Gaussian Generalized Adrien Numbers

Abstract. In this study, we introduce the concept of Gaussian Generalized Adrien numbers, a novel
extension within the framework of special number sequences. Our focus centers on two particular instances:
the Gaussian Adrien numbers and the Gaussian Adrien-Lucas numbers. We systematically investigate and
establish fundamental properties of these sequences, including closed-form identities, recurrence relations,
matrix formulations, and Binet-type expressions. Additionally, we derive their generating functions, explore
their connections with exponential functions, and present analogues of Simson’s and summation formulas.
These results contribute to a deeper algebraic and combinatorial understanding of the Gaussian extensions
of Adrien-type numbers and open pathways for further research in number theory and related fields.

Keywords. Adrien numbers, Adrien-Lucas numbers, Gaussian Adrien numbers, Gaussian Adrien-Lucas

numbers.

Introduction: An Overview of General Linear Recurrence Relations

Second-order, third-order, and fourth-order linear recurrence relations are particular cases of the more
general k-th order linear recurrence relations. These describe sequences in which each term is a linear
combination of a fixed number of preceding terms. A homogeneous linear recurrence relation of order k is

defined as:

an = Aran—1+ Asap_o+ -+ Agan_p, forn>k,
where Aq, Ao, ..., A are constant coefficients and the initial terms ag, a1,...,ar_1 are given.
Examples of Specific Orders:
e Second-order:

an = Aap_1 + Ba, o
1
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Characteristic equation:
2?— Az —B=0
e Third-order:

an = Aapn_1+ Ba,_o + Ca,_3

Characteristic equation:
3 — Az? — Br —C =
Fourth-order:
an = Aap—1+ Ba,—o+Cayp_3+ Da,,_4

Characteristic equation:

2t — Az — B’ —Cex—D=0

The general solution to a linear recurrence relation depends on the roots of its characteristic equa-
tion. If the characteristic polynomial has k distinct roots r1,79,..., 7, then the solution can be

expressed as:
ap, = a1r] + aory 4+ - -+ agry,

where o, g, ..., are constants determined by the initial conditions. If some roots are repeated

or complex, the solution will include polynomial or trigonometric modifications such as:

an = (P(n)r*) or a, =r"(acos(nd)+ Bsin(nd)),

depending on whether the roots are repeated real or complex conjugates.

An inhomogeneous linear recurrence includes a non-zero function on the right-hand side:

ap = Alan—l +---+ Akan—k + f(n)7

where f(n) is a function of n. The general solution is the sum of the homogeneous solution and a particular

solution of the nonhomogeneous relation.

Higher-order recurrence relations are fundamental in:

e Combinatorics: Enumeration of partitions, tilings, and paths.
e Computer Science: Algorithm analysis and dynamic programming.
e Mathematical Physics: Discrete dynamical systems and numerical schemes.

e Number Theory: Generalizations of Fibonacci, Lucas, and other integer sequences.
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1. Background On Adrien Numbers

In this section, we present key foundational results on Adrien numbers, which are governed by a fourth-
order homogeneous recurrence relation.
The generalized Adrien sequence {Wy,}n,>0 = {W,,(Wo, W1, Wa, Ws) },,>0 is defined by the fourth-order

recurrence relation as
Wn = 3Wn71 - Wn72 - Wn747 (11)

with the initial values Wy, Wy, W5, W3 not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining
Wen=-W_(n_2)+3W_(n_3) — W_(n_4),

for n = 1,2,3,.... Hence, recurrence (1.1) holds for all integer n.Soykan has conducted a study on this
particular sequence, for more details, see [55]

Characteristic equation of {W,,} is
238 424 1=( -2 -2 -1)(2—1) =0,

whose roots are

1/ 1/3
_ 24_ 2 E_A'_ @ + E_ %
773 54 V36 54 6)
5§ = 1,
where
w= %\/g = exp(27i/3).
Note that
at+B+v+d = 3,
aft+ay+ad+py+B0+v = 1,
afy+aBd+ayd+pys = 0,

afyd = 1.
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Note also that

atf+y = 2
aft+ay+py = -1,
afy = 1.
pr = Ws—(B+y+0)Wa+ (By+ B0 +~0)Wi — ByéWo,
p2 = Wi—(a+v4+8)Ws+ (ay+ ad +v0) W1 — aydWy,
p3 = Wi—(a+B+8)Wa+ (aB +ad + o)W1 — aBéWy,
ps = Ws—(a+B+7)Wa+ (af + ay+ By)W1 — afyW,
where
A _ D1
' (a = B)(a—)(a=0d)’
Ay, = D2
(B—a)(B=7)(B—-0)
Ay = p3
(v =)y = B) (v —9)’
A, = D4

(0—a)(0—p)(0—7)
For n =1,2,3.... Hence, recurrence (1.1)is true for all integer n.
For the fourth-order reccurrance relations has been studied by many authors, for more detail see 48, 49,
50, 51, 47, 52, 45 53].

We now present Binet’s formula for the generalized Adrien numbers.

THEOREM 1.1. [55] Binet formula of generalized Adrien numbers can be presented as follows:

(aW3 — a3 —a)Wa + (—a? + (3 — 1)a + 1)W; — Wy)a™

W, =

402 +3a—1
N (BW3 — B(3 — B)Ws + (—B° + (3 — 1)B + )Wy — Wy)B"
482 +38—1
N (VW3 =B —7)Wa+ (=7 + B -1y + )Wy — W)
42 +3y -1
+%—21/1/2—12[/1 ~ W,

)
Now we define two special cases of the sequence {W,} as follows: The Adrien sequence {4, },>¢ and

the Adrien-Lucas sequence {B,,},>o are defined, respectively, by the fourth-order recurrence relations as:

An 3An,1 - An,Q - An,4 s AO = O,Al = 1,A2 = 3,A3 = 8, n 2 4, (].2)

B, = 3Bn.1—Bpo—DBna, Bp=4,B; =3,By=7,B; =18, n> 4. (1.3)
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ot

The sequences {Ay, }n>0, {Bn}n>0, can be extended to negative subscripts by defining,
A-n = A2 +34-(n-3) = A-(n-),
B, = —B_(n_2+3B_(n_3 — B_(n_a-
for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.2) hold for all integer n.Binet’s formulas as

follows.

Now we introduce Binet’s formula of Adrien and Adrien-Lucas numbers.

