On Gaussian Generalized Pierre Numbers

Abstract. In this article, we define and investigate Gaussian Generalized Pierre Numbers in detail, and
focus on two specialized cases: Gaussian Pierre numbers, Gaussian Pierre-Lucas numbers.

In addition, we present some identities and matrices related to these sequences, as well as recurrence
relations, Binet’s formulas, generating functions, Simson’s formulas, and summation formulas.

Keywords: Gaussian Pierre numbers, Gaussian Pierre-Lucas numbers.

1. Introduction

In this section, we highlight some preliminary results on Pierre numbers.
The generalized Pierre sequence {W,,}n>0 = {W,,(Wo, W1, Wa, W3)},>0 is given by the fourth-order

recurrence relations as
Wy =2Wp_1 — Wy_4. (11)

with the initial values Wy, Wy, W5, W3 are not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining

W_p =2W_(—3) = W_(n—4a),

for n =1,2,3,.... As a result, recurrence (1.1) holds for all integer n. Soykan has executed a study on this
particular sequence, for more details, see [25]

Characteristic equation of {W,,} is

ot =23 41 =@ -2 +1)(z—1) =0,
1
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whose roots are

14+ /19 + 3v33 + /19 — 3V/33

« =
3
g - 1+ wV/19 + 3v/33 +w? /19 — 333
= 3 ,
1+w?¥/19+3v33 +wv/19 — 3v/33
Y = 3 )
6 = 1,
w= %\/g = exp(27i/3).
Note that
a+pB+y+0 = 1,
aftay+ad+py+po+v0 = -2,
afy+aBd+ayd+pys = -1,
afyd = 1.
Notice that
atf+y+d = 2
af+tay+ad+py+pB5+76 = 0,
afy+aBd+aydi+ By = 0,
afyé = 1.

For n = 1,2,3.... Thus, recurrence (1.1) is true for all integer n. For the fourth-order recurrence relations
has been studied by many authors, for more detail see [20, 21, 15, 16, 19, 18, 25, 14, 13, 22,].
We now present Binet’s formula for the generalized Pierre numbers.

Next, we give Binet’s formula of generalized Pierre numbers.

THEOREM 1.1. [25]/Binet formula for generalized Pierre numbers can be shown as follows:

(aW3 — (2 — )Wy + (—a? + a+ 1)W; — Wy)a”

Wn =

202 + 200 — 2
n (BW3 — B(2 — B)Wa + (=B + B+ L)W — Wp)B"
26% 428 — 2
n (VW3 —y(2 =y)Wa + (=* + v+ Wi — Wo)y"
292 42y —2

W =W+ W7 =W
5 .
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Now we define two special cases of the sequence {W,,} as follows: The Pierre sequence {P, },,>0 and the

Pierre-Lucas sequence {C), }n>0 are described, orderly, by the fourth-order recurrence relations as:

P, 2Pp 1 —Phy, P=0PA=1,P=2 P3=4, n>4

)

Cy

2Cn71 - Cn74, C() = 4,01 = 2,02 = 4, Cg = 8, n Z 4.

The sequences { P, }n>0, {Cn}n>0, can be extended to negative subscripts by defining,

P, = 2P—(n—B) - P—(n—4)a (12)
Con = 207(7173) - Cf(n74)a (13)

for n =1,2,3, ... orderly. As a result, recurrences (1.2)-(1.3) hold for all integer n.

Pierre and Pierre-Lucas numbers can be defined using Binet’s formulas as follows.

COROLLARY 1.2. For all integers n, Binet’s formula of Pierre and Pierre-Lucas numbers are

(@ +atla”  (B2+5+18" (P +y+1)"

1
=@ ran) T 2Pty 2

and
Cpn=0a"+p"+79" +1,

respetively.
Next, we give some information about Gaussian sequences from literature.

We provide some Gaussian numbers that satisfy second-order and third-order recurrence relations.

e Horadam [8] introduced Gaussian Fibonacci numbers and defined by
GF,=F, +iF,_1

where F,, = F,,_1 + F,,_a, Fy =0, F; =1 (in fact, he defined these numbers as GF,, = F,, + iF,, 11
and he called them as complex Fibonacci numbers.).
e Pethe and Horadam [12] studied on Gaussian generalized Fibonacci numbers.

e Halict and Oz [7] studied Gaussian Pell and Pell Lucas numbers by written, respectively,

GP,

Pn+iPn717

GQn = Qn+iQn—1

where P, = 2P, 1+ P, 2, Py =0, Py =1and Q, =2Qn_—1 + Qn—2, Qo =2, Q1 = 2.
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e Agc and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given

by, respectively,
GJ, = Jy+idy_,
Gjn = Jn+ijn-1
where J, = J_1+2Jp_2, Jo =0, J1 =1 and j, = jn—1 + 2Jn—2, jo =2, j1 = 1.

o Tagq [26] introduced and studied Gaussian Mersenne numbers defined by
GM, = M,, + iM,

where Mn = 3Mn_1 - 2Mn_2, MO = 0, M1 = 1.
e Tagq1 [28] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given

by, respectively,
GB, = DB,+iB,_1,
GC, = C,+iCh_
where B,, =6B,,_ 1 — BJ, 2, By=0, By =1and C, =6Cj,_ 1 —C,_2, Co =1, C; = 3.
e Ertag and Yilmaz [5] studied Gaussian Oresme numbers and defined them as

GS, = Sn +iSn-1

where Oresme numbers are given by S, = S,_1 — %Sn_g, So=0,5 = %
Now, we present some Gaussian numbers with third order recurrence relations.
e Soykan and at al [23] presented Gaussian generalized Tribonacci numbers given by
GWn = Wn + iWn—l
where W,, = W,,_1 + W,,_o + W,,_3, with the initial condition Wy, W7, Ws.

