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A novel neural-augmented grey system
approach with its applications in carbon

emission forecasting

Abstract

Grey system models (GMs) have achieved considerable progress in recent decades, yet their
effectiveness is often limited when dealing with nonlinear data. In contrast, machine learning (ML)
models can capture complex nonlinear relationships but generally require large datasets and lack
interpretability. To address these limitations, this paper proposes a novel neural grey system model
that embeds a neural network into the traditional GM framework. This integration enhances the
model’ s nonlinear learning capacity while maintaining the grey model’s suitability for sparse and
uncertain data. The model is optimized using the Adam algorithm, and hyperparameters are
fine-tuned via GridSearch. To validate its effectiveness, we conduct carbon emission forecasting
experiments for four countries, comparing the proposed model against eight benchmark models,
including conventional GMs and ML-based approaches. Results demonstrate superior forecast-
ing accuracy and generalization ability, confirming the proposed model’ s potential for complex,

nonlinear prediction tasks in environmental and energy domains.

Keywords: Grey system, Multilayer perceptron, Adaptive Moment Estimation,

Carbon emission forecasting.

1 Introduction

Grey System Theory (GST) has undergone significant development over the past
four decades. In contrast to conventional uncertainty modeling theories, GST is
uniquely positioned to analyze systems with limited, incomplete, or low-quality data [1].
At the core of GST are Grey Models (GMs), which have found widespread applications
across various domains such as agriculture [2|, economic forecasting [3], energy sys-
tems [4], production planning [5], and traffic management [6]. Originating from Deng’
s seminal work in 1984 [7], the theory was formally established through the introduction
of the general grey modeling framework, GM(n, h) [8], with foundational models like
GM(1,1) and GM(1, N) applied early on to forecast China’s grain production. Since
then, numerous variants have emerged, including the Discrete Grey Models DGM(1, 1)
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and DGM(1, N) [9], which serve as the discrete analogues of their continuous counter-
parts.

Broadly, linear grey models can be divided into univariate and multivariate cate-
gories. The univariate models are further classified into continuous and discrete forms.
Among the continuous univariate models derived from GM(1, 1), several notable de-
velopments stand out. For instance, Wang proposed the DSGM(1, 1) model [10], in-
corporating dynamic seasonal factors, while Wu introduced the FGM(1,1) model [11],
which employs fractional-order accumulation to enhance predictive performance. Cui
extended the framework to a generalized version, NGM(1, 1, k) [12], and Chen further
improved its adaptability through the NGM(1, 1, k, ¢) model [13]. Jiang also contributed
by formulating a version of NGM(1,1) [14] tailored for non-homogeneous and non-
equidistant time series. Discrete univariate models, mostly derived from DGM(1,1),
have also seen notable enhancements. Xie introduced the NGDM(1,1) model [15],
based on a non-homogeneous index sequence, offering improved accuracy. To address
seasonal variations, Xia proposed the SDGM model [16], utilizing a cyclic accumulation
mechanism. Yang incorporated trigonometric functions into the DGM structure and
introduced the DGM(1, 1,T") model [17], which demonstrated effective drought predic-
tion capabilities. While continuous multivariate models generally stem from GM(1, N),
discrete forms are typically based on DGM(1, N) [18].

Despite the success of linear models, their limited capacity to capture nonlinear
dynamics has prompted the development of nonlinear grey models. In this context,
Ma introduced KGM(1,n) [19], a nonlinear multivariate model based on kernel meth-
ods, and later proposed the GMW-KRGM model [20], which integrates kernel ridge
regression. Further advancements include models embedding nonlinear elements such
as y*(t) or y”(t) to improve expressiveness. The Grey Verhulst Model (GVM(1, 1)), first
used by Shaikh [21] for natural gas demand forecasting, marked an early attempt at
modeling nonlinear growth. To counteract its ’drift phenomenon,” Zhou introduced the
Generalized Grey Verhulst Model (GGVM) [22], which Xiao [23] later employed in dy-
namic traffic flow forecasting. Wang’s NGM(1, 1, ) [24] leveraged biological metabolism
concepts, and Chen’s Nonlinear Grey Bernoulli Model (NGBM) [25] utilized Bernoulli
equations. This line of research continued with Lu’s ONGBM(1,1) [26] and Liu’s
weighted fractional NGBM [27]. Other important contributions include Xiao’s Grey
Riccati-Bernoulli Model (GRBM(1,1)) [28] for energy demand forecasting and Wu’s
time-variant Bernoulli model NBGM(1, 1,¢%) [29] for solar power prediction. Wang
developed a time-varying GM(1, 1) [30] with adaptive structure parameters, and Wu’s
Grey Riccati Model (GRM) [31] integrated Riccati equations. Luo later applied a grey-
Richards hybrid model for epidemic modeling [32], while Gatabazi [33, 34] proposed
a Fractional Grey Lotka—Volterra Model (FGLVM) for cryptocurrency market analy-
sis. Mao employed a classical Lotka—Volterra structure to study the impact of online
payment systems in the banking sector [35].

