x3

—Binet’s Formula: Let r1, r2, r3 be roots of x3 − x− 1 = 0. Then:

Pn = c1r
n
1 + c2r

n
2 + c3r

n
3

• Tetranacci Sequence
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—Recurrence:

Tn = Tn−1 + Tn−2 + Tn−3 + Tn−4, T0 = 0, T1 = 0, T2 = 0, T3 = 1

—Generating Function:

G(x) =
x3

1− x− x2 − x3 − x4

—Binet’s Formula: Let r1, r2, r3, r4 be roots of x4 − x3 − x2 − x− 1 = 0. Then:

Tn =

4∑
i=1

dir
n
i

• Pentanacci Sequence

—Recurrence:

Pn = Pn−1 + Pn−2 + Pn−3 + Pn−4 + Pn−5, P0 = 0, P1 = 0, P2 = 0, P3 = 0, P4 = 1

—Generating Function:

G(x) =
x4

1− x− x2 − x3 − x4 − x5

—Binet’s Formula: Let r1, r2, r3, r4, r5 be roots of x5 − x4 − x3 − x2 − x− 1 = 0. Then:

Pn =

5∑
i=1

eir
n
i

2. Background on Hypercomplex Number Systems

Hypercomplex number systems, as introduced by Kantor, [10], constitute algebraic extensions of the real

number system.Among the commutative instances of such systems are the complex numbers, defined as:

C = {z = a+ ib : a, b ∈ R, i2 = −1},

as well as the hyperbolic numbers (also referred to as double or split-complex numbers), [8],

H = {h = a+ jb : a, b ∈ R, j2 = 1, j 6= ±1},

and dual numbers, [15],

D = {d = a+ εb : a, b ∈ R, ε2 = 0, ε 6= 0}.

Quaternions, introduced by Hamilton, extend complex numbers into a four-dimensional non-commutative

algebra over the real numbers, [22],

HQ = {q = a0 + ia1 + ja2 + ka3 : a0, a1, a2, a3 ∈ R, i2 = j2 = k2 = ijk = −1}.

The octonions [11] and sedenions [24] exemplify higher-dimensional hypercomplex number systems.. The

algebras C (complex numbers), HQ (quaternions), O (octonions) and S (sedenions) are structured as real
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algebras derived from the real number system R via a recursive doubling procedure known as the Cayley—

Dickson Process.This iterative method allows for the construction of successive 2n-dimensional algebras,

extending beyond sedenions to form generalized entities referred to as 2n−ions [5], [13], [7].

Quaternions were first formulated by the Irish mathematician W. R. Hamilton (1805—1865) [22] as a non-

commutative generalization of the complex numbers. In 1848, J. Cockle introduced the notion of hyperbolic

numbers with complex coeffi cients [12].Later, H. H. Cheng and S. Thompson [9] extended this framework by

defining dual numbers with complex coeffi cients, which they termed complex dual numbers. More recently,

Akar, Yüce, and Şahin [14] proposed the algebraic system of dual hyperbolic numbers, further enriching the

landscape of generalized number systems.

A dual hyperbolic number is a hyper-complex number and is defined by

q = (a0 + ja1) + ε(a2 + ja3) = a0 + ja1 + εa2 + εja3

where a0, a1, a2 and a3 are real numbers.

The set of all dual hyperbolic numbers are denoted by

HD = {a0 + ja1 + εa2 + εja3 : a0, a1, a2, a3 ∈ R, j2 = 1, j 6= ±1, ε2 = 0, ε 6= 0}.

The base elements {1, j, ε, εj} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

1.ε = ε, 1.j = j, ε2 = ε.ε = (jε)2 = 0, j2 = j.j = 1

ε.j = j.ε, ε.(εj) = (εj).ε = 0, j(εj) = (εj)j = ε

where ε denotes the pure dual unit (ε2 = 0, ε 6= 0), j denotes the hyperbolic unit (j2 = 1), and εj denotes

the dual hyperbolic unit ((jε)2 = 0).

The product of two dual hyperbolic numbers q = a0 + ja1 + εa2 + jεa3 and p = b0 + jb1 + εb2 + jεb3 is

qp = a0b0 + a1b1 + j(a0b1 + a1b0) + ε(a0b2 + a2b0 + a1b3 + a3b1) + jε(a0b3 + a1b2 + a2b1 + b0a3)

and addition of dual hyperbolic numbers is defined as componentwise.

The algebra of dual hyperbolic numbers forms a commutative ring, a real vector space, and a real

algebra. However, the structure denoted by HD does not constitute a field, as not every dual hyperbolic

number possesses a multiplicative inverse. For further details on the algebraic properties and construction

of dual hyperbolic numbers, the reader is referred to[14].

To lay the groundwork for subsequent analysis, we first recount the established definition of generalized

Adrien numbers, as presented in the existing literature.
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3. Background on Generalized Adrien Sequence

A generalized Adrien sequence {Wn}n≥0 = {Wn(W0,W1,W2,W3)}n≥0 is defined by the fourth-order

recurrence relations

Wn = 3Wn−1 −Wn−2 −Wn−4, n ≥ 4, (3.1)

with the initial valuesW0,W1,W2,W3 not all being zero. The sequence {Wn}n≥0 can be extended to negative

subscripts by defining

W−n = −W−(n−2) + 3W−(n−3) −W−(n−4),

for n = 1, 2, 3, .... Therefore, recurrence (3.1) holds for all integer n. Soykan has investigated this specific

numerical sequence in a recent study, for more details, see [16].

Characteristic equation of {Wn} is

z4 − 3z3 + z2 + 1 = (z3 − 2z2 − z − 1)(z − 1) = 0.

The roots of characteristic equation are

α =
2

3
+

(
61

54
+

√
29

36

)1/3
+

(
61

54
−
√
29

36

)1/3
,

β =
2

3
+ ω

(
61

54
+

√
29

36

)1/3
+ ω2

(
61

54
−
√
29

36

)1/3
,

γ =
2

3
+ ω2

(
61

54
+

√
29

36

)1/3
+ ω

(
61

54
−
√
29

36

)1/3
,

δ = 1.

Where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that

α+ β + γ + δ = 3,

αβ + αγ + αδ + βγ + βδ + γδ = 1,

αβγ + αβδ + αγδ + βγδ = 0,

αβγδ = 1.

Note also that

α+ β + γ = 2,

αβ + αγ + βγ = −1,

αβγ = 1.
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Using the roots and the recurrence relation of {Wn} the Binet’s formula for the generalized Adrien numbers

can be expressed for all integers n as follows

Wn =
p1α

n

4α2 + 3α− 1 +
p2β

n

4β2 + 3β − 1
+

p3γ
n

4γ2 + 3γ − 1 +
p4δ

n

3
(3.2)

= S1α
n + S2β

n + S3γ
n + S4δ

n.

Where p1, p2, p3 and p4 are given below

p1 = (αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 − 1W0),

p2 = (βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 − 1W0),

p3 = (γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 − 1W0),

p4 = −(W3 − 2W2 −W1 −W0).

And

S1 =
p1

4α2 + 3α− 1 , (3.3)

S2 =
p2

4β2 + 3β − 1
,

S3 =
p3

4γ2 + 3γ − 1 ,

S4 = − (W3 − 2W2 −W1 −W0)

3
.

Binet’s formula of Adrien and Adrien-Lucas sequences are

An =
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
,

and

Bn = αn + βn + γn + 1.

respectively.