e Tagcl [27] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,

GP,

Pn+7;Pn71

GRn Rn + iRn—l

where Pn == n,g—f—Pn,g, P() = 17 Pl == 1, P2 = 1, and Rn == 2Rn72+Rn73a RQ == 1, Rl = 1,
Ry =1.
e Cerda-Morales [3] defined Gaussian third-order Jacobsthal numbers as

GJp,=dJdp+iJn_1

where J,, = J,_ 1+ Jp—2+2Jp_3, J1 =0, o =1, J3=1.
e Yilmaz and Soykan [29] presented Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,
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ot

GTn = T, +7:Tn717
GHn = Hn + iHn—l
where Tn = 3Tn—1 - 3Tn—2 + Tn—37TO = O,Tl = 1,T2 = 3, and Hn = 3Hn—1 - 3Hn—2 + Hn_g,HO =
3,Hy =3,Hy=3.

e Dikmen [4] presented Gaussian Leonardo and Leonardo-Lucas numbers given by respectively,

Gln = ln"'iln—l;

GH,

Hn + 'L’anl

where ln = 2ln,1 — ln,3710 = ].,ll = 1,12 = 3, and Hn = 2Hn,1 — Hn,37H0 = 3,H1 = 2,H2 =4.

e Ayrilma and Soykan [2] presented Gaussian Edouard and Edouard-Lucas numbers given by re-

spectively,

GEn = En + Z'E‘nflv
GKn == Kn +iK7L—1
where F,, = TE,, 1 —TE, 2+ En 3,E0=0,FE1 =1, b, =7, and K, = TK, 1 — TK;, 2 + K,,_3, Ko =
3. K, =7, Ky = 35.

e Soykan at al [24] presented Gaussian Bigollo and Bigollo-Lucas numbers given by respectively,

GB, = B+ 1By 1,

GCn C’n, + ZCnf 1

where Bn = 4Bn,1 - 5Bn,2 + 2Bn,3, BO = 0, Bl = ].7 BQ = 4, and Cn = 4Cn71 - 5Cn72 + 2Cn737 C() =
3,Ch=4,C5=6.
Next, we give the exponential generating function of >’ Wn% of the sequence W,.

n=0

o0
LeEMMA 1.3. Suppose that faw, (x) = > W, Ly is the exponential generating function of the generalized
n=0

Pierre sequence {Wy, }.

o0
Then }  W,%: is given by

n=0
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x

(aW3 — a2 —a)Wa + (—a? + a+ 1)W; — Wo)eo‘

o0 xn
;W"H N 202 + 2a — 2
+(5VV3 —BR=PWa+ (=S + B+ 1)W — Wo)egw
26% +26 -2
(YW =12 =)Wo + (=¥ +y + D)W = W) .
+ e
292 42y -2
Wy — Wy + W1 — W,
+( 3 2_+2 1 O)ez.

Proof: Using the Binet’s formula of generating Pierre numbers we get

(aW3 — a2 — a)Wa + (—a? + a+ 1)W; — Wy)a™

o0 .’Ijn o
Wt =
7;) n! 7;)( 202 4+ 200 — 2
+(/3W3 — B2 — B)Wa + (=B + B + )W, — Wp) "
26% 4+ 26 — 2
(VW3 =42 =7)Wa+ (=2 + v+ )Wy = Wy Wy —Wo+ Wi — Wy 2"
+ - )—
292+ 2y —2 2 n!

(aW3 — (2 — a)Wa + (—a? +a+ )W, — W)) o=
> a"r

B 202 + 20— 2 P
(BW3 — B(2 — B)W + (—B° + B+ 1)W1 — W) o= 2"
+ 3 d.B
28°+28 -2 =l
+(7W3 — 7(2 — 'y)WQQ—l— (—’72 + v+ 1)W1 — W()) i’y”ﬁ . W3 — Wy + W — Wy i min
292 + 2y — 2 = n! 2 = n!
_ (@Ws—a@2-a)Ws + (=0’ +a+ W1 = W) . L (BWs = B2 = B)Ws + (- + B+ 1)W; — Wo) s
202 + 200 — 2 262 +28 -2
LOWs =1 @ =)We + (2 47 DW= W) - W =W £ W2 = Wh o
292 + 2y — 2 2 '

The previous Lemma 1.3 gives the following results as particular examples.

COROLLARY 1.4. Fzxponential generating function of Pierre and Pierre-Lucas numbers can be given as:

(@ +a+1a"  (B2+8+1)8" (72+7+1)7”_})ﬁ
2" +y-1)  2°n!

o0 xn o0
a). nz::O Pnﬁ - nzz:o( 2(0&2 +oa— 1) 2(/82 + /B - 1)
B +B8+1) g P70 L0 %ez.

(a®>+a+1) -
= 2 € 2 2
2(02+a—1) 2057 + 6 — 1) 22 +7-1)
[o'e] xﬂ [e'e] :L-’ﬂ
b): 3 Cup =2 (a"+ 5" +9" +1)— = 2% 4+ T 4 7% 4 e,
. n=0 .

n=0
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2. Gaussian Generalized Pierre Numbers

In this section, we define Gaussian Generalized Pierre numbers and present some properties such as

Binet’s formula and generating function.

