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Abstract

In this paper, our aim is to introduce to investigate the global boundedness of the following two-
species predator-prey chemotaxis model with indirect signal production under the homogeneous
Neumann boundary conditions. By the method of some priori estimates and semigroup technique,
for any sufficiently regular nonnegative initial data and appropriate parameter restrictionswe, we
demonstrate that the model has a globally bounded classical solution.
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1 Introduction

In this paper, we focus on studying the following predator-prey chemotaxis model with indirect signal
production

ur = diAu~+ x1V - (uVz) + piu (1 —u — e1v), x€eQt>0,

v = daAv — X2V - (WV2) + pov (=1 + equ —v), z € Q,t>0,

w = Aw —w +u + v, zeQt>0,

2t =0z — 24w, r€eQ,t>0, (1.1)
Gu = v = Jw — 2z x €0 t>0,

u(z,0) = uo(zx), v(z,0) = vo(x), x € Q,

w(z,0) = wo(z), 2(z,0) = 20(z), x € Q,

where Q C R"™(n > 1) is a bounded domain with smooth boundary 952, the parameter x1, x2, d1, d2, pi1, pi2,
e1, e2 are positive constants, u(z,t) and v(x, t) denote the density of prey (e.g. phytoplankton) and
predator (e.g. copepods), respectively, w(z,t) (e.g., dimethyl sulfide) and z(z,t) (e.g., fatty acids)
stand for the concentration of the chemical substance, z(z, t) is secreted by w(x, t), w(z, t) is secreted

by u(z,t) and v(z,t). d1 and d are called random diffusion coefficients which represent the natural
dispersive force of movement of the prey and predator, respectively. x:1 and x. are chemotactic
sensitivities, moreover, the term +x1V - (uVz) implies that prey move away from chemicals secreted

by predators at higher concentrations (chemorepulsion), —x2V-(vV z) describes movement of predators
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toward chemicals secreted by prey at higher concentrations (chemoattraction). i1 and 2 denote the
growth rates of two species. e; and e; measure interaction between two species.

If x1 < 0 and ez < 0, the model (1.1) refers to the two-competing-species chemotaxis model,
which has been proposed and studied by Xiang et al. (2022). They established a unique bounded
classical solution for n < 2. In addition, the asymptotic stability of the global bounded solution to
the model is discussed when p; and a; satisfy certain conditions. Specially, Zheng et al. (2022Pan)
investigated further this model with d; = d2 = 1 in a bounded domain Q C R®. They proved
that the model has a unique global classical solution under some suitable conditions of parameters,
moreover, the asymptotic stability of the solution is obtained. Recently, Wang et al. (2023) continued
to investigate the model with singular sensitivity and they explored that the global existence and
boundedness of classical solutions depends on the coefficients of the model and spatial dimension
n.

In order to better study model (1.1), it is necessary to review relevant works in this direction. Next,
we recall the following predator-prey chemotaxis model with direct signal production

us = diAu+x1V - (uVw) + piu(l —u—ev), z€Qt>0,

v = doAv — x2V - (VVw) + pev (1 +eu—v), z€Q,t>0,

wy = dsAw + au + fv — yw, e t>0, (1.2)

Ju =90 =900, x € 00,t >0,

u(z,0) = uo(x),v(z,0) = vo(x),w(x,0) = wo(x), z€Q.
Where di,d2,ds, x, &, 11, p2, €1, e2,, 3,y are positive constants, @ C R" is a smooth bounded
domain. The model was proposed and studied by Fu and Miao (2020). They proved that if the
parameters satisfy some suitable conditions, the model has a unique global classical solution. Furthermore,
the global asymptotic stability of the equilibria was explored by constructing Lyapunov functions.
Subsequently, in the case when n = 3 and d1 = d2 = ds = 1, the global existence and boundedness
of classical solution to model (1.2) was established in (Miao et al., 2021). Recently, the model (1.2)
with nonlinear production has been studied by Gnanasekaran et al. (2022), they obtained the global
existence of classical solution in higher dimensions.

For convenience of statement, in this paper, we always assume that d; = d2 = 1 and the initial

data (uo, vo, wo, 2z0) satisfy

up € C°(Q) with ug > 01in €,
vo € C°(Q) with vg > 0in Q, (1.3)
wo,z0 € WH9(Q)  for some g > 3, with wo, zo > 0in Q.

Our main result is the following theorem which describe the global bounded of classical solution
to the model (1.1) in a three-dimensional bounded domain.