If we set W0 = 0,W1 = 1,W2 = 3,W3 = 8 then {Wn} is the well-known Adrien sequence and if we set

W0 = 4,W1 = 3,W2 = 7,W3 = 18 then {Wn} is the well-known Lucas sequence. In other words, Adrien

sequence {An}n≥0 and Adrien-Lucas sequence {Bn}n≥0 are defined by the fourth-order recurrence relations

as;

An = 3An−1 −An−2 −An−4 , A0 = 0, A1 = 1, A2 = 3, A3 = 8, n ≥ 4, (3.4)

Bn = 3Bn−1 −Bn−2 −Bn−4 , B0 = 4, B1 = 3, B2 = 7, B3 = 18, n ≥ 4. (3.5)
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The sequences {An}n≥0, {Bn}n≥0, can be extended to negative subscripts by defining,

A−n = −A−(n−2) + 3A−(n−3) −A−(n−4),

B−n = −B−(n−2) + 3B−(n−3) −B−(n−4),

for n = 1, 2, 3, ... respectively. As a result, recurrences (3.4),(3.5) hold for all integer n. Binet’s formulas as

follows.

Table 1 presents the initial generalized Adrien numbers corresponding to both positive and negative

subscripts.

Table 1. A few generalized Adrien numbers

n Wn W−n

0 W0 W0

1 W1 3W2 −W1 −W3

2 W2 3W1 −W0 −W2

3 W3 3W0 − 3W2 +W3

4 3W3 −W2 −W0 10W2 − 6W1 − 3W3

5 8W3 −W1 − 3W2 − 3W0 10W1 − 6W0 − 3W2

6 21W3 − 3W1 − 9W2 − 8W0 10W0 + 3W1 − 18W2 + 6W3

7 54W3 − 8W1 − 24W2 − 21W0 3W0 − 28W1 + 36W2 − 10W3

8 138W3 − 21W1 − 62W2 − 54W0 33W1 − 28W0 −W2 − 3W3

After then we can write the generating function of generalized Adrien numbers,

∞∑
n=0

Wnz
n =

W0 + (W1 − 3W0)x+ (W2 − 3W1 +W0)x
2 + (W3 − 3W2 +W1)x

3

1− 3x+ x2 + x4 .

Next, we give the exponential generating function of
∞∑
n=0

Wn
xn

n! of the sequence Wn.

For more details about generalized Adrien numbers, see [16].

Lemma 2. [4].Suppose that fWn
(x) =

∞∑
n=0

Wn
xn

n! is the exponential generating function of the generalized

Adrien sequence {Wn}.

Then
∞∑
n=0

Wn
xn

n! is given by:

∞∑
n=0

Wn
xn

n!
=

(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

(α− β)(α− γ)(α− δ) eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

(β − α)(β − γ)(β − δ) eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

(γ − α)(γ − β)(γ − δ) eγx + (
W3 − 2W2 −W1 −W0

−3 )ex.

The previous Lemma 2 gives the following results as particular examples.
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Corollary 3. Exponential generating function of Adrien and Adrien-Lucas numbers are given by:

a):
∞∑
n=0

An
xn

n!
=
∞∑
n=0

((
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
)
xn

n!

= (
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 eγx − 1
3
ex).

b):
∞∑
n=0

Bn
xn

n!
=
∞∑
n=0

(αn + βn + γn + 1)
xn

n!
= eαx + eβx + eγx + ex.

Subsequent sections offer a comprehensive overview of the scholarly literature addressing hyperbolic and

dual hyperbolic numbers.

• Cockle [12] presented the hyperbolic numbers with complex coeffi cients.

• Akar at al [14] introduced the dual hyperbolic numbers.

• Cheng and Thompson[9] studied dual numbers with complex coeffi cients.

Next, we give some information related to dual hyperbolic sequences presented in literature.

• Soykan at al [17] introduced dual hyperbolic generalized Pell numbers given by

V̂n = Vn + jVn+1 + εVn+2 + jεVn+3

where generalized Pell numbers are given by Vn = 2Vn−1+ Vn−2, (n ≥ 2) with the initial values V0,V1 not all

being zero.

• Cihan at al [2] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,

DHFn = Fn + jFn+1 + εFn+2 + jεFn+3,

DHLn = Ln + jLn+1 + εLn+2 + jεLn+3.

where Fibonacci and Lucas numbers, respectively, given by Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1, Ln =

Ln−1 + Ln−2, L0 = 2, L1 = 1.

• Soykan at al [18] introduced dual hyperbolic generalized Jacopsthal numbers given by

Ĵn = Jn + jJn+1 + εJn+2 + jεJn+3

where Jn = Jn−1 + 2Jn−2, J0 = a, J1 = b.

• Bród at al [1] studied dual hyperbolic generalized Balancing given by

DHBn = Bn + jBn+1 + εBn+2 + jεBn+3

where Bn = 6Bn−1 −Bn−2, B0 = 0, B1 = 1.

• Yılmaz and Soykan [23] introduced dual hyperbolic generalized Guglielmo numbers given by
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T̂0 = T0 + jT1 + εT2 + jεT3

where Tn = 3Tn−1 − 3Tn−2 + Tn−3, T0 = 0, T1 = 1, T2 = 3.

• Dikmen [3] introduced dual hyperbolic generalised Leonardo numbers given by

l̂0 = l0 + jl1 + εl2 + jεl3

ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3.

• Eren and Soykan [6] introduced dual hyperbolic generalized Woodall numbers given by

R̂0 = R0 + jR1 + εR2 + jεR3

where Rn = 5Rn−1 − 8Rn−2 + 4Rn−3, R0 = −1, R1 = 1, R2 = 7.

In this study, we present the dual hyperbolic generalized Adrien numbers and provide a comprehensive

analysis in the subsequent section. Key structural properties are also explored, highlighting their broader

mathematical significance.

4. Dual Hyperbolic Generalized Adrien Numbers and their Generating Functions and

Binet’s Formulas

In this section, we introduce the dual hyperbolic generalized Adrien numbers and present their corre-

sponding generating functions and Binet-type formulas. Specifically, we define the dual hyperbolic gener-

alized Adrien numbers over the hyperbolic dual number system HD. The nth dual hyperbolic generalized

Adrien number is given by:

Ŵn =Wn + jWn+1 + εWn+2 + jεWn+3, (4.1)

with the initial values Ŵ0, Ŵ1, Ŵ2, Ŵ3, (4.1) can be written to negative subscripts by defining,

Ŵ−n =W−n + jW−n+1 + εW−n+2 + jεW−n+3, (4.2)

so identity (4.1) holds for all integers n.

As special cases, the nth dual hyperbolic Adrien numbers and the nth dual hyperbolic Adrien-Lucas

numbers are given as.

Ân = An + jAn+1 + εAn+2 + jεAn+3, (4.3)

and

B̂n = Bn + jBn+1 + εBn+2 + jεBn+3, (4.4)

respectively. It can be easily shown that

Â = 3Ân−1 − Ân−2 − Ân−4 ,
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and

B̂ = 3B̂n−1 − B̂n−2 − B̂n−4.

The sequence {Ŵn}n≥0 can be extended to negative subscripts by defining

Â−n = −Â−(n−2) + 3Â−(n−3) − Â−(n−4).

B̂−n = −B̂−(n−2) + 3B̂−(n−3) − B̂−(n−4).

for n = 1, 2, 3, ... respectively. Therefore, recurrence (4.1) holds for all integer n.