Gaussian Generalized Pierre numbers {GW,,},>0 = {GW,,(GWy, GW1, GW2, GW3)},>0 are described

by

with the initial conditions

GW, = 2GW_y — GWor_s, 2.1)
GWy = Wo+i(2W2 — W3),
GW, = Wi +iWe,
GW2 = W2 + iW17
GWs = Wi+ iWa,

not all being zero. The sequences {GW,,},>0 can be expanded to negative subscripts by defining

Gan = 2GW_(H_3) - GW_(H_4) (22)
for n = 1,2,3,.... Thus, recurrence (2.1) hold for all integer n. notice that for n > 0, we obtain
GW,, = Wy, + iWn_1, (2.3)

and

GW,n =W_,+:W_,_1

The initial few generalized Gaussian Pierre numbers with positive subscript and negative subscript are

shown in the following tables.

Table 1. The initial few generalized Gaussian Pierre numbers with positive subscript

n GW,

0 Wo + i(2Wo — W3)
1 Wi + Wy

2 Wy + Wy

3 Wi +iWs

4 2Ws — Wy +iWs

5 4W3 — Wi —2Wy + i(2W3 — Wo)

and with a negative subscript shown in Table 2
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Table 2: The first few generalized Gaussian Pierre numbers with negative

ssubscript SERCAN DOGAN,YUKSEL SOYKAN
n GW_,
0 Wo +i(2Wy — W3)
1 Wy — Wi + i(2W) — Wh)
2 W, — Wa +i(2Wo — W1)

3 2Wo — Wi + i(4W2 — Wy — 2W3)
4 AWy — Wy — 2W35 + (AW — AW, + 4W3)
5 AWy — AWy + AW3 + i(4Wy — AW + Wa)
We can define two special cases of GW,, : GW,,(0,1,2 + i,4 + 2i) = GP, is the sequence of Gaussian
Pierre numbers , GW,, (4,2 + 44,4 + 21,8 + 4i) = GC,, is the sequence of Gaussian Pierre-Lucas numbers.

Thus Gaussian Pierre numbers are defined by
GW,, =2W,_1 — Wp_y
with the initial conditions
GPy=0,GP,=1,GP, =2+ i,GP3 =4+ 2i.
Gaussian Pierre-Lucas numbers are given by
GC, =2GC,_1 — GCp_4
with the initial conditions
GCy=4,GCy =2+ 4i,GCy =4+ 2i,GC3 = 8 + 4.

Note for all integer,we have

GPrL = Pn + iPn—la

GC, =C, +1iC),_;.

The initial few values of Gaussian Pierre numbers, Gaussian Pierre-Lucas numbers, with positive and negative
subscript are given in the Table 3.
Table 3. Gaussian Pierre numbers, Gaussian Pierre-Lucas numbers, with positive and negative sub-

scripts, specialized cases of generalized Pierre numbers

n 0 1 2 3 4 5 6
GP, 0 1 241 4429 8447 15+8 28+ 159
GP_, 0 0 —1 -1 0 -2t 241
GC, 4 244 4420 8+44i 1248 22+12¢ 40422
GC_, 4 0 67 6—4: —4 127 12 — 144

Next, we show the Binet’s formula for the generalized Pierre numbers.
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THEOREM 2.1. The Binet’s formula for the Gaussian generalized Pierre numbers are

(aW3 — (2 — a)Wa + (—a? + a+ 1)W; — Wy)a™

W = 202 + 2 — 2
n (BWs = B2 = B)Wa + (=8° + B+ 1)W1 — Wy)B"
26% +28 -2
L OWs =72 =1)Wa + (9* +7 + YW1 = Wo)y"
292 +2y -2
N (W3 — 8(2 — 6)Wa + (=62 + 6 + L)W, — Wy)d"
26% +20 — 2
+Z,((OzW;g —a2—-a)Wy+ (—a? + a+ 1)W; — Wp)an !
202 + 2a — 2
n (BW5 = B2 = B)Wa + (=" + B+ 1)W1 — Wy)B" !
26% 428 — 2
L OWs =72 =)Wa + (92 +9 + YW = Wo)y" ™!
292 42y —2
N (OW3 —8(2 — 8)Wo + (—0> + 6 + )Wy — Wo)én’l)
26° +26 — 2 '
Proof. The proof follows from (1.1) and (2.3). O
The previous Theorem gives the following results.
COROLLARY 2.2. For all integers n, we have following identities:
(a):
2 Da™ 2 1)8™ 2 1)~A"™ 1
ap, = @ 2+Oé+ Ja LB ;rﬁ+ I e el o Vi L
202 + 2a — 2 26% 428 — 2 292 4+2y-2 2
L@ tat ot (B AT DT (P Ay Dy L
20% + 20— 2 28% +28 -2 72 4+2y—2 2"
(b):

GC,, = (an +Bn +,y7L 4 1) +i(aTL—1 _,'_ﬂnfl -l-’Vn_l + 1).
The next Theorem shows the generating function of Gaussian generalized Pierre numbers.

THEOREM 2.3. Let fow, (z) = > 0" o GWyra™ give the generating function of Gaussian generalized Pierre

numbers are shown as follows:

fow,(x) = Y GWya"

n=0
GWy + (GW1 — QGWO)LE + (GWQ — 2GW1)I2 + (GWg — QGWQ)LES
1—2x+ 24 '
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Proof. Using the definition of Gaussian Pierre numbers, and substracting x f(x), 2% f(x) and 23 f(z)

from f(z) we get

oo oo oo
(1—2x+2")fow,(z) = Z GW,z" — 2x Z GWya" + z* Z GW,z",
n=0 n=0 n=0
oo oo oo
= Y GWua" —2> GW,a" + > GW,a",
n=0 n=0 n=0
0o oo 0o
= Z GW,z" —2 Z GW(n,l)m" + Z GW(n,4)$n,
n=0 n=1 n=4

= (GWy + GWyz 4+ GWaz? + GWaa3) — 2(GWoz + GWia? + GWoz®)

+ Y (GW,, = 2GW, 1 + GW,_y)a",

n=4

= GWy + (GW, — 2GWy)z + (GWo — 2GW1)z? + (GW3 — 2GWo)z?.