Recent years have also witnessed the growing integration of grey models with neu-
ral networks, aiming to overcome the limitations of traditional models in handling

nonlinearity. Neural networks, known for their strong approximation capabilities, have
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been increasingly embedded into grey model structures. Examples include Lei’s Neu-
ral ODE-based model (NODGM) [36], Li’s DGNNM(2, 1) [37], which couples a discrete
grey model with a feedforward neural network, and Hao’s hybrid system combining
grey prediction with a particle-swarm-optimized neural network [38]. While such com-
binations offer improved performance, they often result in complex architectures and
challenging training procedures.

Motivated by the above literature, this study proposes a novel neural grey model
that integrates neural network structures into the classical grey modeling framework for
carbon emission forecasting. Specifically, a multilayer perceptron (MLP) is embedded
into the whitenization equation of the GM(1,1) model to replace the grey action com-
ponent. The model jointly optimizes the development coefficient and neural network
weights via gradient descent. To enhance convergence and prediction performance, the
Adam optimizer is employed, while Grid Search is used for systematic hyperparameter
tuning. The model is applied to annual carbon emission datasets from multiple coun-
tries to evaluate its effectiveness in capturing nonlinear patterns under small-sample

conditions. The main contributions of this paper are as follows:

e A novel and interpretable neural grey model is proposed, which combines the
strengths of grey models in small-sample settings with the nonlinear learning ca-

pacity of neural networks.

e A dual optimization strategy is introduced, utilizing Adam for efficient conver-
gence and Grid Search for optimal hyperparameter selection, thereby improving

model accuracy and generalization.

e This study pioneers the application of neural grey models to national COy emis-
sion forecasting, demonstrating strong adaptability and potential for supporting

carbon peaking and neutrality initiatives.

The remainder of this paper is structured as follows: Section 2 introduces the
general grey model formulation and solution process; Section 3 introduces the proposed
neural grey model framework. Section 4 presents five real-world applications and the
forecasting results; Section 5 discuss the forecasting results of the each carbon emission

data; and Section 6 concludes the study.

2 Theoretical background

2.1 General formulation of multilayer perceptron

Formally, an MLP consists of an input layer, one or more hidden layers, and an
output layer. Each layer is composed of numerous artificial neurons, also referred to
as perceptrons or nodes, interconnected via weighted connections [39]. The primary
function of the MLP is to transform input data through successive layers of nonlinear
transformations, ultimately producing an output prediction. A simple mlp network

structure with one-hidden-layer is shown in Fig.(1).
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Mathematically, the forward propagation process of an MLP can be expressed as
follows: for each layer I, the output x(* is computed as the application of a nonlinear
activation function o to the linear transformation of the previous layer’s output x=1),

incorporating weights W and biases b :

20 — Wx(=D 4 pO
x0 = 5 (z0)

During training, the parameters (weights and biases) of the MLP are optimized to

(1)

minimize a predefined loss function, typically through backpropagation and gradient-
based optimization techniques. Backpropagation involves the systematic calculation of
gradients with respect to the parameters of the network, facilitating parameter updates
in the direction that reduces the loss [40].

MLPs are characterized by their universal approximation capabilities, enabling
them to approximate arbitrary functions with sufficient capacity and data. However,
their effectiveness is contingent upon various factors, including network architecture

design, activation functions, optimization algorithms, and hyperparameter tuning [41].

| Hidden layers | Outer layer

Fig. 1. The architecture of the Multi-Layer Perceptron (MLP)

2.2 General formulation of grey system models

In grey system theory, for original sequences z\” () and y©(¢) (t = 1,2,...,n),
their first-order accumulations 2'" (t) and ™ (t) are defined as:

t t

D) =320, O =3y, t=12...n (2)

T=1 T=1
This form of accumulation is known as the first-order accumulated generating operation

(1-AGO) [42).
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Fig. 2. The structure of 1-AGO

The general whitening differential equation of the grey system is expressed as [8]:

dyM (t)
dt

+ayD(t) = f(aD(1):0), 3)

where 2 (t) is a vector composed of 2" (¢):

e (t) = (21V(t), 20 (1),...,zD(t)),

0 is a vector of parameters related to the input sequence, and a is referred to as the
development coefficient. The function f(-) represents the system behavior.