Theorem 1.1. Suppose that the parameters x1, x2, p1, b2, €1, e2 be positive constants and satisfy

p2esx1 < durerxz, (1.4)
pip2es > X1 (4 + u%e%) s (1.5)
pipzer > xz (44 pied) . (1.6)

Then the model (1.1) has a unique global classical solution (u,v,w, z) with
u € C’O(f:l x [0,00)) x CQ’I(S:? x (0, 00))
v e CO(Q x [0,00)) x Cz’l(Q x (0, 00))
w € C°(Q x [0,00)) x C*H(Q x (0,00)) N LT, ([0, o0); Wl’q(Q))
z € CO(Q x [0,00)) x C*(2 x (0,00)) N LfS. ([0, 00); WH9(Q2))

for some q > 3. Moreover, one can get

(1.7)

||u(-,t)HLoc(Q) + ||'U(-,t)HLoo(Q) —+ ||'w(~,t)||Loc<Q> + Hz(v,t)HLoo(Q) <C forallt >0 (18)
with some constant C' > 0 that is independent of t.
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Remark 1.1. In the case that n > 3, we have to leave an open question about global existence, which
shall be solved in the future work.

The rest of this paper is organized as follows. Some preliminaries are collected in Section 2.
Section 3 is devoted to studying the global existence and uniform boundedness of the classical
solution to the model (1.1) in a three-dimensional bounded domain.

2 Preliminaries and local existence

Before presenting the main results, we recall some known conclusions that will be utilized in the
subsequent proofs. Firstly, we introduce the following lemma (refer to Lemma 3.4 in (Winkler, 2010)).

Lemma 2.1. Leta > 0 and d > 0,and suppose that y: [0,T) — [0, 00) is absolutely continuous. If
there exists a nonnegative function h € L},.([0,T)) satisfying

t+1
/ h(s)ds <d forallt € [0,T —1)
t

and
y'(t) + ay(t) < h(?),
we can get
d
y(t) < max{y(0) + d, - 2d}.

Next, we present several properties of the Neumann heat semigroup. For the detailed proof,
please refer to Lemma 1.3 in (Winkler, 2010).

Lemma2.2. Let (e'?) .~ be the Neumann heat semigroup in Q2, and A1 > 0 denotes the first nonzero

eigenvalue of — A in Q, under the Neumann boundary condition, then we obtain the following estimate
with constants

() If1<q<p<oo,then

holds for all ¢ € L(Q) with [, ¢ = 0.
() If1 <q<p<oo,then

(&

tA‘

_ﬂ(l_l) “Apt
<k (1+t72\a">) )¢ lellzacey forallt >0
LP(Q)

_1l_n(1_ 1
Hvef%H o <F2 (1+t 5% (3 p))ﬂliuwumm) forallt >0
LP(Q

are true for each o € L1(Q).

Then, we prepare the following generalization of the Gagliardo-Nirenberg inequality (see (Wu et
al.,, 2018), Lemma 2.4).

Lemma 2.3. Letu € LP(Q) and D*u € LY(Q) where p,q € [1,00]. Then for the derivatives D'u,i €
[0, k), there exists a constant C > 0 such that

o], < (ot s + ) @)
where '
%—%:A(é—%)—i—(l—)\)a m >0,
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and \ satisfies )
(2
— <A< 1.
P SAS

Moreover, ifq € (1,00) and k—i—7 is a non-negative integer, then the Gagliardo-Nirenberg inequality
(2.1) holds for

1
- <A<
= <

The following estimate plays an important role in removing the convexity of domains. The proof
is indicated by Mizoguchi-Souplet (see (Mizoguchi et al., 2014), Lemma 4.2).

Lemma 2.4. LetQ C R™(n > 1) be a bounded domain with smooth boundary. If ¢ € C*(Q) satisfies
oy /ov = 0, then
o|Vy|?
AL < catvup,
where cq > 0 is a constant depending only on the curvatures of 9X).

Now, we collect the trace theorem proved by Ishida et al. (2014), which is used to deal with the
boundary integral term.

Lemma 2.5. Let Q2 C R™*(n > 1) be a bounded domain with smooth boundary. Then for all ¢ > 0,

there exists C. > 0 such that
2 2 ?
[ oet<e[wer ([ 1ol)
o0 Q Q
for all p € W2(Q).

Finally, we state the local-in-time existence result of the classical solution of (1.1), which can be
obtained through standard techniques that combining Banach’s fixed point theorem and the parabolic
regularity theory (refer to Lemma 2.1 in (Winkler, 2010) and Lemma 3.1 in (Horstmann et al., 2005) ).