COROLLARY 1.2. For all integers n, Binet’s formula of Adrien and Adrien-Lucas numbers are

4 - 2o Fatlat (2874841 (97 +9+10" L
" 402+ 30— 1 482 +38—1 492 4+3y-1 3

and
Bp=a"+ 8" +9"+1.

respectively.

o0
LEMMA 1.3. Suppose that fw, (z) = >, Wpz" is the ordinary generating function of the generalized
n=0
o0
Adrien sequence {W,}. Then, Y Wy,z" is given by
n=0

> . Wot (Wy —3Wo)z + (Wa — 3Wy + Wy)22 + (Wy — 3Wy + W) 23
Zan = 3 1 .
—= 1-32+2242

Proof. Take r =3,s = —1,t = 0,u = —1 in Lemma 55. [J
Next, we give some information about Gaussian sequences from literature.
e Horadam [21] introduced Gaussian Fibonacci numbers and defined by

GF, =F,+iF,_1

where F,, = F,,_1 + F,,_o, Fy = 0, F; = 1 (in fact, he defined these numbers as GF,, = F,, +iF, 1
and he called them as complex Fibonacci numbers.

e Pethe and Horadam [28] introduced Gaussian generalized Fibonacci numbers by

GF, =F, +1iF,_4,
where F,, = F,,_1+ F,,_2, Fu =0, F} = 1.
e Halict and Oz [20] studied Gaussian Pell and Pell Lucas numbers by written , respectively,
GP, = P,+1P,_,
GQn = Qn+iQn_1.

We give some Gaussian numbers with second third recurence relations.
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e Yilmaz and Soykan [64] studied Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,

GTn = T+ Ztz—;zfl,
GH, = H,+ 1tHy 1,
where T;, = 3T}, 1 — 3T, 2 + Ty 3,To=0T =1,T, =3, and H,, =3H,_1 —3H, 2+ Hn—S,
Hy=3,H, =3 Hy — 3.

e Dikmen [8] presented Gaussian Leonardo and Leonardo-Lucas numbers by written respectively,

Gln = ln + iln—h

GH,

Hn + iHn—la

where ln = 2ln_1 — ln_3,l0 = 1,[1 = 1,12 = 37 and Hn = 2Hn—1 — Hn_g,H() = 3,H1 = 2,H2 =4.

e Ayrilma and Soykan [1] presented Gaussian Edouard and Edouard-Lucas numbers by written re-

spectively,

GEn = En + Z‘E’n—la

GKn Kn +iKn—1a

where En = 7En—1 - 7En—2 + En_3, EO = 0, El = 1, E2 = 7, and Kn = 7Kn—1 - 7Kn—2 + Kn_g,
Ko=3,K, =17,K, = 35.

e Soykan and Okumug and Bilgin [54] describe Gaussian Bigollo and Bigollo-Lucas numbers by writ-

ten respectively,

GBn = Bn + ianlv
GCn = Cn + iCn—la
where Bn = 4Bn—1 - 5Bn—2 + 2Bn—3’ BO = O, Bl = 1, B2 =4 and Cn = 4Cn_1 — 5Cn_2 + 2Cn_3,
Co=3,C1=4,05 =6.

e Eren and Soykan [14] describe Gaussian Woodall and Woodall-Lucas numbers by written respec-

tively,
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GRn = Rn + iRn—la

GC,

Cn + iCnfla

where R, = bR,_1 — 8R,_2 +4R,,_3, R = —1,R; = 1,Ry, = 7,, and C,, = 5C,,_1 — 8C,,_o + 4C,,_3,
Co=1,C1=3,C, =09.

oo n
Next, we give the exponential generating function of » W, Z; of the sequence W),.
n=0 ’

o0
LeEMMA 1.4. Suppose that faw, (x) = > W, Ly is the exponential generating function of the generalized

n=0
Adrien sequence {W, }.
oo n
Then »  W,7%; is given by
n=0
e (aW3 — (3 — a)Wy + (—a? + (3 — Da+ )W) — W) ..
Z Wy = 2 €
—= 4o + 3 —1
L (BWs = B3 = B)Wa + (=5"+ 3= 1B+ YW1 = Wo) 5,
46% + 36— 1
+(’)’WE; 1B =NWa+ (> + B -1y + )W) — Wo)ew n (W?, —2Wy — Wy — WO)ex
492 4+ 3y -1 -3 '
Proof: Using the Binet’s formula of generating Adrien numbers we get
= z" - pra” p2B" p3Y" W3 —2Wy — Wy — Wy, 2"
ZW”F B 2(4042+3a—1+4ﬂ2+3/8—1 492 +3y -1 -3 )T
n=0 : n=0 ’Y ’Y .
& m am " e p26’fl " e p3,yn "
= e st T
;4a2+3a71n! ;452+36—1n! 712204’)/2+3771n!
> W3—2W2—W1—W0 z"
* ;0( -3 U
W — _
_ P1 T D2 ST 4 D3 7 4 W3 —2W, — W, — Wy o
402 +3a—1 482 +38—1 N2+ 3y -1 3

The previous Lemma 1.4 gives the following results as particular examples.

COROLLARY 1.5. FExponential generating function of Adrien and Adrien-Lucas numbers

2 A " i(((2a2+a+l)a” (268°+B+1)8" (272+7+1)7”7})£
=" = 402 +3a—1 48% +38—1 492 +3v -1 3’ n!
202 1 23 1 242 1)y 1
402 + 30— 1 482 +38 -1 492 +3y -1 3
o0 n [e'e] l.n
b): 3 Bye = 3 (a4 B 4"+ 1) = e T o e,
n=0 n! n=0 n!
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2. Generalized Gaussian Adrien Numbers

In this section, we introduces Gaussian numbers and explores some of their key properties including

Binet’s formula and generating functions.

Gaussian generalized Adrien numbers {GW,, },>0 = {GW,,(GWy, GW1, GWa, GW3)},,>0 are defined by

GWn = 3GWn—1 - GWn—2 - GWn—47

with the initial conditions

GWy
GW;
GW,

GW;

Wo + i(3We — Wy — W3),
Wl + iWOa
W2 + inu

W3 + iWs.

not all being zero. The sequences {GW,, },,>0 can be extended to negative subscripts by defining

GW_, = 7GW_(7L_2) + 3GW_(n_3) - GW_(.,L_4).

for n = 1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get

and

GWn = Wn + 7;an17

GW_, =W_, +iW_,_;.