And reorganizing above equation, we get (2.4). O
Theorem (2.3) gives the following results as specialized cases,
(1 -2z +a) fop,(x) = GPy + (GPy — 2GPy)z + (GPy — 2GPy)2* + (GPs — 2GP2)2® = x + ia?,
(1—2x+a1) fae, (v) = GCy+ (GCy —2GCh)z+ (GCy —2GCH ) 2?4+ (GC3 —2GCy) 3 = 4+ (4i—6)x — 6iz?.

THEOREM 2.4. Binet’s formula of generalized Tetranacci polynomials: Four Distinct Roots Case: a #

B#y#0).

_ g a” qB"
W = a0 " B-a)B 7)) (25)
qzy" qa6"

G -B0 -0 T G-a6 - -7

where
= GWoa? + (GW1 — rGWo)a? 4+ (GWy — rGW — sGWo)a + (GWs — rGWy — sGW, — tGWo),
@ = GWoB + (GWy —rGWy)B% + (GWy — rGWy — sGWo)B + (GWs — rGWy — sGW, — tGW,),
g3 = GWoy? + (GWy — rGWo)y? 4+ (GWa — rGWy — sGWo)y + (GWs — rGWy — sGW, — tGW)),
u = GWod + (GWy — rGWy)d% + (GWy — rGW, — sGW)d + (GW3 — rGWy — sGW, — tGW,).

COROLLARY 2.5. According to the above theorem, the results obtained from the generalized Gaussian

Pierre numbers and Gaussian Pierre-Lucas numbers are follows

> x +ix?
GPa" = ——(———,
7;0 v 1— 22+ 24
> 4+ (4i — 6)z — 6ix?
GC,z" = )
Z v 1—2z+ 24

n=0



ON GAUSSIAN GENERALIZED PIERRE NUMBERS 11

oo
LeEMMA 2.6. Suppose that faw, (x) = Y GW, %y is the Exponential Gaussian Generating Function of
n=0
the generalized Pierre sequence {GW,,}.

Then Y GWn‘”n—T; is given by

n=0
i GWnﬁ _ (aW3 — a2 — a)W22+ (—a? +a+1)W; — Wo)e”
= n! 20 + 200 — 2
n (BWs = B2 = B)Wa + (8" + B+ )W — Wo)egax
26% 428 — 2
+("}’W3 — 7(2 — ’Y)WQ + (*’}/2 +v+ 1)W1 - WO)EWI 4 (Wg —Wa+W; — Wo)ez
292 4+ 2y —2 -2 '
_H,((ocW;), —a2—-a)Wo+ (a2 +a+1)W; — VVO)(J/M7

a(20? 4+ 20 — 2)

BWs = B2 = B)Wa + (=5 + B+ )W = W) 4,
B(28> +25—2)

(VW3 =72 = y)Wa + (= + 7 + YW1 — W) Jeo)
v(27% 427 - 2) '

Proof. The proof follows from the Binet’s formula of GW,, and GW,, = W,, + iW,,_; Lemmal.3.

_|_

W3 =W+ W — Wy

* -2

e+ (

The previous Lemma 2.6 gives the following results as particular examples.

COROLLARY 2.7. FEzxponential Gaussian Generating Function of Pierre and Pierre-Lucas numbers

SRyt & (@ tat e (BP+B+1)" (PHy+1)y" 1 (@ +a+ 1)
(2): ,LZZ:OP" n! _ngo(( 2024+a-1) 28 +5-1) 20*+v-1) 2)—H( 2024+ a—1)
B+B+1)8""  (PHy+Iyt 1"
282 +8-1) 2 +v-1) 27 nl
_ @ratl) o BHFD) b (Pt L, @ ratl) o, (BHAED)
202 +a-1)  28°+8-1) 2(y* +v - 1) 2 20(0® +a—1)" 288 +p5-1)
(’YQ +’V + 1)7ne’ym _ 161)
27(¥? +y-1) 2" 7
(b): 3 CoZh = 3 (0" + " + 4" + 1+ i(a" ! + "1 4 4nl 4 1))2s
n=0 n=0

= e + P74 1 4 e? +i(Lerr + %GBI + %e”’ + e%).
3. Obtaining Binet Formula From Generating Function

We next find Binet formula generalized Gaussian Pierre number { GW,, } by the use of generating function

for GW,,.

THEOREM 3.1. (Binet formula of generalized Gaussian Pierre numbers)

_ qua” q2B" 3" qad"”
Tl P Y P v § S C B0 ) S avpe Y vy o S ¢ S 1 1
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where
q = GWoa® 4+ (GW) — 2GWo)a? + (GWy + 2GWy)a + (GWs3 + 2GWs),
g = GWuB + (GWy —2GW) 5 + (GWy + 2GW1 8 + (GW5 + 2GWs),
s = GWoy + (GWy — 2GWo)y? + (GWo + 2GW1 )y + (GW3 + 2GWa),
@ = GWud® + (GW)y — 2GW5)6° + (GWa + 2GW1)6 + (GW3 + 2GWs).
Proof. Let

h(z) =1 -2z + 2™

Then for some «, 3,7 and § we write
Aw) = (1 — az)(1 - Ba)(1 - ya)(1 - o)

ie.,
1 -2z +2*=(1-az)(1 - B2)(1 —~z)(1 - dx).
Hence i, 35 L and 5 are the roots of h(x). This gives a, 3, and ¢ as the roots of