Lemma 2.6. Assume that Q@ C R"(n > 1) is a bounded domain with smooth boundary, and
X1, X2, d1,d2, u1, p2, €1,e2 are positive constants, ¢ > max{2,n} and exists Tmax € (0,00]. Then
for all (uo, vo, wo, z0) satisfying (1.3), the solution (u,v,w, z) of (1.1) is unique, which fulfills

u € C%Q X [0, Timax)) N C*H(Q x (0, Trmax))
v € CYQ X [0, Timax)) N CZH(Q X (0, Tinax))
w € C%Q % [0, Timax)) N C*H(Q X (0, Tmax)) N LS, ([0, Tnax); WH(2))
2 € C%Q X [0, Timax)) N C*'(Q X (0, Tmax)) N LiSe ([0, Tmax); WH9(Q)) .

Furthermore, if Tax < oo, then

lim sup (Hu('7t)||L°°(Q) + HU('7t)||L°°(Q)> = oo
t " Timax
Without loss of generality, we assume from this point forward that Tinax > 1, where Ti,.x represents
the maximal existence time derived from Lemma 2.6. We assume that C', C; and k; are positive
constants, independent of both ¢ and T' throughout the subsequent analysis.

3 Global existence

We know that the uniform boundedness of ||u(-,t)||2(q) and [|v(-,t)||12(q) are sufficient to ensure
the global boundedness of the classical solution to (1.1) in @ C R® . In this section, we shall establish
a series of energy estimates on the functionals > [, u* + > [, v* and [, (u2ezu + pie1v) |Vz|* as
well as [, [Vz|*. The ideas used mainly come from (Pan et al., 2022).

To begin with, let us state the L'-boundedness of u and v. The proof is similar to Lemma 2.2 in
(Fu et al., 2020), we omit the details here.
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Lemma 3.1. Letn > 1. The solution of model (1.1) has the following properties
/ u(a, )de < by = max { Juoll s oy 12} . Torallt € (0, Tonas).
Q

/ v(z,t)dr < kg = G , forallt € (0, Tmax),
piel

t+1 k
/ / (z,s)dzds < k3 := k1 —|— forallt € [0, Thmax — 1),

t+1
1
/ /v2(x78)dxd8§k4zzwch for allt € [0, Thnax — 1),
Q H1p2€1

Hipz(e1ter)|Q|

where C; = max {um o [|1ay +Huren || vo [lp1(q), Lreelrteel

Now, we provide the following important lemmas that are crucial to validate L?-boundedness of
u and v.

Lemma 3.2. Letn > 1. Then there exist C> > 0 and C5 > 0 such that

/ |Vw(z,t)|> < Co forallt € (0, Tmax) (3.1)
Q
as well as
/ w® < Cy forallt € (0, Tmax — 1). (3.2)
Q

Proof. Multiplying the third equation in (1.1) by —Aw, integrating on Q by parts and using Young’s
inequality, we derive

1 1
< 2 L 2 L 2
2dt/\V\+/|Aw|+/\Vm| /qu /QvAwf/Q|Aw|+2/Qu+2/Qv

for all ¢ € (0, Timax). Define yi(t) = [, [Vw(z,t)|*dz, then it satisfies y/(t) + 2y(t) < f(t) for all

€ (0, Tmax), Where
:/u2+/v2
Q Q

t+1
/ f(S)dS < Cy:=ks+ kg forallt (O,Tmax — 1).
t

By Lemma 3.1, we obtain

Accordingly, in view of Lemma 2.1, one can get

yi1(t) < Cs: = max{/ |Vwo|? + Cu, %
Q

with Cs > 0. Multiplying the third equation in (1.1) by w, integrating on Q2 by parts and using Young’s
inequality, we can find

1 2 2 2
w+/|Vw| /w2+/uw—|—/vw§—7/w —|—/u +/v
th/ Q Q Q 2 Ja Q Q

for all t € (0, Tmax). Therefore, we have

i/w2+/w2§2/u2+2/02 forall t € (0, Tmax)-
dt Jq Q Q Q

Using Lemma 2.1, and there exists Cs > 0 such that

/ w? < Cg := max {/ wg + 204,604} . (3.3)
Q Q
Which implies (3.2). O

+ 2C4} forall t € (0, Trmax),
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Lemma 3.3. Letn > 1, and there exists C7; > 0 such that the solution of (1.1) satisfies
/ |Vz(z,t)|* < Cr,t € [0, Tmax — 1). (3.4)
Q

Proof. Multiplying the fourth equation in (1.1) by —Az, integrating on 2 by parts and using Young’s
inequality, we have