(2.1)

(2.4)

The first few generalized Gaussian Adrien numbers with positive subscript and negative subscript are

presented in the following table.

Table 1. The first few generalized Gaussian Adrien numbers with positive subscript

GWn

n
0
1
2
3
4
)

Wy + i(3W2 Wi+ —W3)

W1 +1Wy
Wy +1iW
W3 + ilWsy

3Ws — Wy — Wy + iW3
8Ws — Wy — 3Wa — 3Wo + i(3Ws — Wa — Wy + iWs)

and with a negative subscript shown in Table 2
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n GW_,

0 W3+ i(3Wy — W7 — W3)

1 3Wy — W1 — W3 +i(3W7 — Wy — Wa)
2 3Ws + Wy — Wa +i(3Wy — 3Wa + W)
3
4
5

3Wo — 3Wa + W3 + i(10Wy — 611 — 3W3)
10Wo — 6W; — 3W3 + i(10W; — 6W, — 3W>)
10Wy — 6Wy — 3Ws + 4(10Wy + 3Wq — 18W5 + 6Ws)
We can define two special cases of GW,, : GW,,(0,1,3 4+ 4,8 + 3i) = GA,, is the sequence of Gaussian
Adrien numbers , GW,, : (4,34 44,74 31,184 7i) = GB,, is the sequence of Gaussian Adrien-Lucas numbers.

So Gaussian Adrien numbers are defined by

GAp =3GAn_1 — GAp_y — GAp_4, (2.5)

with the initial conditions

GAy=0,GA; =1,GAy =3+4+1i,GA3 =8 + 3i.
Gaussian Adrien-Lucas numbers are defined by
GBn = 3GBn—1 - GB7L—2 - GB7L—47 (26)

with the initial conditions

GBo=4+4i,GB; =3+ 4i,GBy = 7+ 3i,GBs = 18 + Ti.

GA, = A, +iAp_1.

GB, =B, +1iBp_1.

The first few values of Gaussian Adrien numbers, Gaussian Adrien-Lucas numbers, with positive and
negative subscript are given in the Table 3.
Table 3. Special cases of Gaussian generalized Adrien numbers and Gaussian Adrien-Lucas numbers

with positive and negative subscripts
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n 0 1 2 3 4 5 6 7 8
GA, 0 1 3+t 8+31 21+8 54+21i 138+54¢ 352+ 1387 897+ 352¢
GA_, O 0 —1 -1 1 1—3¢ -3 67 6 — 107
GB, 4 3+4 T7+4+3 18+7 43418 108+43¢ 2744108 696 + 2747 1771 + 696¢
GB_, 4 -2t =249 9-2¢ —-2-15i —-15—-2¢ 31 —T41 —74 4 108:

Next, we describe the Binet’s formula for the Gaussian generalized Adrien numbers.
The Binet’s formula for the Gaussian generalized Adrien numbers is

(aGW3 — a(3 — a)GWy + (—a? + (3 — Da + 1)GW; — GWy)a™

GWa = 402 +3a—1
L (GBW: — B(3 - B)GW> + (=B*+(3-1)B+1)GW, — GWy)B"
462 +33—1
L (GWs =73 =7)GWs + (=7 + (B =)y + HGW, = GWo)y"
3y—2
| GWs = 2GW, — GWy — GWo
-3
i (@GW5 — a3 — a)GWa + (—a? + (3 — 1)a+ 1)GW; — GWp)a™ !
40?2 +3a -1
| (GBWs = B3 = B)GW, + (=B° + (3= 1)B + )Gy — GIWp) 3"
487 +33—1
N (VW3 =43 —=7)GWa + (—* + (3 = 1)y + )GW — GWy)y" !
492 + 3y — 1
GWs3 — 2GWsy — GW, — GW,
+ — ).

Proof. The proof follows from (1.1) and (2.3). O

The previous Theorem gives the following results.

COROLLARY 2.1. For all integers n, we have following identities,

(202 +a+1)a”  (282+B+1)B" (22 +y+1)y" 1

: GA,, = Y
(a) " 402 +3a—1 482 438 -1 dy2 + 3y -1 3"
i((2a2+a+1)an—1 (262+6+1)ﬂn71 (2,}/24'_74_1)771,—1 _1)
402 + 3a— 1 482 +38 -1 492 4+3y -1 37

(b): GB=a"+ " + " + L +i(a" + 5" 4471 4 1),
The next Theorem presents the generating function of Gaussian generalized Adrien numbers.

o]
THEOREM 2.2. Let fow,(z) = >, GW,a"™ donate the generating function of Gaussian generalized
n=0

Adrien numbers is given as follows:

fow,(z) = > GW,a"
n=0

o GWy + (GWl — SGWO)JS + (GWQ — 3GW1 + GWO)CC2 + (GWg — 3GWs5 + GWl)CCS (2 7)
B 1—32+ 22+ 24 o
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Proof. Using the definition of Gaussian Adrien numbers, and substracting zf(z), 22 f(z) and 23 f(z)

from f(z) we obtain (1 + 2% — 323 + z*) fow, (z)

(1 =3z + 2%+ 2" fow, () = Z GWpa" — 3z Z GW,z" + 2 Z GWya" + z* Z GWpa",
n=0 n=0 n=0 n=0
= Y GWpa" =3> GWpa" 4+ GWa™ T+ ) GWaa™
n=0 n=0 n=0 n=0
= Z GW,z™ —3 Z GW(n,l):B" + Z GW(H,Q).%'" + Z GW(n,4)$n,
n=0 n=1 n=2 n=4

= (GWo + GWiz + GWaz? + GWaz?) — 3(GWox + GWyz? + GWoz?)