Table 2 presents the initial values of the dual hyperbolic generalized Adrien numbers for both positive

and negative indices.

Table 2. A few dual hyperbolic generalized Adrien numbers

n Ŵn Ŵ−n

0 Ŵ0 Ŵ0

1 Ŵ1 3Ŵ2 − Ŵ1 − Ŵ3

2 Ŵ2 3Ŵ1 − Ŵ0 − Ŵ2

3 Ŵ3 3Ŵ0 − 3Ŵ2 + Ŵ3

4 3Ŵ3 − Ŵ2 − Ŵ0 10Ŵ2 − 6Ŵ1 − 3Ŵ3

5 8Ŵ3 − Ŵ1 − 3Ŵ2 − 3Ŵ0 10Ŵ1 − 6Ŵ0 − 3Ŵ2

Note that

Ŵ0 = W0 + jW1 + εW2 + jεW3 =W0 + jW1 + εW2 + jεW3,

Ŵ1 = W1 + jW2 + εW3 + jεW4 =W1 + jW2 + εW3 + jε(3W3 −W2 −W0).

Ŵ2 = W2 + jW3 + ε(3W3 −W2 −W0) + jε(8W3 −W1 − 3W2 − 3W0).

We now introduce specific cases of the dual hyperbolic generalized Adrien numbers that exhibit distinct

structural or computational properties.

4.1. Some dual hyperbolic generalized Adrien numbers. The nth dual hyperbolic Adrien num-

bers, the nth dual hyperbolic Adrien-Lucas numbers, respectively, are given as the nth dual hyperbolic

Adrien numbers is given Ân = An + jAn+1 + εAn+2 + jεAn+3, with the initial values

Â0 = A0 + jA1 + εA2 + jεA3,

Â1 = A1 + jA2 + εA3 + jεA4,

Â2 = A2 + jA3 + εA4 + jεA5,
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the nth dual hyperbolic Adrien-Lucas numbers is given B̂n = Bn+ jBn+1+ εBn+2+ jεBn+3 with the initial

values

B̂0 = B0 + jB1 + εB2 + jεB3,

B̂1 = B1 + jB2 + εB3 + jεB4,

B̂2 = B2 + jB3 + εB4 + jεB5.

For dual hyperbolic Adrien numbers (taking Wn = An, A0 = 0, A1 = 1, A2 = 3, A3 = 8, n ≥ 4) we get

Â0 = j + 3ε+ 8εj

Â1 = 1 + 3j + 8ε+ 21jε

Â2 = 3 + 8j + 21ε+ 54jε

and for dual hyperbolic Adrien-Lucas numbers (taking Wn = Bn, B0 = 4, B1 = 3, B0 = 7, B0 = 18, n ≥ 4)

we get

B̂0 = 4 + 3j + 7ε+ 18jε

B̂1 = 3 + 7j + 18ε+ 43jε

B̂2 = 7 + 18j + 43ε+ 108jε

Tables 3 and 4 present selected values of the dual hyperbolic Adrien and Adrien-Lucas numbers for positive

and negative indices.

Table 3. Dual hyperbolic Adrien numbers Table 4. Dual hyperbolic Adrien-Lucas numbers

n Ân Â−n

0 j + 3ε+ 8εj 1 + 3ε+ 8εj

1 1 + 3j + 8ε+ 21jε ε+ 3εj

2 3 + 8j + 21ε+ 54jε jε

3 8 + 21j + 54ε+ 138jε −1

4 21 + 54j + 138ε+ 352jε −j

5 54 + 138j + 352ε+ 897jε 1− ε

n B̂n B̂−n

0 4 + 3j + 7ε+ 18jε 4 + 3j + 7ε+ 18jε

1 3 + 7j + 18ε+ 43jε 4j + 3ε+ 7jε

2 7 + 18j + 43ε+ 108jε −2 + 4ε+ 3jε

3 18 + 43j + 108ε+ 274jε 9− 2j + 4jε

4 43 + 108j + 274ε+ 696jε −2 + 9j − 2ε

5 108 + 274j + 696ε+ 1771jε −15− 2j + 9ε− 2jε
Now, we will state Binet’s formula for the dual hyperbolic generalized Adrien numbers and in the rest

of the paper, we fix the following notations:

α̂ = 1 + jα+ εα2 + jεα3, (4.5)

β̂ = 1 + jβ + εβ2 + jεβ3. (4.6)

γ̂ = 1 + jγ + εγ2 + jεγ3 (4.7)

δ̂ = 1̂ = 1 + j + ε+ jε, (4.8)
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Note that we have the following identities:

α̂ = 1 + jα+ εα2 + jεα3,

β̂ = 1 + jβ + εβ2 + jεβ3,

α̂2 = 1 + α2 + 2αj + 2α2
(
α2 + 1

)
ε+ 4α3jε,

β̂
2
= 1 + β2 + 2jβ + 2β4ε+ 2β2ε+ 4jβ3ε,

α̂β̂ = 1 + α(β + j) + jβ + ε(α2 + β2) + jαβ2ε+ jα2βε+ β3(αε+ jε) + α3(βε+ jε),

α̂2β̂ = 1 + α2 + β2 + α2β2 + 2 (αβ + 1) (α+ β) j + 2
(
α2 + β2 + α2β2 + 4αβ + 1

) (
α2 + β2

)
ε

+4 (α+ β)
(
α2 + β2 + αβ3

)
jε,

α̂β̂
2
= 1 + β2 + 2αβ +

(
α+ 2β + αβ2

)
j +

(
β2 + 2αβ + 1

) (
α2 + 2β2

)
ε+

(
α+ 2β + αβ2

) (
α2 + 2β2

)
jε,

α̂2β̂
2
= 1 + β2 + α2 + α2β2 + 4αβ + 2 (αβ + 1) (α+ β) j + 2

(
α2 + β2 + α2β2 + 4αβ + 1

) (
α2 + β2

)
ε

+4 (αβ + 1) (α+ β)
(
α2 + β2

)
jε.

Theorem 4. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Adrien number is

Ŵn = α̂S1α
n + β̂S2β

n + γ̂S3γ
n + δ̂S4, (4.9)

α̂, β̂, γ̂, δ̂ are given as (4.5), (4.6), (4.7) ,(4.8).

Proof. Using Binet’s formula of the generalized Adrien numbers given below

Wn = S1α
n + S2β

n + S3γ
n + S4,

where S1, S2, S2, S4 are given (3.3) we get

Ŵn = Wn + jWn+1 + εWn+2 + jεWn+3

= S1α
n + S2β

n + S3γ
n + S4

+j(S1α
n+1 + S2β

n+1 + S3γ
n+1 + S4)

+ε(S1α
n+2 + S2β

n+2 + S3γ
n+2 + S4)

+jε(S1α
n+3 + S2β

n+3 + S3γ
n+3 + S4)

= S1α
n(1 + jα+ εα2 + jεα3) + S2β

n(1 + jβ + εβ2 + jεβ3)

+S3γ
n(1 + jγ + εγ2 + jεγ3) + S4(1 + j + ε+ jε)

= α̂S1α
n + β̂S2β

n + γ̂S3γ
n + 1̂nS4.