2dt/ V2| +/ V2| +/ A7 = /wAz< ;/Qw2+%/ﬂ|az|2 for all £ € (0, Toax),

which indicates
i/ |vZ|2+2/ |Vz|2—|—/ |Az\2§/w2 for all £ € (0, Toax).
dt Q Q Q Q

Let y2(t): = [, [Vz(z, t)|*dz, we obtain

)+ 2y2(¢ / |Az(z,t)| / *(z,t) forallt € (0, Tmax)-
Using (3.3) and Lemma 2.1, we arrive at
y2(t) < Cg: = max{ |V2zo(z)|* + Cs, 26’6} forall ¢t € (0, Tmax)-
Q

O

Now, we provide the L2-boundedness of v and v, which are crucial for proving the L>°-boundedness
of u and v.

Lemma 3.4. Let the conditions of Theorem 1.1 hold, the solution (u, v, w, z) of (1.1) satisfies
d (3 2 3 / /
— | — +— Vul"+ — [ |[Vv
dt (xl /Qu X2 ) vur Vol
6 .
§3X1/ W’ V2| + 3X2/ 2Ve)? + 2 2 / u® — —/ u® (3.5)

Q X1 Ja X1 Ja

,6&/1;276&(177“26%” )/1)3
X2 Ja X2 dpieixe ) Ja

Proof. Multiplying the first equations of (1.1) by 2u, integrating by parts and using Young’s inequality,
we obtain

i u? + 2/ |Vul]® = —2X1/ uVu - Vz+2u1 / u? (1 —u—ew). (3.6)
Q
Applying Young’s mequallty, we derive
—2X1/uvu-ng/|vu|2+X%/ u? V2% (3.7)
Q Q Q
Substituting (3.7) into (3.6), one can get

jt u +/ |Vl <X1/ \Vz|2+2p,1/u2 (I-—u—ew), te€(0,Tmax)- (3.8)
Q

Similarly, we arrive at

i/vg—l—/ |Vol? ng/ v2|Vz|2+2u2/v2 (—14+eu—v), te€(0,Tmax)- (3.9)
dt Jo Q Q Q
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Multiplying (3.8) by >~ and (3.9) by >, respectively, we can compute

d (3 3 3 3
— (—/uQ—l—— v2) +—/ |Vu|2+—/ |Vol?
dt \ x1 Jq X2 Ja X1 Ja X2 Ja
SSXl/u2|Vz\2+3X2/v2|Vz|2+6£/u2—6ﬂ/u3—6uilel/u2U (3.10)
Q Q X1 Ja X1 Ja X1 Jao
Gﬂ/vz_%/fﬁlﬂ/wz
X2 Ja X2 Ja X2 Jo

Next, using Young’s inequality, we see that

2 2
M/wzg w/uzvﬁw%/ﬁ, t € (0, Tmax) (3.11)
X2 Jo X1 Ja 2meix; Ja
By combining (3.10) with (3.11), we can get (3.5). O

Lemma 3.5. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)
satisfies

d
o / (poeat + pre1v) |[Vz|* + 2/ (paeau + pre1v) |[Vz)* + 2/ (p2e2u + pre1v) |D22’}2
Q Q Q

5 262 + 262
si/ |vu|2+i/ IVol? + (naeixs + picixz) / V|V 2?2
X1 Jao X2 Ja Q

1 (3.12)

+ (X1 + p3esx1 — poeapn) / w?|Vz|* + (x2 + plelxs — preipn) / 0*|V2|?
Q Q

o|Vz|? 11
—i—muz/ (ezu—elv)IVZ\2+/ (m2e2u + pie1v) |8Z| + (— +—) / |Vw|®
Q o v X1 X2 Q

for all t € (0, Timax) -

Proof. Note that
d
@/ (n2eau + prerv) [V2|? :/ (#2€2u+ﬂlelv)t\vz|2+/ (n2e2u + prerv) ([V2*),  (3.13)
Q Q Q

Due to the first and second equations of (1.1), the first term on the right-hand side of (3.13) can be
developed as

/Q (n2e2u + perv), |Vz|?
=— /Q V (p2e2u + prev) - V|Vz|® — /Q (x1pze2u — x2p1€10) Vz - V|Vz|? (3.14)
+ [ Geaprul =) + pmeapzv(=1 = ) [V2P
By using the pointwise identity 2Vz - VAz = A|Vz|* — 2 {D2z]2, one can get

%|Vz|2 — A|Vz]? = 2|D%2|* + 2Vz - Vw — 2| V2.
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Then, the second term on the right-hand side of (3.13) can be rewritten as

[ Gacau+ mere) (V317
Q

0|Vz|?

ov

=— / V (paeau + preiv) - V|Vz|® + / (p2e2u + pre1v)
e o (3.15)

— 2/Q (p2e2u + pre1v) |D2z‘2 — 2/9 (p2e2u + p1e1v) |Vz|2
+ 2/Q (n2e2u + p1e1v) Vz - V.
Substituting (3.14) and (3.15) into (3.13), we arrive at
% /Q (oeau + prerv) [Vz|?
< - Q/QV (p2eau + prerv) - V|Vz|* — /Q (x1p2eat — x2p1e10) Vz - V|Vz[?