1 2 1
(;zc) z + x4
This impliesl — 2z 4+ 2* = 0. Now, by it follows that

GWO + (GW1 — QGWO)J} + (GW2 — 2GW1).Z‘ + (GW3 — QGWQ)
Z G (1= ax)(1 - B2)(1 — y2)(1 — 62)

Then we write
GWO + (GW1 — 2GWO)£C + (GWQ — 2GW1)I,U2 + (GW3 — 2GW2)£L‘3
(1—ax)(1—pBz)(1—~vz)(1—o0x)

_ Bl + B2 + B5 + B4
 (l—az)  (1-fz) (1—nvz) (1-0dz)
So
GWo + (GWy — 2GWy)z + (GWy — 2GWy)z? + (GW3 — 2GWy) a3
= Bi(1-pz)(1—~vz)(1—0x)+ Ba(l — az)(l —yz)(1 — z)
+Bs(1 — ax)(1 — pz)(1 — éx) + B3(1 — az)(1 — Bx)(1 — yz).
If we consider = =, we get GWy + (GW; — 2GWO) + (GWy — 2GW1)% + (GW3 — 2GW2)$ =By(1-
D=0~ %>.
This gives
B _ a3(GWy + (GW1 — 2GWy) L + (GWo — 2GWh) & + (GW5 — 4AGW») )
' (@ = B)(a—7)(a—3)

GVV()OC + (GW1 — 2GWO)C¥ + (GW2 — 2GW1) (GW3 — QGWQ)
(a—=pB)(a—7)(a—10) '
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Similarly, we obtain

GWoB2 + (GWy — 2GW,) 3% + (GWa — 2GWH) B + (GW3 — 2GWs)

B =
? (B—a)(B—7)(B—9) ’
B. — GW()’YS + (GW1 — QGVV())’VQ + (GW2 — 2GW1)’7 + (GWg — 2GW2)
3 - )
(y—=a)(y=B)(y—9)
B GWoo® + (GW — 2GW)6% + (GWy — 2GW1)5 + (GW3 — 2GW>)
4 — .

(0 —a)(6 =)0 —7)

Thus it can be written as

ZGWna:" =Bi(1 —ax)™' + By(1 — Bx) ' + B3(1 —yz) ' + By(1 — 6z) "

n=

This gives
Z GW,z™ = By Z a™z"+ By Z B"z"+ B3 Z Y'x"+By Z = Z(Bla"+Bgﬂn+B3'y"+B45")x".
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
GW = Bia" + BQ,B” + B3’7n + Byo"

In this section,we present Simson’s formula of generalized Gaussian Pierre numbers. For all integers n we

have
4. Some Identities About Recurrence Relations of Gaussian Generalized Pierre Numbers

In this section, we show some identities on Gaussian Pierre, Gaussian Pierre-Lucas.

THEOREM 4.1. The following equations hold for all integer n
4 2 3 9
GP, = HGCnJrs — HGCnM — HGCnJrg — iGCnH, (4.1)
GCn = 4G.Pn+5 - 6Gpn+2.
Proof. To proof identity (4.1), we can write
GP, = aGCphy3 +bGCpio + cGCpy1 + dGC,

and solving the system of equations

GPy = aGC3+bGCs 4+ cGCy + dGCy
GP, = aGCy+bGCs+ cGCy +dGC
GP, = aGCs+bGCy+ cGCs + dGCy
GP; = aGCs+bGCs 4 cGCy + dGCy
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The other identities can be found similarly.
GC’n = CLGPn+3 + bGP7,+2 + CGPn+1 + dGPn

From the above equation, the following can be obtained.

GCy = aGP3+ bGP+ cGP +dGF
GC, = aGPy+bGP;+ cGP, +dGP,
GCy = aGP; +bGPy+cGP3+dGP;
GC3 = aGFPs+bGP;+ cGPy+ dGPs

we have a = 0,b =0,c = 4,d = —6.

o0
LEMMA 4.2. 6, Let’s consider that f(x) = > a,x™ is the generating function of the sequence {an}n>0-
n=0

Then the generating functions of the sequences {agn }n>0 and {azn+1}tn>0 are stated as

faQn(x) = Zagnx” = f(\/‘%) + f(_\/E)

2 b
n=0
and
- fWz) - f(=Vz)
fa2n+1 (I’) = Za2n+11‘n = ’
n=0 2\/5
respectively.

The generating functions of the even and odd-indexed generalized Pierre sequences are ensured by the

following theorem.

THEOREM 4.3. The generating functions of the sequence GWa,, and GWa, 11 are ensured by
s (z) = —222GW3 + (=2 + 422 — 2)GWo + 223GWy + (=22 + 42 — 1)GW,
GWan B8 xt — 222 +4x -1 ’
(—2% — 2)GW3 + 203GWy + (=22 + 42 — 1)GW; + 22°GW,
x4 — 222 + 42 -1 '

(4.2)

fGW2n+1 (.’13) = (43)

Proof. We only proof (4.2). From Theorem 2.3 we can obtain following identities.

 GWo + (GWy — 2GWy) /T + (GW2 — 2GW1 )z + (GW5 — 2GWa)a/@

fGWn(\/E) 172\/54»1:2 )
. (GWO + (GWl — GWo)(—\/B + (GW2 - GW7 — QGWQ)QL‘
faw,(—Vz) = — N .
+(GW3 — GWy — 2GW7 + GWQ)(—.%\/E)
14 2y/x + a2

Thereby, Theorem 4.3 can be proved by Lemma 4.2. The other identity can be found similarly. [J

From Theorem 4.3, we get the following corollary.
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COROLLARY 4.4.