This proves (4.9). �
As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Adrien number is

Ân =
(2α2 + α+ 1)αnα̂

4α2 + 3α− 1 +
(2β2 + β + 1)βnβ̂

4β2 + 3β − 1
+
(2γ2 + γ + 1)γnγ̂

4γ2 + 3γ − 1 − 1̂
3
, (4.10)
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and the Binet’s Formula of nth dual hyperbolic Adrien-Lucas number is

B̂n = α̂αn + β̂βn + γ̂γn + 1. (4.11)

In the following section, we present the generating function associated with the dual hyperbolic generalized

Adrien numbers.

Theorem 5. The generating function for the dual hyperbolic generalized Adrien numbers is

∞∑
n=0

Ŵnx
n =

Ŵ0 + (Ŵ1 − 3Ŵ0)x+ (Ŵ2 − 3Ŵ1 + Ŵ0)x
2 + (Ŵ3 − 3Ŵ2 + Ŵ1)x

3

1− 3x+ x2 + x4 . (4.12)

Proof. Let

f
Ŵn
(x) =

∞∑
n=0

Ŵnx
n

be generating function of the dual hyperbolic generalized Adrien numbers. Then, using the definition of

the dual hyperbolic generalized Adrien numbers, and substracting xf
Ŵn
(x) and x2f

Ŵn
(x) from f

Ŵn
(x), we

obtain (1− 3x+ x2 + x4)f
Ŵn
(x)

(1− 3x+ x2 + x4)f
Ŵn
(x) =

∞∑
n=0

Ŵxn − 3x
∞∑
n=0

Ŵxn + x2
∞∑
n=0

Ŵxn + x4
∞∑
n=0

Ŵxn,

=

∞∑
n=0

Ŵxn − 3
∞∑
n=0

Ŵxn+1 +

∞∑
n=0

Ŵxn+2 +

∞∑
n=0

Ŵxn+4,

=

∞∑
n=0

Ŵxn − 3
∞∑
n=1

Ŵ(n−1)x
n +

∞∑
n=2

Ŵ(n−2)x
n +

∞∑
n=4

Ŵ(n−4)x
n,

= (Ŵ0 + Ŵ1x+ Ŵ2x
2 + Ŵ3x

3)− 3(Ŵ0x+ Ŵ1x
2 + Ŵ2x

3) + 3(Ŵ0x
2 + Ŵ1x

3),

+

∞∑
n=4

(Ŵn − 3̂Wn−1 + Ŵn−2 + Ŵn−4)x
n,

= Ŵ0 + (Ŵ1 − 3Ŵ0)x+ (Ŵ2 − 3Ŵ1 + 3Ŵ0)x
2 + (Ŵ3 − 3Ŵ2 + Ŵ1)x

3.

Note that, using the recurrence relation Â = 3Ân−1 − Ân−2 − Ân−4 and rearranging above equation the

(4.12) has been obtained. �
Now we can write the generating functions of the dual hyperbolic Adrien and Adrien-Lucas numbers as:

(a): fÂn
(x) =

∞∑
n=0

Ânx
n = 1

1−3x+x2+x4 (j +3ε+8εj) + (1− 3ε+8εj)x+ (6j − 9εj)x
2+ (−ε− 3εj)x3,

(b): fB̂n
(x) =

∞∑
n=0

B̂nx
n = 1

1−3x+x2+x4 (4 + 3j + 7ε+ 18εj) + (−9− 2j − 3ε− 11εj)x

+(2− 4ε− 3εj)x2 + (−4j − 3ε− 7εj)x3.

Lemma 6. Suppose that f
Ŵn
(x) =

∞∑
n=0

Ŵn
xn

n! is the exponential generating function of the dual hyperbolic

generalized Adrien sequence { Ŵn}.
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Then
∞∑
n=0

Ŵn
xn

n! is given by

∞∑
n=0

Ŵn
xn

n!
= S1e

αxα̂+ S2e
βxβ̂ + S3e

γxγ̂ + S4e
x1̂.

where α̂, β̂, γ̂, δ̂ are given as(4.5), (4.6), (4.7) ,(4.8).Using either Binet’s formula for the dual hyperbolic

generalized Adrien numbers or the exponential generating function of the generalized form, we obtain the

following analytical expressions. Adrien sequence we get the required identity.Let’s get the details.

Proof. Using Binet’s formula

Wn = S1α
n + S2β

n + S3γ
n + S4,

where A1, A2, A3, A4 are given in (3.3) we get
∞∑
n=0

Ŵn
xn

n!
=

∞∑
n=0

Wn
xn

n!
+ j

∞∑
n=0

Wn+1
xn

n!
+ ε

∞∑
n=0

Wn+2
xn

n!
+ jε

∞∑
n=0

Wn+3
xn

n!

=

∞∑
n=0

(S1α
n + S2β

n + S3γ
n + S4)

xn

n!
+ j

∞∑
n=0

(S1α
n+1 + S2β

n+1 + S3γ
n+1 + S4)

xn

n!

+ε

∞∑
n=0

(S1α
n+2 + S2β

n+2 + S3γ
n+2 + S4)

xn

n!
+ jε

∞∑
n=0

(S1α
n+3 + S2β

n+3 + S3γ
n+3 + S4)

xn

n!

= (S1e
αx + S2e

βx + S3e
γx + S4e

x) + j(S1αe
αx + S2βe

βx + S3γe
γx + S4e

x)

+ε(S1α
2eαx + S2β

2eβx + S3γ
2eγx + S4e

x) + jε(S1α
3eαx + S2β

3eβx + S3γ
3eγx + S4e

x)

= S1e
αx(1 + jα++εα2 + jεα3) + S2e

βx(1 + jβ ++εβ2 + jεβ3)

+S3e
γx(1 + jγ ++εγ2 + jεγ3) + S4e

x(1 + j ++ε+ jε)

= S1e
αxα̂+ S2e

βxβ̂ + S3e
γxγ̂ + S4e

x1̂. �

From the previous lemma, we derive the following outcomes as particular instances.

Corollary 7. Exponential generating function of dual hiperbolic Adrien and dual hiperbolic Adrien-

Lucas numbers are given by:

a):
∞∑
n=0

Ân
xn

n!
= (

(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex)

+j(
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex)

+ε(
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex)

+jε(
(2α2 + α+ 1)

4α2 + 3α− 1 e
αx +

(2β2 + β + 1)

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)

4γ2 + 3γ − 1 e
γx − 1

3
ex).

=
(2α2 + α+ 1)α̂

4α2 + 3α− 1 eαx +
(2β2 + β + 1)β̂

4β2 + 3β − 1
eβx +

(2γ2 + γ + 1)γ̂

4γ2 + 3γ − 1 eγx − 1̂
3
ex
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b):

∞∑
n=0

B̂n
xn

n!
= eαx + eβx + eγx + ex + j(αeαx + βeβx + γeγx + ex)

+ε(α2eαx + β2eβx + γ2eγx + ex)

+jε(α3eαx + β3eβx + γ3eγx + ex).

= eαxα̂+ eβxβ̂ + eγxγ̂ + ex1̂.

5. Obtaining Binet Formula From Generating Function

We next find Binet formula of dual hyperbolic generalized Adrien number {Ŵn} by the use of generating

function for Ŵn.