+/ (p2ezpnu(l — u) + prerpav(—1 —v)) [Vz|* - 2/ (n2e2u + perv) |Vz|? (3.16)
Q Q

+ 2/ (p2e2u + pre1v) Vz - Vw — 2/ (p2e2u + p1e1v) ‘D2z’2
Q Q

|V z|?

+/ (u2e2u + pre1v)
o) 8V

By using Young’s inequality, one can obtain that for all ¢ € (0, Tmax),
-2 /Q V (poeau + pieiv) - V|Vz|?
=— Q,LQeg/Qvu‘vaP —2,u161/QVv V|Vz? (3.17)
S%/Q\VUIQJré/QIVleJr (Haerxa +u?e§><2)/g\VIVZl2l2,
— /Q (p2e2x1u — prei1xev) Vz - V|Vz|2
= — ugeax1 /Q uVz - V|Vz)® + perxe /Q vVz - V|Vz|? (3.18)

2 2 2 2
e + uie
§x1/u2|vZ|2+x2/ V3|V 4 22X T I eIX2 . Hicixz / IV|V2]??,
Q Q Q

2/ (p2e2u + pre1v) Vz - Vw

Q

:2/L262/ uVz-Vw+2uien / vVz - Vw (3.19)
Q

Q
1 1
<L / IVl + = / Vol + udedxa / W2Vl + pledxa / V|22,
X1 Jo X2 Jo Q Q
and

preapr [ u(t = w)|Va* + merpiz [ v(-1- o)V
@ @ (3.20)

:ulug/ (62U7€1’U)|v2|27ﬂ262/ﬁ1/ uQ\Vszplel,uz/vﬂsz.
Q Q Q

By combining (3.16) with (3.17)-(3.20), (3.12) is obtained immediately. O
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Lemma 3.6. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)
satisfies

2
i/ |Vz|4—|—/ |V|Vz|2|2+4/ V2 §7/w2|Vz\2+2/ wep dVEL (3.21)
dt Jq Q Q Q 20 ov

forallt € (0, Tmax)-

Proof. Due to the third equation of (1.1), we obtain the pointwise identity

2dt|v 2 = A|Vz\2—‘D2z12+Vz»Vw—|Vz\2 for all ¢ € (0, Thnax) -

Multiplying the above equation by |Vz|? and integrating over 2, we derive

. 1 2 28|Vz\2 / 2 2 12
i Lvett==5 [wapr e g [ e [ ve b
—/ \Vz\ —/wAz|Vz| —/sz-V|Vz|2
Q Q Q

forall t € (0, Tmax). Using Young’s inequality to the last two terms of (3.22) and applying the inequality
|Az| < V3|D?z|, we have

(3.22)

_/wAz|Vz|2§/ \Vz|2|D2z\2+§/w2|vz|2 (3.23)
Q Q 4 Q
and )
f/ WwVz - V|V < 7/ |V|Vz|2|2+/w2|Vz|2 (3.24)
Q 4 Q Q

for all t € (0, Tmax).Combining with (3.22)-(3.24), we obtain

1 o|vz|? 7
<1 2241 2 _ 4 7/ 2 2
4dt/ |Vz|* /|V\V |7 2/89 |Vz| £ /Q|Vz| +4 Qw |Vz|

for all t € (0, Tmax). Which implies (3.21). O

Lemma 3.7. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)
satisfies

d 3 3 3 282 + 262
@ */ R / (aest + prers) [Vof? o 222X T 10 m)/ V2
dt X1 Jo 2

X2

2
+ = IVul +* IWI +6 (u3e3x1 + pieixs) /IVZI +2/(uzew+u161v |D?2|”

X1

+ (muzel —4x2 —M1€1X2)/U Vz/? +2/ (n2eau + prerv) [V2|?
Q Q

2 2 22
p3edxt + pieixe
+ (pzes 1 — )/|V\VZ|2\2+ (pmap2ea —4xa —M§€§X1)/u2|vz|2
Q
6 6, 1 1
§u1u2/ (e2u — e1v) |Vz|? —|— /ug—ﬂ/uB—ﬂ/UQ—i— (—+—)/ |Vwl|?
X1 Jao X1 Jao X2 Jo X1 X2 Q