+3(GWoz” + GWia®) + Y (GW,, — 3GWy_1 + GWy_s + GW,_y)a",

n=4

= GWy+ (GWl — SGWO)IL' + (GWQ —3GW, + 3GWO)J?2

+(GW3 — 3GWy + GWy)z?.

and modifying above equation, we get (2.2). O

COROLLARY 2.3. For all integers n, we have following identities:

ir2 4+
24+ 223+ 322 -7z + 1’

] 203 4+ (2 —9i)x? — (9 —4i)x + 4
b): = Bz =
(b): fes,(z) HZZ:OG nt xt 4223 4+ 322 —Tx +1

(a): fou, (x) = iGAnzn _

Theorem (2.2) gives the following results as special cases,

(1=3z+a2?+2") fea, (x) = GAo+ (GA1 —3GAp)z+ (GAs —3GA; +3GAg)2? + (GA3 —3GAs+ GAy )3
=ix? +x,(1 — 3o + 22 + 2%,

foB, () = GBy + (GB1 — 3GBy)z + (GBy — 3GB; + GBy)z? + (GB3 — 3GBsy + GBy)a3
=2ix® + (2 — 9i) 2% — (9 — 4i) = + 4.

oo
LeEMMA 2.4. Suppose that fow, (x) = > GW, %y is the exponential Gaussian generating function of
n=0

the generalized Adrien sequence {GWp}.

Then > Gann—T is given by

n=0
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(aWs —a(3—a)Ws + (—a?+ (3 —1)a+1)W; — Wo) oa

oo x/n/
;}GWHE - 40?2 +3a—1
+(ﬂW3 — BB —B)Wa+ (=2 + (3 - 1)+ 1)W; — WO)e[B.r
4% +35 -1
LOWs =9@B=)We + (=72 + B = Dy + YW1 = Wo) s
492+ 3y -1
(W 2W2_—3 Wi Wo .
i (aW3 — a3 —a)Wo + (—a? + (3 — Da+ 1)W1 — Wo) .
! a(40? 4+ 3 — 1) ‘
+(ﬂWs; — BB —B)Wa + (=B + (3 - 1)+ L)W, — WO)e,Bx
B(4B* +3B8 1)

L OWs =13 = 7)Wa + (—*+B-1)y+ )W — Wo) e
Y(4y2 43y - 1)

Wi —2Wy — Wy — Wo .,
_|_( 3 2_3 1 0)6)

Proof. The proof follows from the Binet’s formula of GW,, and GW,, = W,, + iW,,_; Lemma(1.4).

Z:OGWTLE = Z:O(Wn +iWno1) 5 = Z%an + Z_%ZWn—lg
(aW3 — a3 —a)Wa+ (—a? + (3 —1)a+ )Wy — GWy) ..
4% +3a—1 ¢
L(GWs = BB = AWy + (=5 + (3= DB+ W1 = Wo) s,
482 +36 -1
(W3 =B —NWa+ (—* + B - Dy + VW1 = Wo) _,
+ e
492 + 3y -1
W3 —2Wy — W1 — GW,
+( s 2_3 1 0yee.
_H,((an, —aB—a)Wa+ (—a?+ (3 —1)a+ 1)W; — Wo)eo‘”’
a(40? +3a - 1)
L (BWs = BB = B)Wo + (=" + 3 = 1)B+ YW1 = W) 5,
B(A5” + 36— 1)
(VW3 — (3 —v)Wa + (—’YQ +B=1)y+1)W; — GWO)efyz n (W3 —2Wy — W1 — Wy )e®)
-3

Y(4y? +3y —1)

The previous Lemma 2.4 gives the following results as particular examples.

COROLLARY 2.5. Fzxponential Gaussian generating function of Adrien and Adrien-Lucas numbers

o (208 +a+ 1)t | 287+ B+ DBY | 2P+ Ly

: A,— =
a) ,,20 n! EO“ 402 4+ 3 — 1 482 +38—1 492 4+ 3y -1 3
Z,((2042 tat+la"t @28+ 8+1)8" (221t }))ﬁ
402 4 3o — 1 4% +38 -1 492 + 3y —1 37 n!’
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@ totl) o, @FHAHY) 5, P4yt Dy" L,
402 + 3 — 1 462 +338—1 492+ 3y -1 3
202 1 23 1 242 1 1
: 'L( ( a2+a+ ) e’ ( ﬂ2+ﬂ+4) P ( ,YQ+’Y+ 7) et — *€w>.
a(4a? +3a— 1) B48° +38—1) v(4y2 + 3y —1) 3
s} " o0 "
b): 3 By = 2 (@" + 5" +9" + 1+ i(an ™ 4 BT T D)oy =e+ e 4+ 1T +e” +
n=0 =0 !

M n
i(Ler + %65’” + %e” +e").

=

3. Obtaining Binet Formula From Generating Function

We next find Binet formula generalized Gaussian Adrien number {GW,} by the use of generating

function for GW,,.

THEOREM 3.1. (Binet formula of generalized Gaussian Adrien numbers)

W= G — @5 * B a)(?f E=H T Gt -G B a><§4—55><6 D
where
a = GWoa® + (GW, — 3GWy)a? + (GWy + GW, + GWo)a + (GW3 + GWy + GW),
@ = GWopB® + (GW, — 3GWy)B* + (GWa + GW + GWy) B + (GW3 + GWy + GW),
@ = GWoy? + (GW; — 3GWo)y? + (GWo + GWy + GWo)y 4 (GWs3 + GWy 4+ G,
@ = GWob® + (GW) — 3GWy)6% 4 (GWy + GWy + GWo)6 + (GW3 + GWy + GW7).
Proof. Let
h(z) =1 — 3z + 2 + 2.
Then for some «, 5,7 and § we write
h(z) = (1 — ax)(1 - Bz)(1 — yz)(1 — o),
ie.,
1-3z42%=(1—ax)(1 - Bz)(1 —yz)(1 - dz), (3.2)

Hence é, %, % and % are the roots of h(z). This gives «, 8,7 and § as the roots of

1 3 1 1
H=1-24 -4+ — =0
x) m+x2+x4

h(

This implies 2* — 322 + 22 + u = 0. Now, by it follows that

S G, = SWot (GW1 = 3GWo)a + (GWs = 36W1 + GWoa? + (GIWs = 3GWs + GWa)a?
n=0 o (1—az)(1—-pBz)(1 —~z)(1 —ox) :
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Then we write

GW() + (GWl - 3GWO)1' + (GWQ — 3GW1 + GW())J?Q + (GW3 — 3GW2 + GW1).233

(1—a2)(1 — Ba)(1 —ya)(1 - oa)
_ B Bs Bs By
T (—aa) (-2 (—na)  (G—da)

So

GWo + (GWy — 3GWy)z + (GWy — 3GW, + GWy)a? + (GW3 — 3GWy + GW1)z?