Theorem 8. (Binet formula of dual hyperbolic generalized Adrien numbers)

Ŵn =
p1α

n

(α− β)(α− γ)(α− δ) +
p2β

n

(β − α)(β − γ)(β − δ) +
p3γ

n

(γ − α)(γ − β)(γ − δ) +
p4δ

n

(δ − α)(δ − β)(δ − γ)
(5.1)

where

p1 = Ŵ0α
3 + (Ŵ1 − 3Ŵ0)α

2 + (Ŵ2 + Ŵ1 + Ŵ0)α+ (Ŵ3 + Ŵ2 + Ŵ1),

p2 = Ŵ0β
3 + (Ŵ1 − 3Ŵ0)β

2 + (Ŵ2 + Ŵ1 + Ŵ0)β + (Ŵ3 + Ŵ2 + Ŵ1),

p3 = Ŵ0γ
3 + (Ŵ1 − 3Ŵ0)γ

2 + (Ŵ2 + Ŵ1 + Ŵ0)γ + (Ŵ3 + Ŵ2 + Ŵ1),

p4 = Ŵ0δ
3 + (Ŵ1 − 3Ŵ0)δ

2 + (Ŵ2 + Ŵ1 + Ŵ0)δ + (Ŵ3 + Ŵ2 + Ŵ1).

Proof. Let

h(x) = 1− 3x+ x2 + x4.

Then for some α, β, γ and δ we write

h(x) = (1− αx)(1− βx)(1− γx)(1− δx),

i.e.,

1− 3x+ x2 = (1− αx)(1− βx)(1− γx)(1− δx), (5.2)

Hence 1
α ,

1
β ,

1
γ and

1
δ are the roots of h(x). This gives α, β, γ and δ as the roots of

h(
1

x
) = 1− 3

x
+
1

x2
+
1

x4
= 0.

This implies x4 − 3x3 + x2 + u = 0. Now, by it follows that
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∞∑
n=0

Ŵxn =
Ŵ0 + (Ŵ1 − 3Ŵ0)x+ (Ŵ2 − 3Ŵ1 + Ŵ0)x

2 + (Ŵ3 − 3Ŵ2 + Ŵ1)x
3

(1− αx)(1− βx)(1− γx)(1− δx) .

Then we write

Ŵ0 + (Ŵ1 − 3Ŵ0)x+ (Ŵ2 − 3Ŵ1 + Ŵ0)x
2 + (Ŵ3 − 3Ŵ2 + Ŵ1)x

3

(1− αx)(1− βx)(1− γx)(1− δx)

=
B1

(1− αx) +
B2

(1− βx) +
B3

(1− γx) +
B4

(1− δx) . (5.3)

So

Ŵ0 + (Ŵ1 − 3Ŵ0)x+ (Ŵ2 − 3Ŵ1 + Ŵ0)x
2 + (Ŵ3 − 3Ŵ2 + Ŵ1)x

3

= B1(1− βx)(1− γx)(1− δx) +B2(1− αx)(1− γx)(1− δx)

+B3(1− αx)(1− βx)(1− δx) +B3(1− αx)(1− βx)(1− γx).

If we consider x = 1
α , we get Ŵ0 + (Ŵ1 − 3Ŵ0)

1
α + (Ŵ2 − 3Ŵ1 + Ŵ0)

1
α2 + (Ŵ3 − 3Ŵ2 + Ŵ1)

1
α3

= B1(1− β
α )(1−

γ
α )(1−

δ
α ).

This gives

B1 =
α3(Ŵ0 + (Ŵ1 − 3Ŵ0)

1
α + (Ŵ2 − 3Ŵ1 + Ŵ0)

1
α2 + (Ŵ3 − 6Ŵ2 + Ŵ1)

1
α3 )

(α− β)(α− γ)(α− δ)

=
Ŵ0α

3 + (Ŵ1 − Ŵ0)α
2 + (Ŵ2 − 3Ŵ1 + Ŵ0)α+ (Ŵ3 − 3Ŵ2 + Ŵ1)

(α− β)(α− γ)(α− δ) .

Similarly, we obtain

B2 =
Ŵ0β

3 + (Ŵ1 − 3Ŵ0)β
2 + (Ŵ2 − 3Ŵ1 + Ŵ0)β + (Ŵ3 − 3Ŵ2 + Ŵ1)

(β − α)(β − γ)(β − δ) ,

B3 =
Ŵ0γ

3 + (Ŵ1 − 3Ŵ0)γ
2 + (Ŵ2 − 3Ŵ1 + Ŵ0)γ + (Ŵ3 − 3Ŵ2 + Ŵ1)

(γ − α)(γ − β)(γ − δ) ,

B4 =
Ŵ0δ

3 + (Ŵ1 − 3Ŵ0)δ
2 + (Ŵ2 − 3Ŵ1 + Ŵ0)δ + (Ŵ3 − 3Ŵ2 + Ŵ1)

(δ − α)(δ − β)(δ − γ) .

Thus (5.3) can be written as

∞∑
n=0

Ŵxn = B1(1− αx)−1 +B2(1− βx)−1 +B3(1− γx)−1 +B4(1− δx)−1.

This gives

∞∑
n=0

Ŵxn = B1

∞∑
n=0

αnxn +B2

∞∑
n=0

βnxn +B3

∞∑
n=0

γnxn +B4

∞∑
n=0

δnxn

=

∞∑
n=0

(B1α
n +B2β

n +B3γ
n +B4δ

n)xn.
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Therefore, equating coeffi cients from both sides of the above expression yields the following formulation.

Ŵ = B1α
n +B2β

n +B3γ
n +B4δ

n.

and then we get (5.1). �
We can get an identitiy related to dual hyperbolic Adrien numbers given below.

Theorem 9. For all integers m,n the following identities hold:

Ŵm+n = Am−2Ŵn+3 + (−Am−3 −Am−5)Ŵn+2 + (−Am−4)Ŵn+1 −Am−3Ŵn.

Proof. First we assume that m,n ≥ 0 then (9) can be proved by mathematical induction on m. If m = 0

we get

Ŵn = A−2Ŵn+3 + (−A−3 −A−5)Ŵn+2 + (−A−4)Ŵn+1 −A−3Ŵn.

which is true since A−2 = 0, A−3 = −1, A−4 = 0, A−5 = 1. Assume that the equality holds for m ≤ k. For

m = k + 1, we get

Ŵk+1+n = 3Ŵn+k − Ŵn+k−1 − Ŵn+k−3,

= 3Ak−2Ŵn+3 + (−Ak−3 −Ak−5)Ŵn+2

+3(−Ak−4)Ŵn+1 −Ak−3Ŵn

−(Ak−3Ŵn+3 + (−Ak−4 −Ak−6)Ŵn+2 + (−A−5)Ŵn+1 −Ak−4Ŵn)

−Ak−5Ŵn+3 + (−Ak−6 −Ak−8)Ŵn+2 + (−Ak−6)Ŵn+1 −Ak−6Ŵn.

Consequently, by mathematical induction on m, this proves Theorem (9).

The other cases of m,n can be proved smilarly for all integers m,n. �
Taking Ŵn = An or Ŵn = Bn in above Theorem, respectively, we get:

Corollary 10.

Âm+n = Am−2Ân+3 + (−Am−3 −Am−5)Ân+2 + (−Am−4)Ân+1 −Am−3Ân,

B̂m+n = Am−2B̂n+3 + (−Am−3 −Am−5)B̂n+2 + (−Am−4)B̂n+1 −Am−3B̂n.

6. Simson’s Formulas

This section introduces Simson’s formula as applied to the dual hyperbolic generalized Adrien numbers.

This is a special case of [21,Theorem 4.1].