9|Vz? v
+ 3/ (Haesxt + pieixz) [Vz|* - laz| +/ (p2e2u + pre1v) - vz
20 v 20 ov

21 9 9 2 2 / 2 2 bue < M2€§X1 )/ 3
+ — (u2e + pie w|Vz|* = — 1 - ——— v
2 ( 2€2X1 1 1X2) \ \ X2 {iieixe s

forallt € (0, Tiax)-

‘ 2

(3.25)
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Now, we establish the uniform boundedness of ||u(-, )|/ 12 (o) and [|v(-, t)|| L2 (q)-
Lemma 3.8. Suppose that the conditions of Theorem 1.1 hold, there exist Cy, C1o > 0 such that
lu( )2y < Co and  |lv(-t)|l12() < Cro forallt € (0, Tmax) - (3.26)
Proof. By the assumptions (1.4)-(1.6) and Lemma 3.7, we can see that
y'(t) +y(t) +C(t) < h(t) forallt € (0, Tmax), (3.27)

where

3 3 3 (u2e2 + 2,2
y(t) ::/ (“2+v2+<uzezu+melv>|w2+ ez + pieixe) g )
o \ X1 X2 2

4

— 1 . 2 i
h(t) ;:M/uﬂ_w/f_ﬁﬂ/ud_%(l_ H2€2X1 )/v"
X1 Q X2 Q X1 Ja X2 dperxz ) Jq

11 21
+ (* + *) / [Vw|® + = (u3edx1 + pieixz) / w’|Vz|?
X2 Q 2 Q

2 2 262 + 262
) ;:/ <—|Vu\2+f|Vv|2) | (mex + prieixa) / VIV2 2P,
0 \X1 X2 Q

X1

(3.28)
2 2 2 2 2 Py 8|Vz|2
s [ (ewuero) (V243 [ (b +dehe) V4P -
Q 9} v
o|Vz|?
+ / 22U + p1e1v) - .
20 ( dv
Let
1 1
L = (7+7> |vw‘27
X1 X2 Q
_ 21 2 2 2 2 2 2
I = ) (mzeax1 + pieixz) [ w’|Vz|?,
Q
Is = ,uluz/ (e2u — e1v) |Vz|?
Q
and ) )
o\v o\v
I1 = 3 (u3e5xa +ufefx2)/ |Vz|* - |az| +/ (p2e2u + p1e1v) V2]
9} v 9} ov
We estimate I, — I4, respectively. For I, it follows from Lemma 3.2 that
L <Cna (3.29)
with C11 > 0. For I», using Young’s inequality, we derive
21 2 2 2 2 4 1 4
Iy < = (pze2x1 + pieixe) w+ — [ V2" ). (3.30)
2 Q 4 Q

By employing the estimate ||w||.1(q) < [lullL1(q) + ||v]lL1 o) and the Gagliardo-Nirenberg inequality,
it follows from Lemmas 3.1 and 3.2 that there exist C12, C13 > 0 such that

Loy T Cl?”“’”il(g) < Cis. (3.31)

4 4 s
[t = s < CulVulf g, -

10
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Substituting (3.31) in (3.30), it follows from Lemmas 2.3 and 3.3 and Young’s inequality that there
exist C’147 C’157 C’167 C’177 018 > 0, such that

21 1
I <= (ugeg)a +p%efx2) (/ wh+ ,/ |Vz|4)
2 Q 4 Jq

< 21C13
- 2

21
(maeaxs + pieixe) + - (maedxa + pieixs) / V2"
Q

5

<Ciu+Cis HV|VZ|

|V2|®

7 2
Faon IIV2P 15 ) + Crs 119215 (3.32)

< Cis ||V|VZ|2”EQ + Ci7

(@
M2€2X1 +“1€1X2/|V\V 212 4 Crs.