= Bi(l—-px)(1—~z)(1—dx)+ Ba(1 — azx)(1l —vz)(1 — ox)

+B3(1 — azx)(1 — Bz)(1 — 0z) + Bs(1 — az)(1 — fz)(1 — yz).

(3.3)

If we consider z = X, we get GWy+ (GW1 —3GWy) £ 4+ (GW2 —3GW1 + GWo) 25 + (GW3 —3GW2 + GW1) 25

1
=Bi(1- (- -5)
This gives

B =

a3 (GWo + (GW7 — 3GWo) = + (GW, — 3GW1 + GWy) 25 + (GW3 — 6GWs + GW1) )

(o= B)(a=7)(a=9)
GW()O&g + (GW1 — GWO)OdZ + (GWQ —3GW1 + GW())O& + (GW3 — 3GW5 + GWl)
(o = B)(a=7)(a = 9) '

Similarly, we obtain

CWo B2 + (GW — 3GWy) 82 + (GWa — 3GW + GWo)B + (GW5 — 3GWy + GW)

P = G- a)B-1(B-0)

B, GWoy3 + (GW1 — 3GWo)y? + (GWy — 3GW, + GWo)y + (GW3 — 3GW, + GWy)
(v=a)(y = B)(y—9)

B, GWoo® + (GW — 3GW)6 + (GWy — 3GW, 4+ GWy)d + (GWs3 — 3GW, + GWh)

(0 —a)(d=P)(6—)
Thus (3.3)can be written as

ZGan" =Bi(1—ax) ' 4+ By(1 — Ba) ' + B3(1 —yx) ™' + By(1 — 6x) L.

This gives

o0 o0 oo o0 o0
Z GW,z" = DB, Z az" + By Z B8"z" + Bs Z vz + By Z o"z™
n=0 n=0 n=0 n=0 n=0
o

= Z(Bloc" =+ Bgﬁn + Bg’yn + B45n)$n

n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain

GW = Bla" —+ B2ﬂn —+ Bg’}/n —+ B46n

)

)
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and then we get (3.1). O

4. Some Identities About Recurrence Relations of Gaussian Generalized Adrien Numbers

In this section, we present some identities on Gaussian Adrien, GaussianAdrien-Lucas.

THEOREM 4.1. The following equations hold for all integer n

34 50 22 49
GAn — ﬁGBn+3 - ﬁG‘Bn+2 - ﬁGBn+1 - ﬁGBn’ (41)
GBn = _GA7L+3 + 3GA'IL+2 + GA7L+1 - 4GA'IL'

Proof. To proof identity (4.1), we can write
GAn = aGBn+3 + bGBn+2 + CGBn+1 + dGBn

Solving the system of equations

GAy = aGBs3+ bGBy + ¢GBy + dGBy,
GA, = aGBy+ bGB3+ ¢GBsy + dGBy,
GAs = aGBs+ bGB4 + ¢GBs + dGBs,
GAs = aGBg+ bGBs + ¢GBy + dGBs.
we get a = %, b= —%, c= —%7 d= —%.The other identities can be found similarly. (I

oo
LEMMA 4.2. ([15])Let’s assume that f(x) = > a,x™ is the generating function of the sequence {an }n>o0-
n=0
Then the generating functions of the sequences {azn tn>0 and {a2n41}tn>0 are stated as

fllgn (Jf) — Z G,ann — f(ﬁ) +2f(_\/5)
n=0

and

S JVE =SV
fﬂ2n+1( ) HZ:O 2n+1 Qﬁ .

respectively.

The generating functions of the even and odd-indexed Gaussian generalized Adrien sequences are pro-

vided by the following theorem.

THEOREM 4.3. The generating functions of the sequence GWa,, and GWay, 11 are provided by

l‘S(GWQ —3GW1 + GWy) + 1‘2(3GW3 — 8GW3 + 2GWy) + x(GWy — TGW,) + GW)

= 4.2
Jaw,, (@) xt 4223 + 322 — Tr + 1 , (42)

f ( ) . JTS(GW;J, — 3GWs5 + GWl) + x2 (GWg — 3GW5 +2GW; — 3GWO) +x (GWg — 7GW1) + GWh
GWan 1 \F) = x4+ 223 + 322 —Tr +1 ’

(4.3)
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Proof. We only proof (4.2). From Theorem (2.2) we can obtain following identities:

(GWy — 3GW, 4+ GWo)Va? + (3GWs — 8GWy + 2GWo) Va2 + (GWy — TGWy) vz + GW,

€T) =
faw. (vVz) 22 + 2V23 + 3z — Tz + 1
fow (V) (GW3 — 3GWy + GW1 Va3 + (GWs — 3GWs + 2GW, — 3GWo) Va2 + (GWs + TGW4) /& — GW;
GW, \ ™ = - .

2?2 +2vVad +3x —T7/x + 1
Thus, the result follows from Lemma (4.2) can be proved . The other identity can be found similarly. O

From Theorem (4.3), we get the following Corollary.

COROLLARY 4.4.

ixd +ix? + (3 +1i)x

feas, (@) = 4+ 223+ 322 —Tx 4+ 1’
22+ (1+3)z+1
Joana®) = TRE a2 T i1
fomn (@) (2—9i)a®+ (6 —3i)a2 — (21 — 3i)z + 4
GBsy = )

xd + 223 + 322 —Tx +1
2iz3 — (9 — 6i) 2% — (3 + 21i)  + (3 + 4i)
4+ 223 + 322 -7z + 1 '

fGan+1 (:L') =

From Corollary (4.4) we can obtain the following corollary which presents the identities on Gaussian Adrien

sequences.

COROLLARY 4.5. (a): 3+ 11)GBap—2+iGBap_yq +iGBay_g = 4GAs, — (21 — 31)GAg, o

+(6 — 3i)GAgp_g + (2 — 99)GAgp_,

(b): GBay + (14 3i) GBap—o + GBon_g = 4G Az 1 — (21 — 31)GAgp_1 + (6 — 31)G Asp_3
+(2 — 9)GAgp_s,

(c): (3+4i)GBay, — (3+214)GBap_o — (9 — 6i)GBap_4s + (2)GBan_g = 4GBy i1 — (21 — 3i)GBap_1
+(6 — 3i)GBay_3 + (2 — 99)GBay s,

d): GBapy1 + (14 3)GBop_1 + GBop_3 = (3+4))GAgni1 — (3+21i)GAzn_1 — (9 — 6i)GAzn_3
+(20)GAs, 5,

(e): (3+19)GBay—1+1iGBoy_3+iGBay_5 = (3 + 41)GAs, — (3 +21i)GAz, o — (9 —61)G Az, 4
+(2i)GAzp—s,

(f): GAgy, + (1 +3i)GAgp—o+ GAsp—a = (3+1)GAgy—1 +iGAz_3 +iG Ay, 5.