Theorem 11. For all integers n, we have∣∣∣∣∣∣∣∣∣∣∣∣

Ŵn+3 Ŵn+2 Ŵn+1 Ŵn

Ŵn+2 Ŵn+1 Ŵn Ŵn−1

Ŵn+1 Ŵn Ŵn−1 Ŵn−2

Ŵn Ŵn−1 Ŵn−2 Ŵn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= (Ŵ0+Ŵ1+2Ŵ2−Ŵ3)(−Ŵ 3

3+5Ŵ
3
2+Ŵ

3
1+Ŵ

3
0−(Ŵ0+3Ŵ1−7Ŵ2)Ŵ

2
3
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+(3Ŵ0 − 4Ŵ1 − 14Ŵ3)Ŵ
2
2 + (2Ŵ0 + Ŵ2 − 6Ŵ3)Ŵ

2
1 − (Ŵ1 + 2Ŵ3)Ŵ

2
0 + 13Ŵ1Ŵ2Ŵ3 + Ŵ0Ŵ2Ŵ3 +

5Ŵ0Ŵ1Ŵ3 − 7Ŵ0Ŵ1Ŵ2).

Proof. Take r = 3, s = −1, t = 0, u = −1. �

Corollary 12. For all integers n, the Simson’s formulas of dual hyperbolic generalized Adrien number

and dual hyperbolic generalized Adrien-Lucas numbers are given as:∣∣∣∣∣∣∣∣∣∣∣∣

Ân+3 Ân+2 Ân+1 Ân

Ân+2 Ân+1 Ân Ân−1

Ân+1 Ân Ân−1 Ân−2

Ân Ân−1 Ân−2 Ân−3

∣∣∣∣∣∣∣∣∣∣∣∣
= 18j − 97ε+ 139jε− 12,

∣∣∣∣∣∣∣∣∣∣∣∣

B̂n+3 B̂n+2 B̂n+1 B̂n

B̂n+2 B̂n+1 B̂n B̂n−1

B̂n+1 B̂n B̂n−1 B̂n−2

B̂n B̂n−1 B̂n−2 B̂n−3

∣∣∣∣∣∣∣∣∣∣∣∣
= −2349j − 16 443ε− 16 443jε− 2349,

respectively.

7. Linear Sums

This section presents the summation formulas for the dual hyperbolic generalized Adrien numbers,

encompassing both positive and negative subscripts. We then proceed to introduce the summation formulas

for the generalized Adrien numbers.

Theorem 13. For the generalized Adrien numbers with positive and negative subscript, we have the

following formulas:

(a):
n∑
k=0

Wk =
1
3 (−(n+3)Wn+3+(2n+7)Wn+2+(n+2)Wn+1+(n+4)Wn+3W3−7W2−2W1−W0).

(b):
n∑
k=0

W2k =
1
3 (−(n+2)W2n+2+(2n+5)W2n+1+(n+3)W2n+(n+2)W2n−1+2W3−4W2−3W1).

(c):
n∑
k=0

W2k+1 =
1
3 (−(n+1)W2n+2+(2n+5)W2n+1+(n+2)W2n+(n+2)W2n−1+2W3−5W2−2W0).

(d):
n∑
k=1

W−k =
1
3 (−(n + 1)W−n+3 + (2n + 1)W−n+2 + (n + 2)W−n+1 + (n + 3)W−n +W3 −W2 −

2W1 − 3W0).

(e):
n∑
k=1

W−2k =
1
3 (−(n + 2)W−2n+2 + (2n + 3)W−2n+1 + (n + 4)W−2n + (n + 2)W−2n−1 + 2W3 −

4W2 −W1 − 4W0).

(f):
n∑
k=1

W−2k+1 =
1
3 (−(n+ 3)W−2n+2 + 2(n+ 3)W−2n+1 + (n+ 2)W−2n + (n+ 2)W−2n−1 + 2W3 −

3W2 − 4W1 − 2W0).

Proof. For the proof, see Soykan [19]. �
As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

numbers.
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Theorem 14. For the dual hyperbolic numbers, we have the following formulas:

(a):
n∑
k=0

Ŵk =
1
3 (−(n+3)Ŵn+3+(2n+7)Ŵn+2+(n+2)Ŵn+1+(n+4)Ŵn+3Ŵ3−7Ŵ2−2Ŵ1−Ŵ0).

(b):
n∑
k=0

Ŵ2k =
1
3 (−(n+2)Ŵ2n+2+(2n+5)Ŵ2n+1+(n+3)Ŵ2n+(n+2)Ŵ2n−1+2Ŵ3−4Ŵ2−3Ŵ1).

(c):
n∑
k=0

Ŵ2k+1 =
1
3 (−(n+1)Ŵ2n+2+(2n+5)Ŵ2n+1+(n+2)Ŵ2n+(n+2)Ŵ2n−1+2Ŵ3−5Ŵ2−2Ŵ0).

(d):
n∑
k=1

Ŵ−k =
1
3 (−(n + 1)Ŵ−n+3 + (2n + 1)Ŵ−n+2 + (n + 2)Ŵ−n+1 + (n + 3)Ŵ−n + Ŵ3 − Ŵ2 −

2Ŵ1 − 3Ŵ0).

(e):
n∑
k=1

Ŵ−2k =
1
3 (−(n + 2)Ŵ−2n+2 + (2n + 3)Ŵ−2n+1 + (n + 4)Ŵ−2n + (n + 2)Ŵ−2n−1 + 2Ŵ3 −

4Ŵ2 − Ŵ1 − 4Ŵ0).

(f):
n∑
k=1

Ŵ−2k+1 =
1
3 (−(n+ 3)Ŵ−2n+2 + 2(n+ 3)Ŵ−2n+1 + (n+ 2)Ŵ−2n + (n+ 2)Ŵ−2n−1 + 2Ŵ3 −

3Ŵ2 − 4Ŵ1 − 2Ŵ0).

Proof.

(a): Note that using (4.1), we get
n∑
k=0

Ŵk =

n∑
k=0

Wk + j

n∑
k=0

Wk+1 + ε

n∑
k=0

Wk+2 + jε

n∑
k=0

Wk+3

and using Theorem (13) then proof is straightforward.

(b): Note that using (4.1), we get
n∑
k=0

Ŵ2k =

n∑
k=0

W2k + j

n∑
k=0

W2k+1 + ε

n∑
k=0

W2k+2 + jε

n∑
k=0

W2k+3

and using Theorem (13) the proof is easily attainable.

(c): Note that using (4.1), we get
n∑
k=0

Ŵ2k+1 =

n∑
k=0

W2k+1 + j

n∑
k=0

W2k+2 + ε

n∑
k=0

W2k+3 + jε

n∑
k=0

W2k+4

and using Theorem (13) the proof is straightforward.

Proof.

(d): Note that using (4.1), we get
n∑
k=0

Ŵ−k =

n∑
k=0

W−k + j

n∑
k=0

W−k+1 + ε

n∑
k=0

W−k+2 + jε

n∑
k=0

W−k+3

and using Theorem (13) the proof is easily attainable.

(e): Note that using (4.1), we get

n∑
k=0

Ŵ−2k =

n∑
k=0

W−2k + j

n∑
k=0

W−2k+1 + ε

n∑
k=0

W−2k+2 + jε

n∑
k=0

W−2k+3

and using Theorem (13) then proof is straightforward.
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(f): Note that using (4.1), we get using Theorem (13), we get

n∑
k=0

Ŵ−2k+1 =

n∑
k=0

W−2k+1 + j

n∑
k=0

W−2k+2 + ε

n∑
k=0

W2k+3 + jε

n∑
k=0

W−2k+4

and using Theorem (14) the proof is easily completed. �
As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Adrien numbers.