3
2.2 2 2 -2 5
Where Cis = 2 (W) ’ C2 + Ci7. For I, applying Young’s inequality and Lemma

2.3, one has

2 2 262 + 262
Iy < M/u2+M/vz+ (2e3x1 + pieix2) / VIV (333)
2 o 2 o 12 o

with C19 > 0. As for 14, it follows from Young'’s inequality, Lemmas 2.4, 2.5, 3.1 and 3.3 that

C. C
Is SC’QO/ |Vz| —&-ﬂugeg/ U —l—ﬂufef/ V2
a0 a0

2
S(M262X1;|—2M1€1X2 /|V‘Vz|2|2+xl/ |Vu\2+xi/ \Vv|2
1Jo 2.JQ
. Q , , (3.34)
+ Cax (/ u) + Ca2 (/ U) + Cas (/ ‘VZ|2>
Q Q
(,LL262X11‘;//4151X2 /|V‘v |2 /|v ‘ —Q——/ ‘V’U| + Cay,

where Cao, C21, Ca2, Ca3, C24 > 0. Combining (3.27), (3 28), (3.29) and (3.32)-(3.34), we deduce
o) +ole) < (2D ey [ (02 ey [
Q Q

X1 X2

2
_%/u?’_% (1_ 7/1262)(1 )/U3+Cz5,
X1 Jo X2 dpeixe ) Jq

forall t € (0, Tmax), With C25 > 0, which by means of Young’s inequality yields Cas > 0 such that
Y (t) +y(t) < Cag forallt € (0, Toax) -

By lemma 2.1, this ensures that y(¢) < max {y(0), C26}. we derive (3.26) directly. O

Next, we present the following lemma, which addresses the extensibility and regularity of solutions
to model (1.1) in L°°((0, Tmax); LP(Q?)) for some p > %, which will be used to obtain the global
existence and uniform boundedness for the case n = 3.

Lemma 3.9. Letn > 1, assume that there exists p > 1 such thatp > 5 and

sup  ([Ju(-,t)|Lr ) + [[v(- D)l[Lr () < oo. (3.35)
t€(0,Tmax)

Then, Tmax = oo, and

sup (s Oll e @) + [0 Olzoe @) + Tw( )lloe @) + 205 DL @) < o0

11
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Proof. We suppose p < n, since p > %, we have n”—_pp > n, s0 that we can fix r > n such that

np

r —
n—p

we can find 6 > 1 such that

Now, for each ¢ € (0, Timax), Set

Mi(T) = sup | u(t) [l -
t€(0,T)

In order to reasonably estimate M (T'), we fix an arbitrary ¢t € (0,7, set tc = max{0,t — 1}, and
apply the variation-of-constants formula, we have

t
u(-,t) :edl(t*tomu(yto) + x1/ ehtt=9)ay (u(~7 s)Vuw(, 5))ds

to

t
+ w1 / e =98, s)(1—u(-,s) — e1v(-,5))ds
to
=¢1 + P2 + ¢3.
For ¢1, when t < 1, we have to = 0, in light of the comparison principle, we can get

e 7120 10)]| oo () < [Juol|zo (@),

when t > 1, we use the order-preserving property of the Neumann heat semigroup (¢™®),>0 in Q to
find a C27 > 0, such that

Hedl(t_tomu(',tO)HLOO(sz) < Cor(t — tO)_%Hu('ytO)HLl(Q) < Corks.
For ¢2, we recall by Lemma 2.2 that there exists Cas > 0 satisfying
_1_n
1672V - @l|Loo @) < Cas™™ 273 ([l r (@),
for all 7 > 0 and each » € C*(Q;R™) such that ¢ - v = 0 on 99, this allows us to recall ¢», we have

t t
Xl/ e 2T - (u(-, 5)Vz(-, 8))l| (ayds < C28X1/ (du(t — ) 273 - [[u(-, )V (-, 8)|| L0y ds.
to

to

Here, using the Holder inequality and Lemma 3.1, and setting 6 := % we get

lu, $)Vz(, 8)ller@) < lluls )llpro) - [IVZ(8)l|Lro @)
<l )15 0y - a9y - 1V2(0 )l gy (3.36)
< ]\41p1 (T) ! m}_pl ' ||vz('7S)HLT9(Q)7

for all s € (to,t), with
1
=1—-— .
P1 7‘9 € (07 1)

To estimate ||V z(-, s)|| 0 (), by the fourth equation of (1.1), V= can be represented according to

Vz(-, s) :e*swsﬁzﬁ/ e CmIvelm D8y (- o)do  forallt e (0,T),
0

12
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applying by Lemma 2.2, we can find a constant Cs9 > 0, such that
[[Vz(, 8)|lro §€_SHV€SAZOHL7'9(Q) +/ 6_(S_U)|\V€_(S_U)Aw('7U)HLv-G(mdU
0
_s s —(s—0o) —1l_nl_ 1,
<Ca9e™°[|Vao||pro(q) + C20 | € (I+(s—0)) 2 27 " w(,0)l|Lr(a)do
0

where we have applied that 6 > 2, due to the fact that 7§ < ™2, we know Caoe™*||Vzo||ro o) +
nl