Proof. From Corollary (4.4) we obtain

(2 + ie + (34 1)) fona, (2) = (2 — 90) 2® + (6 — 30) 2® — (21 - 3i)a + 4) fopa, (@).
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The LHS (left hand side) is equal to

LHS = iz +iz? +(3419) ZGBQ,LZ'

oo
= B4z Z GBs,z™ + iz? Z GBspz™ + iz? Z GBy,x",

n=0 n=0 n=0
o o (e}
= (3+14) ) GByua"' +iY GBya™? +i Y GBy,a"t?
n=0 n=0 n=0

[eS) ) &S]
= (3 + Z) Z GBQn—an +1 Z GBQ7L—4$TL +1 Z GBQn—Gxna

n=1 n=2 n=3
oo
= (12 +4i)x + (18 + 20i)2° + > ((3+1) GByn_2 + iGBay_4 + iGBay_g)z"
n=3

whereas the RHS (right hand side) is equal to

RHS = ((2—9i)a®+ (6—3i)a® — (21 — 3i)z +4) Y GAzna”
n=0

4 Z GAgypz™ — (21 — 3i)x Z GAgpx™ + (6 — 3i) 22 Z GAgpx™ + (2 — 9i) 2® Z GAg,x™

n=0 n=0 n=0
)00 oo
= 4 Z GAzyz™ — (21 — 3i) Z GAzna™ ' 4 (6= 3i) Y GAzpz™? + (2 - 9i) Y GAgpz™?
n=0 n=0 n=0

4ZGAM (21 — 3i) ZGA2n 22" + (6 — 3i) ZGAQ,L 1" + (2 — 9i) ZGAQ,L 6"

n=1 n=2 n=3

(12 + 4i)z + (18 4 200)2” + > (4G Azp — (21 — 3i)GAzp 2 + (6 — 3i)GAzy 4 + (2 — 9i)G Ay, _6)a"
n=3

Comparing the coefficients and the proof of the first identity (a) is done. We can show other identity similarly.
O

We can get an identitiy related to Gaussian Genaralized Adrien numbers given below.

THEOREM 4.6. For all integers m,n the following identities hold:
GWm+n = Am—QGWn—H‘I + (*Am—b’ - Am—S)GWn—i-Q + (*Am—él)GWn—&-l - Am—SGWn-

Proof. First we assume that m,n > 0 then (4.6) can be proved by mathematical induction on m. If m =0

we get

GW,, = A_QGWHJ,_:& + (—A_3 - A_5)GWH+2 + (—A_4)GWn+1 — A_3GW,,.
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which is true since A_o =0, A_3=—-1, A_4 =0, A_5 =1. Assume that the equality holds for m < k. For
m==k+ 1, we get
GWititn = 3GWpir — GWiyp—1 — GWpip_sa,
= 3Ap 2GWyhi3+ (—Ap—3 — Ap—5)GWyyiao
+3(—Ap—a)GWyp1 — Ap_sGW,
—(Ap—3GWyys + (—Ap—a — Ak—6)GWpio + (—A_5)GWy 1 — Ap_sGW,,)
—Ap_sGWyis + (—Ak—6 — Ap—8)GWii2 + (—Ak—6)GWpi1 — Ap_6sGW,,.
Consequently, by mathematical induction on m, this proves Theorem (4.6).

The other cases of m,n can be proved smilarly for all integers m,n. O

Taking GW,, = GA,, or GW,, = GB,, in above Theorem, respectively, we get:
COROLLARY 4.7.
GApin = Ap—oGAn i3+ (—Am—s— An—5)GApio+ (—An_4)GAp1 — Ap—3GA,,
GBpmin = Am—2GBnis+ (—Am—3— Am—5)GBpio+ (—Apn_4)GKpi1 — Ap—3GB,.
5. Simson’s Formula

In this section, we present Simson’s formula of generalized Gaussian Adrien numbers. This is a special

case of [46,Theorem 4.1].

THEOREM 5.1. For all integers n, we can write the following equality:

CWiss GWips GWopr GW, GWs GW. GW, GW,
CWos GWapn  GW. GWay | | GWo GWi  GW, GW.,
CWpsr  GW, GWei GWas | | GWi GWo GW_, GW_,
GW, GWnr GWno GW,_s GWo GW_. GW_o GW_s

= (GWo + GW; + 2GWy — GW3)(—GW3 + 5GW3 + GW3 + GWE — (GWy + 3GW; — TGWo)GW3
+(BGWy — AGW; — 14GW3)GWE + (2GWy + GWo — 6GW3)GWE — (GW; + 2GW3)GW§
+13GW1GWoGWs5 + GWoGWoGW3 4+ 5GWoGW1GW3 — TGWoGWGW3).

Proof. Using Theorem (2) it can be proved by using induction use [46,Theorem 4.1]

From the Theorem (5.1) we get the following Corollary.

COROLLARY 5.2. For all integers m, the Simson’s formulas of Adrien and Adrien Lucas numbers are
given as respectively.
GAn+s GAni2 GAL1  GA,
(a): GApye GA,p1 GA, GA, a3
GAny1 GA, GA,_1 GA,_»
GA, GA,_1 GA,_» GA,_3
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GB,.3 GBni» GB,.1 GB,
GB,.» GBn,i1 GB, GB,_
GB,.1 GB, GB,.1 GB,_,
GB, GB,.1 GSB,_; GB,_s

(b):

—783 + 2349i.

6. Sum Formulas

In this section, we identify some sum formulas of generalized Gaussian Adrien numbers.

THEOREM 6.1. For all integers n > 0, we get sum formulas below:
(@): Y4 g GWi = 3(—=(n+3)GWiys + (2n + 1)GWiiz + (n 4+ 2)GWyy1 + (n + 4)GW,
+3GW3 — TGWy — 2GW; — GWy).
(b)2 ZZ:O GWy, = %(—(Tl + Q)GW2n+2 + (2n + 5)GW2n+1 + (n + S)GWQn + (TL + 2)GW2n,1
+2GW3 — 4GWo — 3GW1)

(C): ZZ:O GW2k+1 = %(—(n + I)GWQH_;,_Q + (271 + 5)GW2,L+1 + (TL + 2)GW2" + (n + 2)GW2"_1
LAGW — 5GW, — 2GTY).