(2+14)x + i3

fap., (@) = x4+ 222 —4x+ 1’
f (z) 1+ 2z + a2
€T =
GPon+1 zt 4222 — 4o+ 1
4+ (=12 + 2i) + 422 — 6ia®
fGC2n (x) = s

ot + 222 — 4z +1
2+ 4i — 12ix + 2%(4i — 6)
x4+ 222 — 4z + 1 ’

fGK7C2n+1 (‘T)

From Corollary 4.4 we can get the following corollary which shows the identities on Gaussian Pierre

sequences.
COROLLARY 4.5.  For all integer n

a): (24 1) GCan_s + (1)GCan_g = 4GPy + (21 — 12)GPay_s + 4GPap—_4 — 6iG Py,

b): GChpy1 + 2GCop_1 + GCop_z = (4i — 6)GPay_3 — 12iGPap_1 + (2 + 40)GPap 1,

¢): GChy + 2iGCop_o + GCop_g = 4G Poni1 + (—12 + 20)GPon_1 + AGPsy_3 — 6iGPap_s,

d): (2+1)GCap_1 +iGCap_s5 = (2 + 4i) GPay, — 12iGPay_5 + (4i — 6)G Pap_4,

e): (2+ 1) GPoy_1 +iGPoy_5 = GPyy + 2iGPap_o + GPap_a,

£): 4GChpns1+(2i — 12) GOy 14+4GCay—3—6iGCayp_5 = (2 + 4i) GCly—12iGCoap o+ (4i—6)GClap_4.

Proof. From corollary 4.4 we have
(2+4)z +iz®) fac,, (2) = (4 + x(—=12 + 2i) + 42? — 6iz®) fap,, ().
LHS is equal to

LHS = ((2+i)z+iz”))  GCona™,

n=0

= (2+i)z ) GChpua"+iz® Yy GCyua",

n=0 n=0
= (241) ) GCya™™ —i»  GCypa"*?,
n=0 n=0

= (2 + ’L) i GOZn—Zl'n -1 i GC271,—6In7

n=1 n=3

= (2+i)4z+ (2+14) (4+ 202 + D ((2+1)GCoy—2 — iGCp_g)z".

n=2
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Whereas the RHS is equal to

RHS = (4+x(—12+ 2i) + 42 — 6ia®) Y _ GPp,a",

n=0

= 4 i GPypz™ + (—12+ 29z i G Py, 2™ + 412 i GPypa" — 6iz® i GPy,x"

n=0 n=0 n=0 n=0

= 4 i G Popx™ + (—12 + 2i) i GPypz™t 44 i G Py, — 6i i G Py, z" 3

n=0 n=0 n=0 n=0

= 4 i GPy,x" + (—12 + 22) i GPy_ox™ + 4 i GPyy_s4x™ — 61 i GPyy_gz"

n=0 n=1 n=2 n=3
= (4+20)7 +A4(8 + 4i)2?(2i — 12)(2+ )a® + > (4GP, + (—12 + 2i) GPay s

n=2

+4G Py, _4x™ — 6iGP2n—6)

by comparing with the coefficients the proof of the first identity (a) is done. We can prove other identities
similarly. [J

We can get an identity consisted of Gaussian Pierre numbers and Pierre-Lucas numbers given below.
COROLLARY 4.6. For all integers m,n the following identities holds:
GWm+n = m—QGWn-i-?) - P’m—5GWn+2 - P’m—4GWn+1 - Pm—SGWn-

Proof. First we assume that m,n > 0 theorem 4.6 can be proved by mathematical induction on m. If
m =0 we get
GW, =P sGW,413 — P_sGW,i0 — P_4GW, 11 — P_sGW,.
which is true since P =0,P_3 = —1,P_4 = 0, P_5 = 0. Suppose that the equality holds for m < k. For

m =k + 1, we obtain

GWit14n = 2GWyip +—-GWyip_s3,

2(Pr—2GWhpys — Po_sGWyyo — P aGWyy1 — P 3GW,)

— (2Py—5GWy43 — PyesGWyio — Py ¢GWyi1 — Pu¢GW,,)

as a result, by mathematical induction on m, this proves Theorem 4.6.
The other cases of m,n can be proved smilarly for all integers m,n. OJ

Taking GW,, = GP,, or GW,, = GC,, in above Theorem, respectively, we obtain:

COROLLARY 4.7.

GPm,+n = Pm—QGPn+3 - Pm—5GPn+2 - Pm—4GPn+1 - Pm—SGPn;

GCern = Pm72GCn+3 - Pm75GCn+2 - Pm74GCn+1 - Pm73GCn-
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5. SIMSON’S FORMULA

In this section, we show Simson’s formula of generalized Gaussian Pierre numbers. This is a specialized
case of [17,Theorem 4.1]. We give the proof by computing determinant and using Binet’s formula of Gaussian

generalized Pierre numbers.

THEOREM 5.1. For all integers n, we can write the following equality:

CWiss GWirs GWopr GW, GWs GW. GW, GW,
GWos GWapn GW. GW.oy | | GWo GWi  GW, GW.,
CWpsr  GW, GWe1 GWas | | GWi GWo GW_, GW_,
GW,  GWnr GWno GWy_s GWo GW_. GW_o GW_s

= (GW3 — 2GW3 + GWy)(GW3 — 2GWy + GWy)(GW2 — GW2
+GW12 — GWO2 — GWoGW3 — 2GW1GW3 + GW1GWo + GWoGW3 + 2GW GWo — GWOGW1).
Proof. Using Theorem 2.1 it can be proved by using induction use [17,Theorem 4.1]

From Theorem 5.1 we obtain the following Corollary.