Theorem 15. For n ≥ 0, dual hyperbolic generalized Adrien numbers have the following properties:

(a):
n∑
k=0

Âk =
1
3 (−(n+ 3)Ân+3 + (2n+ 7)Ân+2 + (n+ 2)Ân+1 + (n+ 4)Ân + j − 4ε− 14jε).

(b):
n∑
k=0

Â2k =
1
3 (−(n+ 2)Â2n+2 + (2n+ 5)Â2n+1 + (n+ 3)Â2n + (n+ 2)Â2n−1 + 1 + j − 3jε).

(c):
n∑
k=0

Â2k+1 =
1
3 (−(n+1)Â2n+2+(2n+5)Â2n+1+(n+2)Â2n+(n+2)Â2n−1−1+2j−3ε−10jε).

(d):
n∑
k=1

Â−k =
1
3 (−(n+ 1)Â−n+3 + (2n+ 1)Â−n+2 + (n+ 2)Â−n+1 + (n+ 3)Â−n + 7j + 8ε+ 18jε).

(e):
n∑
k=1

Â−2k =
1
3 (−(n+2)Â−2n+2+(2n+3)Â−2n+1+(n+4)Â−2n+(n+2)Â−2n−1−1+7j+4ε+7jε).

(f):
n∑
k=1

Â−2k+1 =
1
3 (−(n+ 3)Â−2n+2 + 2(n+ 3)Â−2n+1 + (n+ 2)Â−2n + (n+ 2)Â−2n−1 + 1 + 6j +

7ε+ 14jε).

In the following, we derive the ordinary generating functions corresponding to certain special cases of

the dual hyperbolic generalized Adrien numbers.

Theorem 16. The ordinary generating functions of the sequences Ŵ2n, Ŵ2n+1 are given as follows:

(a):
∑∞
n=0 Ŵ2nx

n =
3x2Ŵ3 + (x

3 − 8x2 + x)Ŵ2 − 3x3Ŵ1 + (x
3 + 2x2 − 7x+ 1)Ŵ0

x4 + 2x3 + 3x2 − 7x+ 1

(b):
∑∞
n=0 Ŵ2n+1x

n =
(x3 + x2 + x)Ŵ3 − (3x3 + 3x2)Ŵ2 + (x

3 + 2x2 − 7x+ 1)Ŵ1 − 3x2Ŵ0

x4 + 2x3 + 3x2 − 7x+ 1
From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic

Adrien numbers (Take Ŵn = Ân with

Â0 = j + 3ε+ 8εj, Â1 = 1 + 3j + 8ε+ 21jε, Â2 = 3 + 8j + 21ε+ 54jε, Â3 = 8 + 21j + 54ε+ 138jε )

Corollary 17. For n ≥ 0 dual hyperbolic Adrien numbers have the following properties.

(a):
∑∞
n=0 Â2nx

n = 1
x4+2x3+3x2−7x+13x

2 (21j + 54ε+ 138jε+ 8)−3x3 (3j + 8ε+ 21jε+ 1)+(3ε+ 8jε+ 1)
(
x3 + 2x2 − 7x+ 1

)
+(

x3 − 8x2 + x
)
(8j + 21ε+ 54jε+ 3) .

(b):
∑∞
n=0 Â2n+1x

n = 1
−(x4+2x3+3x2−7x+1)3x

2 (3ε+ 8jε+ 1) +
(
3x3 + 3x2

)
(8j + 21ε+ 54jε+ 3) −

(3j + 8ε+ 21jε+ 1)
(
x3 + 2x2 − 7x+ 1

)
−
(
x3 + x2 + x

)
(21j + 54ε+ 138jε+ 8) .
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8. Matrices related with Dual Hyperbolic Generalized Adrien Numbers

This part of the study introduces matrix identities that arise in connection with the dual hyperbolic

Adrien numbers.

By using the {An} which is defined by the fourth-order recurrence relation as follows:

An = 3An−1 −An−2 −An−4 ,

with the initial conditions

A0 = 0, A1 = 1, A2 = 3, A3 = 8. (8.1)

We define the square matrix M of order 4 as

M =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0


such that detM = 1. Then, we give the following Lemma.

Lemma 18. For n ≥ 0 the following identity is true
Ŵn+3

Ŵn+2

Ŵn+1

Ŵn

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



n
Ŵ3

Ŵ2

Ŵ1

Ŵ0

 (8.2)

Proof. First, we prove the assertion for the case n ≥ 0. Lemma 18 can be given by mathematical

induction on n. If n = 0 we get
Ŵ3

Ŵ2

Ŵ1

Ŵ0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



0
Ŵ3

Ŵ2

Ŵ1

Ŵ0


which is true. We assume that (8.2) is true for n = k. Thus the following identity is true.


Ŵk+3

Ŵk+2

Ŵk+1

Ŵk

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
Ŵ3

Ŵ2

Ŵ1

Ŵ0

 .

For n = k + 1, we get
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
3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k+1
Ŵ3

Ŵ2

Ŵ1

Ŵ0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
Ŵ3

Ŵ2

Ŵ1

Ŵ0



=


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




Ŵk+3

Ŵk+2

Ŵk+1

Ŵk



=


Ŵk+4

Ŵk+3

Ŵk+2

Ŵk+1

 .

Consequently, by mathematical induction on n, the proof is completed. �
Note that

An =


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3


For the proof see [20].

We define

NH
Ŵ

=


Ŵ3 Ŵ2 Ŵ1 Ŵ0

Ŵ2 Ŵ1 Ŵ0 Ŵ−1

Ŵ1 Ŵ0 Ŵ−1 Ŵ−2

Ŵ0 Ŵ−1 Ŵ−2 Ŵ−3

 , (8.3)

EH
Ŵ

=


Ŵn+3 Ŵn+2 Ŵn+1 Ŵn

Ŵn+2 Ŵn+1 Ŵn Ŵn−1

Ŵn+1 Ŵn Ŵn−1 Ŵn−2

Ŵn Ŵn−1 Ŵn−2 Ŵn−3

 . (8.4)

Now, we have the following theorem with N
Ŵ
and E

Ŵ
.