Proof. Tt is given in Soykan [47 Theorem 3.14]. O

As a special case of the Theorem 6.1, we present following Corollary.

COROLLARY 6.2. For all integers n > 0, we get sum formulas below:

(@): Y4 g GAr = 3(—(n+3)GAnis + 2n+ 7)GAptz + (n+ 2)GAyp1 + (n+ 4)GA, + 1+ 20).
(b): >i_o GAgy = %(—(n +2)GAg 40+ (2n+5)GAgni1 + (n+3)GAz, + (n+ 2)GAzp—1 + 1+ 24).
(C): ZZ:O GA2k+1 = %(—(ﬂ + 1)GA2n+2 + (2n —+ 5)GA2n+1 + (’I’L + 2)GA2n + (TL + 2)GA2n71 + 1 + Z)

As a special case of the Theorem 6.1, we present following Corollary.

COROLLARY 6.3. For all integers n > 0, we get sum formulas below:

(@): Y4 GBr=3(—(n+3)GBpis+ (2n+ 7)GBpys + (n 4 2)GByi1 + (n+ 4)GB,, — 5 — 8i).
(b): ZZ:O GBQk = é(—(n + 2)GBQ7L+2 + (277, + 5)GBQH+1 + (n + 3)GB2n + (TL + 2)GB2n_1 —1- 1OZ
(C): ZZ:O GBQ]C+1 = %(—(TL + ].)Gan+2 + (2n + 5)GBQTL+1 + (TL + Q)GBQn + (TL + Q)GBanl —-7— Z)

Next, we give the ordinary generating functions of some special cases of Gaussian generalized Adrien

numbers.

THEOREM 6.4. The ordinary generating functions of the sequences Way,, Wapn 41 are given as follows:
2 3 Q2 _ 2.3 3 2 _
(a): Y% GWana™ — (32?)GW3 + (x® — 82* + )GWa + (—3z?)GW1 + (z° + 22° — Tx + 1)GWO'
" s x43—|— 2x32+ 3x2 — 7x3—|— 1 ) )
+ 2% 4+ 2)GW3 — (32° + 32%)GWs + (z° + 22% — Tz + 1)GW1 + (—32%)GW,y
b): S GWaparat = & .
(b): 220 GWantaz 24+ 223 + 322 — Tz + 1
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From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien

numbers

COROLLARY 6.5. For n >0 Gaussian Adrien numbers have the following properties:
ird +ix? + (3 +i)z
: 3% GAg,2™ = )
@) 20 G2 = s 3 —Ta 41

22+ (14+3i)z+1
b): 3 GAgpyiz™ = .
(b): 200 1% o+ 223 + 322 —Tx + 1

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien-

Lucas numbers

(Take W, = Gb,, whit GBy = 4, GB; = 3 + 4i,GBy = 7+ 3i, GB3 = 18 + 7i.)

COROLLARY 6.6. For n > 0 Gaussian Adrien-Lucas numbers have the following properties:
2-9)) 23+ (6—3i)z® - (21 —3i)z + 4
(a): ZZO:O Ganmn — ( ) ( ) ( ) )

x4+ 223 + 322 —Tx +1
(b): ZZO:O GBQn_Hl‘n ==

2iz® — (9 — 61) 2 — (34 2Li)x + 3+ 44
x4+ 223+ 322 -7 +1 '

7. Matrix Formulation of GW,,

In this section, we review the matrix representation of generalized Gaussian Adrien numbers

We define the square matrix M of order 4 as

3 -1 0 -1

10 0 O
M =

0 1 0 O

0 0 1 O

such that detM = 1. Note that

Apt1 —An—An2 A -4,

An —Ap1— Az —Ap2 —Apa
An1 —Apo—Ap_y —Apz —Apo
Ap_o —Ap3—Ap5 —Ap_q —An_s
for the proof see[53].

Then we give the following lemma.

LEMMA 7.1. For n > 0 the following identitiy is true:

n

CWiss 3 -1 0 -1 GWs
GWars | |1 0 0 0 GWo
AW | 0 1 0 o0 GW,
W, 0 0 1 0 aWo
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Proof. The identitiy(7.1) can be proved by mathematical induction on n. If n = 0 we obtain

0

W 3 -1 0 -1 GWs
awz | |1 0 0 o GW,
awi | o 1 0 o aw, |’
W 00 1 0 aWo

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true

k

CWiis 3 -1 0 -1 GWs
GWisa | |1 0 0 0 GWo
GWir | |0 1 0 o0 GW,
GW), 0 0 1 0 GWo
For n =k + 1, we get
k+1 k
3 -1 0 -1 GWs 3 -1 0 -1 3 -1 0 -1 GWs
1 0 0 0 aw. | |1 0 0 o0 1 0 0 0 W,
0 1 0 o0 awi | o 1 0 o 01 0 0 aw,
0 0 1 0 GWo 0 0 1 0 0 0 1 0 aWo
3 -1 0 -1 CWiss
ot o o0 o0 CWiss
B 0 1 0 O GWi1
0 0 1 0 GWi
GWiia
B GWiys
- GWiyo
GWii

Consequently, by mathematical induction on n, the proof completed. O

We define
GWg GW2 GWl GWO
N GW, GW, GW, GW_;
Gw —
GW1 GW, GW_; GW_,
GWO GW,1 GW,Q GW73
GWn+3 GW7L+2 GW7L+1 GWn
g GWhnto GWiygq GW, GW,_
Gw —
GWpir  GW, GWo_1 GWy,_s

GW, GWyp_i— GWp_a GW,_3
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Now, we have the following theorem with Ng,, and Fgy,
THEOREM 7.2. Using Ngy and Egy, , we get
A"Ngw = Eguw.