COROLLARY 5.2. For all integers m, the Simson’s formulas of Pierre and Pierre- Lucas numbers are
deduced as respectively
GPhy3 GPhy2 GPy1  GP,
GPn+2 G(F)n-i-l GPn GPn—l .
a): =2—2i.
GPn+1 GPn GPn—l GP71,—2

GP, GP,.1 GP,_2 GP,_3

GCuys GCnin GCpyy GO,
GCpia GCnyy  GC, GC,_
b): 2 i bl = 352 + 352i.
GCoy1  GC, GCp_y GCyn_s

GC, GC,_1 GC,_o GC,_3

6. SUM FORMULAS

In this section, we identify some sum formulas of generalized Gaussian Pierre numbers

THEOREM 6.1. For all integers n > 0, we obtain sum formulas below

—~

—(n+3)Whis+n+4)Whio+ (n+3) Wit + (n+4)W,, + 3W5 — AW, — 3W; — 2W).

N | =

a)3 o GWi, =

b) ZZ:O GWay, =
1

C)ZZ:O GWQkJ,_l = 5(—(n+1)W2n+2+(n+3)W2n+1+(n+2)W2n+(n+2)W2n_1+2W3—3W2—W1—QWO).

Proof. It is given in Soykan [19, Theorem 3.10]. O

(=(n+2)Wap 2+ (n+3)Wap i1+ (n+3) Way +(n+2)Way, 1 +2W3 —2Wo —3W; —W).

DN =

As a specialized case of the Theorem 6.1, we give following corollary.

COROLLARY 6.2. For all integers n > 0, we have sum formulas below:
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—~

—(n+3))Poys+ (n+4)Poia+ (n+3)Pyy1 + (n+4)P, + 1+ 2i).

DO =

a)ZZ=O GPy =
b) > ke GPar =

n 1 .
C)Zk=0 GP2k+1 = 5 (—(n + 1)) P2n+2 + (TL + 3)P2n+1 + (TL + 2)P2n + (n + 2)P2n71 + 1 + ’L).

As a specialized case of the Theorem 6.1, we give following corollary.

(—(n+2)) Ponyo+(n+3)Poya+ (n+3)Papt1 + (n+3) Pay, + (n+2) Pop—1 + 1+ 24).

N —

COROLLARY 6.3. For all integers n > 0, we have sum formulas below:

(—(n+3)Chys+ (n+4)Chia+ (n+3)Chi1 + (n+4)C,, — 6 — 8i).

DO =

a)ZZ=O GCy =
b)> o GCor =

n 1 ,
C)Zk:o G02k+1 = 5 (—(n + 1)) Czn+2 + (TL + 3)Czn+1 + (TL + 2)0277, + (n + 2)02,171 —6— 21).

(—(TL + 2)) C2n+2+(n+3)cn+2+(n+3)+02n+1 +(n+3)c2n+(n+2)+c2n—1 _2_81)

N |

Next, we present the ordinary generating functions of some special cases of Gaussian generalized Pierre

numbers.

THEOREM 6.4. The ordinary generating functions of the sequences Way,, Wapn 41 are shown as follows:

222 W3 + (22 — 42?2 + )Wy — 223Wy + (22 — 4z + 1)W)

xt+ 222 — 4+ 1
(23 + 2)W3 — 223Wo + (2% — 4o + 1)W; — 222 W)
ot + 222 —4r + 1 '
From the last Theorem, we get the following Corollary which gives sum formula of Gaussian Pierre

numbers (Take W,, = GP,, with GPy =0,GP, =1,GP, =2+1i,GP; =4+ 2i )

a)ZZO:O GWopa™ =

b)ZZO:() GWQn—i—lxn =

COROLLARY 6.5. For n >0 Gaussian Pierre numbers get the following properties.

ird + (2410

xt 4202 —dx +1°
2+ 2z +1

2t 4222 —dx +1°

a)dy o o GPopa" =

b)zzo:() GP2n+1£L‘n =

7. Matrix Formulation of GW,,

We define the square matrix A of order 4 as

2 0 0 -1
1 0 0 O
A =
01 0 O
0 01 O
such that detA = 1. Notice that
Pn+1 —1In-2 —TILn-1 _Pn
An _ Pn —4n-3 —In-2 —In-1
Pnfl ~—1In—-4 —1In-3 “TLIn-2

Pn—2 ~—4In-5 —In-4 —In-3
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for the proof see [22].

Then we obtain the following lemma.

LEMMA 7.1. For n > 0 the following identitiy is true:

CWiss 2
GWypio | | 1
awni | | o

W, 0

0 0 -1
0 0 O
1 0 O
01 0

n

PIERRE NUMBERS

GW;
GWy
GWy
GWy

Proof. The identitiy (7.1) can be proved by mathematical induction on n. If n = 0 we get

GWs3 2
GWy 1
GW; 0
GW,y 0

which is true. We assume that the identity (7.1) holds for n = k. So the following identitiy is true

GWiys 2
GWiy2 | | 1
GWita o
GWy, 0
For n =k + 1, we obtain
k+1
2 0 0 -1 GWjs
1 0 0 O GWy B
010 0 awy, |
0 01 O GWy

0 0 -1
0 0 O
1 0 0
01 0

0 0 -1

0 0 O

1 0 O

0 1 0

2 0 0 -1
1 0 0 O
01 0 O
0 0 1 O
2 0 0 -1
1 0 0 O
01 0 O
0 0 1 O
GWiya
GWiys
GWiqo
GWiia