Theorem 19. Using N
Ŵ
and E

Ŵ
, we get

AnN
Ŵ
= E

Ŵ
.
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Proof. Note that we get

AnN
Ŵ

=


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3




Ŵ3 Ŵ2 Ŵ1 Ŵ0

Ŵ2 Ŵ1 Ŵ0 Ŵ−1

Ŵ1 Ŵ0 Ŵ−1 Ŵ−2

Ŵ0 Ŵ−1 Ŵ−2 Ŵ−3



=


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44



where

a11 = An+1Ŵ3 + (−An −An−2)Ŵ2 + (−An−1)Ŵ1 + (−An)Ŵ0,

a12 = An+1Ŵ2 + (−An −An−2)Ŵ1 + (−An−1)Ŵ0 + (−An)Ŵ−1,

a13 = An+1Ŵ1 + (−An −An−2)Ŵ0 + (−An−1)Ŵ−1 + (−An)Ŵ−2,

a14 = An+1Ŵ0 + (−An −An−2)Ŵ−1 + (−An−1)Ŵ−2 + (−An)Ŵ−3,

a21 = AnŴ3 + (−An−1 −An−3)Ŵ2 + (−An−2)Ŵ1 + (−An−1)Ŵ0,

a22 = AnŴ2 + (−An−1 −An−3)Ŵ1 + (−An−2)Ŵ0 + (−An−1)Ŵ−1,

a23 = AnŴ1 + (−An−1 −An−3)Ŵ0 + (−An−2)Ŵ−1 + (−An−1)Ŵ−2,

a24 = AnŴ0 + (−An−1 −An−3)Ŵ−1 + (−An−2)Ŵ−2 + (−An−1)Ŵ−3,

a31 = An−1Ŵ3 + (−An−2 −An−4)Ŵ2 + (−An−3)Ŵ1 + (−An−2)Ŵ0,

a32 = An−1Ŵ2 + (−An−2 −An−4)Ŵ1 + (−An−3)Ŵ0 + (−An−2)Ŵ−1,

a33 = An−1Ŵ1 + (−An−2 −An−4)Ŵ0 + (−An−3)Ŵ−1 + (−An−2)Ŵ−2,

a34 = An−1Ŵ0 + (−An−2 −An−4)Ŵ−1 + (−An−3)Ŵ−2 + (−An−2)Ŵ−3,

a41 = An−2Ŵ3 + (−An−3 −An−5)Ŵ2 + (−An−4)Ŵ1 + (−An−3)Ŵ0,

a42 = An−2Ŵ2 + (−An−3 −An−5)Ŵ1 + (−An−4)Ŵ0 + (−An−3)Ŵ−1,

a43 = An−2Ŵ1 + (−An−3 −An−5)Ŵ0 + (−An−4)Ŵ−1 + (−An−3)Ŵ−2,

a44 = An−2Ŵ0 + (−An−3 −An−5)Ŵ−1 + (−An−4)Ŵ−2 + (−An−3)Ŵ−3.

Using the theorem (9) the proof is done. �
by taking Wn =An with A0, A1, A2, A3 in (8.3) and (8.4)
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Ŵn =ŴBn with ŴB0, ŴB1, ŴB2, ŴB3 in (8.3) and (8.4)

respectively, we get:

NÂ =


8 + 21j + 54ε+ 138jε 3 + 8j + 21ε+ 54jε 1 + 3j + 8ε+ 21jε j + 3ε+ 8εj

3 + 8j + 21ε+ 54jε 1 + 3j + 8ε+ 21jε j + 3ε+ 8εj ε+ 3εj

1 + 3j + 8ε+ 21jε j + 3ε+ 8εj ε+ 3εj jε

j + 3ε+ 8εj ε+ 3εj jε −1

 ,

EÂ =


Ân+3 Ân+2 Ân+1 Ân

Ân+2 Ân+1 Ân Ân−1

Ân+1 Ân Ân−1 Ân−2

Ân Ân−1 Ân−2 Ân−3

 ,

NB̂ =


18 + 43j + 108ε+ 274jε 7 + 18j + 43ε+ 108jε 3 + 7j + 18ε+ 43jε 4 + 3j + 7ε+ 18jε

7 + 18j + 43ε+ 108jε 3 + 7j + 18ε+ 43jε 4 + 3j + 7ε+ 18jε 4j + 3ε+ 7jε

3 + 7j + 18ε+ 43jε 4 + 3j + 7ε+ 18jε 4j + 3ε+ 7jε −2 + 4ε+ 3jε

4 + 3j + 7ε+ 18jε 4j + 3ε+ 7jε −2 + 4ε+ 3jε 9− 2j + 4jε

 ,

EB̂ =


B̂n+3 B̂n+2 B̂n+1 B̂n

B̂n+2 B̂n+1 B̂n B̂n−1

B̂n+1 B̂n B̂n−1 B̂n−2

B̂n B̂n−1 B̂n−2 B̂n−3

 .

From Theorem [19], we can write the following corollary.

Corollary 20. The following identities are hold:

a): AnN
ŴA

= E
ŴA

.

b): AnN
ŴB

= E
ŴB

.

9. Conclusions

In this study, we introduce a new class of fourth-order recurrence relations, referred to as the dual

hyperbolic Generalized Adrien numbers, accompanied by two notable special cases. We investigate a com-

prehensive set of structural properties associated with these sequences, including closed-form (Binet-type)

expressions, ordinary and exponential generating functions, Simson-type identities, summation formulas,

recurrence dynamics, and matrix-based representations.

Recurrence relations have long attracted significant scholarly attention due to their versatility and wide-

ranging applicability across disciplines such as physics, engineering, architecture, the natural sciences, and

the arts. Among these, sequences governed by second-order recurrence relations most notably the Fibonacci,

demir
Vurgu
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Lucas, Pell, and Jacobsthal sequences occupy a central position in mathematical literature. The Fibonacci

sequence, for example, gained historical prominence through its role in modeling rabbit population growth in

Leonardo de Pisa’s 1202 treatise Liber Abaci. Both Fibonacci and Lucas sequences have inspired extensive

research, owing to their elegant algebraic structure and numerous remarkable identities.

Recurrence relations play a foundational role in both theoretical and applied mathematics, offering a

powerful framework for modeling sequential processes and dynamic systems. Their significance extends

across diverse domains including algorithm analysis in computer science, population modeling in biology,

signal processing in engineering, and even aesthetic patterns in architecture and the arts. By expressing

each term of a sequence in relation to its predecessors, recurrence relations enable the formulation of effi cient

computational strategies, particularly in recursive algorithms and divide-and-conquer paradigms. Classical

examples such as the Fibonacci sequence illustrate their utility in modeling natural growth phenomena,

while more complex relations underpin the analysis of sorting algorithms, dynamic programming, and com-

binatorial structures. In this study, the exploration of fourth-order recurrence relations specifically the dual

hyperbolic Generalized Adrien numbers demonstrates how such constructs can yield rich algebraic proper-

ties, closed-form expressions, and generating functions, thereby contributing to the broader understanding

of discrete mathematical systems.

The structural properties derived from the dual hyperbolic Generalized Adrien numbers open promising

avenues for interdisciplinary applications. In quantum physics, recurrence relations underpin the analysis

of quantum recurrences, such as those observed in the quantum kicked top and Poincaré-type phenomena,

where unitary evolution exhibits periodic behavior in finite-dimensional Hilbert spaces. These sequences

may contribute to modeling quantum coherence, entanglement dynamics, and state evolution in chaotic

systems. In biology, recurrence-based models are instrumental in describing population dynamics, gene

regulatory networks, and disease spread. For instance, nonlinear recurrence relations have been used to

simulate genetic feedback loops and epidemiological transitions, offering insights into temporal biological

computation and memory encoding in cellular systems. In statistics, recurrence relations support time series

analysis, autoregressive modeling, and recurrence quantification techniques, which are essential for detecting

non-stationarity, hidden periodicities, and complex dependencies in stochastic data.

Looking ahead, several future research directions emerge from this study. These include exploring the

algebraic and spectral properties of higher-order Adrien-type sequences, investigating their role in reservoir

computing architectures, and applying them to nonlinear dynamical systems and chaotic attractors. Ad-

ditionally, the integration of recurrence-based models with machine learning frameworks such as recurrent

neural networks and symbolic regression may yield novel computational tools for pattern recognition and

predictive modeling. The matrix representations and generating functions derived here also invite further

exploration in operator theory, combinatorial identities, and quantum information geometry, potentially

bridging discrete mathematics with continuous physical systems.
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