Proof. Note that we get

Apnt1 —An—An—2 —-A,1 -4, GWs GW, GW;  GW,
AN — A, —Ap1—Ans —An_o —An GWy, GWp GW, GW_,
Ap1 —Apo—Ap_y —An_3 —A,p_2 GWy GWy GW_; GW_q
Ap—o —Ap_3— A5 —An_y —A,_3 GWy GW_i GW_y GW_j

ail a2 Qi3 a4

_ G21 Q22 Q23 (24

N G31 Q32 (33 (34

aq1 Q42 Q43 Q44

where

aii

a12

ais

a14

a21

a2

a23

a4

a3

a32

a33

a34

a41

a42

43

a44

A7L+1GW3 + (_An -

A7L—2)GW2 + (_An—l)GWl + (_A7L)GWO7

Ap1GWy + (A, — Ap_2)GWi + (—Ap_1)GWo + (—An)GW_y,

Api1GWy + (A, —

An+1GWO + (_A’I’L —

An_g)GWO + (*An_l)GW_1 + (*An)GW_z,

An,g)GW71 + (—Anfl)wag + (—An)GVV,37

AnGWs + (—An—1 — Ap_3)GWa + (—Ap_2) GW1 + (—An—1)GWy,

AnGWQ + (_An—l - An—S)GWl + (_ATL—Z)GWO + (_An—l)GW—h

AnGWy + (—Ap 1 — Ay 3)GWo + (= Ay 2)GW_y + (—Ay_1)GW_s,

A GWo+ (—A,—1 —

A 3)GW_1 + (—Apn_2)GW_g + (—An_1)GW_3,

Ap 1GWs + (—Ap—2 — Apa)GWa + (A, _3)GW1 + (—A,,—2) GWy,

Ap 1GWo + (—An—2 — Ap_a)GWi + (—Ap—3)GWo + (—Ap—2) GW_4,

An—lGWl + (_An—2 - An—4)GWO + (_A7L—3)GW—1 + (_A7L—2)GW—27

An1GWo + (—Ap—o — Ap—g)GW_1 + (—Anfg)waz + (—Anfg)GW,;),,

A, _oGW3 + (*An_g — An_5)GW2 + (*An_4)GW1 + (*An_g)GWO,

ApoGWo + (—Ap—3 — Ap_5)GW1 + (—A,—4)GWo + (—A,—3)GW_4,

A, _oGWi + (—Anfg . An,5)GWO + (—An74)GW71 + (—Anfg)waz,

An—QGWO + (_An—3 - An—5)GW—1 + (_A7L—4)GW—2 + (_ATL—3)GW—3'

Using the Theorem 4.6 the proof is done. [
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By taking GW,, =G A,, with GAy, GA1,GAs, GA3 in (7.1) and (7.2)
GW,, =GB, with GBy, GB;,GBs, GBs in (7.1) and (7.2)

respectively, we get:

8+3 3+4i 1 0 GApis GAnis GAny  GAg

34i 1 00 GAnio GAni  GA, GA, .
Nga = , Ega =

1 0 00 GA,1  GA, GA, . GA, ,

0 0 00 GA, GA,_1 GA,_» GA,_s3

18471 7+31 3+4 4 GBni3 GBpi2 GB,i1 GBy

T4+3 3+4i 4 4i GBpys GBpi GB, GBn_
Ngp = , Egp =

344i 4 4i -9 GBni1 GBn, GBn1 GBn_s

4 4 -2 9-9 GB, GB,_ , GB, » GB, s

From Theorem [7.2], we can write the following corollary.
COROLLARY 7.3. The following identities are hold:

(a): A"NGA = EGA~
(b): AnNGB = EGB-

8. Conclusions

Recurrence relations have been widely studied in the literature owing to their versatility and applicability
across various fields, including physics, engineering, architecture, the natural sciences, and the arts. Among
these, sequences defined by second-order recurrence relations—such as the Fibonacci, Lucas, Pell, and Ja-
cobsthal sequences—hold a particularly prominent place. The Fibonacci sequence, for instance, achieved
historical significance through its application to the rabbit population model presented by Leonardo de Pisa
in his 1202 work Liber Abaci. Both Fibonacci and Lucas sequences have inspired extensive research due to
their elegant structural properties and numerous remarkable identities.

In this study, we introduce a class of fourth-order recurrence relations termed the Gaussian Gener-
alized Adrien numbers, along with two notable special cases. We derive various structural properties of
these sequences, including Binet-type formulas, ordinary and exponential generating functions, Simson-type
identities, summation formulas, recurrence characteristics, and matrix representations.

Linear recurrence relations constitute powerful tools in both theoretical analysis and applied mathemat-
ics.

In the following lists, we explore illustrative applications of such relations, beginning with those governed

by second-order structures.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and

Pauli Lucas quaternions, see [2].
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For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [5].

For the application of Jacobsthal numbers to special matrices, see [60].

For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [19].

For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[61].

For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-
als, see [62].

For the applications of generalized Fibonacci numbers to binomial sums, see [59].

For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [29].

For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [30].

For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [10].

For the application of Generalized Fibonacci Matrices to Cryptography, see [27].

For the application of higher order Jacobsthal numbers to quaternions, see [26].

For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [16].
For the applications of Fibonacci numbers to lacunary statistical convergence, see [4].

For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [22].

For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [23].

For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [24].

For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[57].

For the application of special cases of Horadam numbers to Neutrosophic analysis see [18].

For the application of Hyperbolic Fibonacci numbers to Quaternions, see [9].

We now present some applications of third order sequences.

For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[7] and [6], respectively.

For the application of Tribonacci numbers to special matrices, see [63].

For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [43] and
[3], respectively.

For the application of Pell-Padovan numbers to groups, see [11].

For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-

ence equations, see [17].
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e For the application of Gaussian Tribonacci numbers to various graphs, see [56].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [12].For the
application of Narayan numbers to finite groups see [25].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [42].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [31].

e For the application of generalized Tribonacci numbers to Gaussian numbers, see [32].

e For the application of generalized Tribonacci numbers to Sedenions, see [33].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [34].

e For the application of generalized Tribonacci numbers to circulant matrix, see [35].

e For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [58].

e For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[13].
Next, we now list some applications of fourth order sequences.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [36].
e For the application of generalized Tetranacci numbers to Gaussian numbers, see [37].
e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [38].

e For the application of generalized Tetranacci numbers to binomial transform, see [39].
We now present some applications of fifth order sequences.

e For the application of Pentanacci numbers to matrices, see [44].
e For the application of generalized Pentanacci numbers to quaternions, see [40].

e For the application of generalized Pentanacci numbers to binomial transform, see [41].
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