0

k

GWs
GW,
GW;
GWy

o
= o O O

GWiys

GWiia

GWii1
GWy

Consequently, by mathematical induction on n, the proof completed. [

GWs
GW,
GW;
GWy

19

(7.1)



20 SERCAN DOGAN,YUKSEL SOYKAN

We define

GWs GW, GWi GW,
GWo GW, GW, GW_,

Ngw = , (7.2)
GW, GW, GW_., GW_,

GWy GW_1 GW_y GW_3

GWyis GWypio GWapr  GW,

GW, GW, GW,, GW,,_

Eaw = +2 +1 L (7.3)
GWpyr  GW,  GW,_1 GW,_s

GWn GWn—l— GWn—Q GW7L—3

Now, we get the following theorem with Ng,, and Egy,

THEOREM 7.2. Using NGy and Egy, , we get

AnNGw = EGUJ'
Proof. Notice that using Corollary 3.6,
Poy1w —Ph o2 —P,1 P, GWs GWy GW;  GW,
n Pn ~—4In-3 —In-2 —In-1 GWQ GWl GWO GW_1
A"Ngy =
Pnfl —Itn-4 —1In-3 TIn-2 GWl GWO GW71 GW72
P, o —P,5 —P,4 —Py,3 GWy GW_y GW_, GW_j

@11 Gl2 a3 Aai4
Ga21 Q22 Q23 G24
az1 asz2 a3z G34

Q41 Q42 A43 Q44



where

a1 =

a2 =

a3 =

a4 =

a1 =

a22 =

a3 =

24 =

asy =

aza2 =

ass =

az4 =

41 =

a42 =

a43 =

a44 =

ON GAUSSIAN GENERALIZED PIERRE NUMBERS

Poit1GWs3 — P,_oGWy — P,_1GW1 — P,GWy = GWy 43

21

Pn+1GW2 - Pn72GW1 - PnflGVV() - Pnwal = GWn+2

Pn+1GW1 - PTL—QGWO - Pn—lGW—l - PTLGW—Q = GWn+1

Poi1iGWy — Py oGW_y — P, _1GW_3 — P,GW_5 = GW,

P,GWs — P,_3GWy — P,,_oGW; — P,,_1GWy = GW,, 12

P,GWy — P,_sGW; — P, _oGWy — P, 1GW_; = GWp 4

PnGwl - Pn73GVV() - Pn72GW71 - PnflGW72 = GWn

PnGWO - PTL—3GW—1 - PTL—QGW—Q - P7L—1GW—3 = GWn—l

P, 1GW3 — P,_yGWy — P,_sGW; — P, _oGWy = GW,, 14

P,_1GWy — P,_sGWy — P,_3GWy — P,_oGW_1 = GW,,

P, 1GWy — P yGWy — Py _3GW_1 — P,_oGW_y = GW,,_1

PnflGWO - Pn74GW71 - Pn73GW72 - Pn72GW73 = GWn72

P,_2GW3 — P,_sGWy — P,_4GW; — P, _3GWy = GW,,

P, _oGWy — P, _sGW1 — P,_yGWy — P, _sGW_1 = GWj,_;

P 2GWy — Py sGWo — P s GW_y — Py 3GW_3 = GW;,_»

P,_sGWy — P,_sGW_1 — P,_4GW_3 — P, _3GW_3 = GW,,_3

Using the theorem 4.6 the proof is done. [J
By taking GW,, =GP,, with GPy, GP;,GP5,GPs in (7.2) and (7.3)
GW,, =GC,, with GCy, GC1,GC3,GC5 in (7.2) and (7.3)

respectively, we obtain:

4+ 21
2+
1
0

Ngp =

8+ 4i

4+ 2

2+ 4
4

Ngc =

24i 1 0 GPors GPois
1 0 0 GP,y2 GPpia
) EGP =

0 0 - GP..i GP,
0 —3 —1 GPn Gpn—l
442 2440 4 GChis
2+ 41 4 0 GCrya

, Bae =

4 0 6i GCpia

0 61 6 — 41 GC,

From Theorem 7.2, we can write the following corollary.

GPot
GP,
GP,_;
GP,_»

GChiz
GCin
GC,
GCh_:

GP,

GP,_,
GPys |’
GPu_s
GCryr GO,
GC,  GCn_y
GCnur GChsy
GCny GCh_s
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COROLLARY 7.3. The following identities are hold:

a): AnNGP = EGP-
b): AHNGC = Egc.

8. Conclusions

Recurrence relations have been extensively studied in the literature and play a crucial role across diverse
fields, including physics, engineering, architecture, nature, and art. Among these, second-order recurrence
relations involving integer sequences—such as the Fibonacci, Lucas, Pell, and Jacobsthal sequences—are
particularly well known. The Fibonacci sequence, perhaps the most famous example, was introduced by
Leonardo of Pisa in his 1202 treatise Liber Abaci, in connection with a rabbit population growth problem.
Both the Fibonacci and Lucas sequences are rich sources of elegant and intriguing mathematical identities.
For a comprehensive account of the applications of these second-order recurrence relations in science and
nature, see [9,10,11].

In this study, we introduce the Gaussian generalized Pierre numbers as a novel class of fourth-order
recurrence sequences, along with two of their distinguished special cases. Building upon their foundational
recurrence relation, we derive explicit Binet-type formulas and construct corresponding generating functions
that encode their structural behavior. Furthermore, we develop Simson-type identities, closed-form summa-

tion formulas. We also examine their recurrence dynamics in depth and present matrix representations.
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