Coo L e (14 (s —0) 2 2670 |w(-, 0)|| 1o (0 dor s inite.
Then, we need to estimate L? bounds of w. Using the variation-of-constants formula, we have

w(-, o) =P Dy —|—/ e (T elsma (u(-,0) +v(-,0))do  forallt € (0, Tmax)-
0

Applying the order-preserving property of the Neumann heat semigroup (e™*), > in 2, we obtain

A

(-, 8)lzn@) <e™*lle wol Lne) + / e TN (s 0) 0 0))llereydo
=J1 + Ja.
Next, we need estimate J; and J,. Employing Lemma 2.2, we can find Cso > 0,C31 > 0 such that
J1 < Cz0e™°||wol|p1 () < Ca1.

Using (3.35), there exists Cs2 > 0 such that||u(-, o) + v(-, 0)||Lr()do < Cs2, we derive
Jo < Cs3 / e (s =) EG T u(-, 0) +v(-, 0)||Le(@)do < Caa,
0

with Cs3 > 0, C34 > 0, we can find
[lw(-, $)||Lr) < C31 4 C34 := Css,

with C's5 > 0, shows that
[IVz(-, )| Lro @) < Css.

Rewrite (3.36), we have
[u(-, $)V2(-, 8)||Lr) < CasM{ (T) -my~ "' foralls € (to,t),
so that since 3 + - < 1 because of r > n. As a consequence, we obtain
¢2 < Cse MI*(T).

For the ¢3, we note that

u(l —u— 61’0) < in Q x (0, Tmax)7

I

it follows that
¢ di(t—s)A
b= pr [ MR Ul (1= ules) = exvl, ) lem s
to

t
<o [ I3 = 0l s) = exvl, )l ds
to
< K
— 4
and t — to < 1. Combining this, since ¢ € (0,7 is chosen arbitrarily, we infer that

Hu(~,t)HLoo(Q) < max{||u0|\Lac(Q)7Cgk1} + C3eMlpl (T) + % forall t € (O,T).

13
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Soforeacht c (0,T), we have M (T) < Cse M{* (T')+Cs7, with C37 = max{||uo||po (), C2k1} + 4,
we derive

037 )ﬁ7 (2036) 171p1 } ) Te (07 Tmax)-

C(36

Ml(T) S 038: = max {(
Similarly, for each ¢t € (0,T") we define

Ms(T) = sup [l v(1) [[Loe(o) -
t€(0,7)

To estimate M»(T'), we fix an arbitrary t € (0,7T), set to = max{0,¢ — 1}, and apply the variation-of
constants formula and the order-preserving property of the Neumann heat semigroup (™), in €,
we obtain

v 8) @< |l U108y (. ) llLoo @) +x2 /tt | e2CD2YT . (u(-, 5)V2(-, 5)) lzoo (o) ds
0
+ p2 /tt I ed2(t—s)A1}(-7 8)(—1 + eau(-,s) —v(-,5))+ ||Lo(q) ds,
0
since M1 (T) < Csg, we have
H2 /tt “edz(tis)Afu(.7 s)(,l + 62u(.7 S) _ fU(,’ 5))+HLoo(Q)dS
0

¢

Suz/ [ v(ss)(=1+ eau(-,s) —v(-,8))+ [[Lo(a) ds
to

<C3o,

and t — to < 1, with C39 = “2 (1 + e2C3s)°. The estimation of v residue is completely similar to that
of u, there exist C40 > 0,C41 > 0 and p2 € (0, 1) such that for all ¢ € (0, Tmax) have

M>(T) < CaoME*(T) + Cas.

We can get
040 1 _1
MQ(T) S max (C )02 ) (2040) 1=r2 ) T e (O7Tmax)4
41

This means that Lemma 3.9 holds. O

Proof of Theorem 1.1. In light of L'-boundedness for u, v in Lemma 3.1 and L?-boundedness for
u,v in Lemma 3.8, adapting Lemma 3.9 by choosing p = 2, n = 3, which easily derives Theorem
1.1.

4 CONCLUSIONS

In this paper, we investigate predator-prey chemotaxis model with indirect signal production in a
three-dimensional bounded domain. The result show that the model (1.1) has a unique global
bounded classical solution under the assumption pe3x1 < 4pieixa, pipzez > x1 (4 + pies) and
pipzer > xz (4 + pf). Indirect signal production resolves real-world signaling delays (e.g. microbial
metabolite conversion), unlike direct-secretion models[Fu and Miao (2020).
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