By discretizing Eq. (3), we obtain the general discrete equation of the grey system:
YO) + a0 (k) = £ (2 (k= 1) + 2O (k)):0), @)
where 2z (k) is called the background value, defined as:
200) = 2V 0= 1)+ 5D (1),
For convenience, we let:
v = 2(aW(k — 1) + 2 (k)),
so Eq. (4) can be rewritten as:
y O k) +azV (k) = f(ui; 0). ()

Eq. (5) is typically used for parameter estimation. Once parameters a and 6 are
estimated, the forecasting phase begins.
By solving Eq. (3) with the initial condition y*)(1) = y(®)(1), the continuous form

of the response function is obtained:

s (0 =y et e (@0 (7):0) dr (6)

However, this continuous formulation is difficult to use in practice and is typically
approximated numerically. By discretizing the integral in Eq. (6), we get the following

discrete response function:

k
1
GO (k) =y O (1)e D £y e BT L f (@M (k- 1) + 2V (k)5 0),  (7)
T=2
which can also be written as:

k
1
G (k) = y©@ (1)e G0 £ 3T T f(:6). ®)

T=2
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After obtaining the estimated values of §)(k) using Eq. (8), we can calculate
the predicted values of the original sequence using the inverse accumulated generating
operation (1-IAGO):

7O k) =g (k) — g (k - 1). 9)

3 The proposed neural grey system model

3.1 The representation of grey system model and its solution

The previous section gave an overview of typical grey system models and their solu-
tions. It is apparent that existing grey models encounter challenges when attempting to
predict nonlinear time series data. This arises from the usual estimation of parameters
a and @ in the function f(-) using the least squares method, resulting in the construction
of a linear function.

In this work, we embed a single-hidden-layer neural network as the function f(-)
to better capture nonlinear patterns in data. Accordingly, we rewrite the whitening
differential equation (Eq. (3)) as:

dy ™ (t)

ay 2.
dt + Y (t) f( k 39)7 (10)

where the neural network function f(-) is defined as:

(z";6) = Zﬁj Sz w;,b;) + b, (11)

with L being the number of hidden units. Here, S(-) is the activation function, and f3;,
w,, and b, are the parameters of the neural network.
In this study, we choose the sigmoid function due to its smoothness and differen-

tiability:
1

T o
1_|_€ wjz+b_7

To estimate the parameters, we solve Eq. (10) and derive its discrete version:

S(x;wj,by) = (12)

y(O)(k) + az(l) (k) = Z/BJ (vr; wy, bj) + b, (13)

where the background value vy, is defined as:
1
U= g (2 (k- 1) +2W(k)).

Eq. (13) is a general form of the grey system model with neural structure. If the
neural network component on the right-hand side is removed and only the bias term b
is retained, the model degenerates to the classical GM(1,1) [43].

We can also derive the continuous form of the response function by solving Eq.
(10) with the initial condition y™) (1) = () (1):

y O (t) =y O (1)e 1)+/ e (Zﬁ; w]ab-)+b> dr.  (14)
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By discretizing the integral in Eq. (14), the discrete response function of the model

is obtained as:

k ) L
Q(l)(k) - y(0)<1)6—a(k—1) + Ze—a(k—r+§) . (Z B; - S('Uk;wj, bj) + b) . (15)
j=1

T=2

This final formulation characterizes the neural grey system model, where the dy-
namic respounse is regulated by a neural network embedded within the traditional grey

framework.

B - o - 509

\ xD(k - 1) ALy |
1 \\I 1
- yOm) yO k) : zZW(k) =) x
AGO < > + —I I
| VRICEED |

a

Fig. 3. The structure of the neural grey system model

3.2 Adam algorithm for training the neural grey system model

Typically, neural networks do not have analytical solutions, and thus optimiza-
tion algorithms are required to estimate the parameters. Common algorithms include
Gradient Descent (GD) [44], Stochastic Gradient Descent (SGD) [45], and Adam [46].

Gradient Descent computes the gradient over the entire training set, which is com-
putationally expensive for large datasets. SGD uses only one sample per update, which
reduces computation but introduces significant noise. Adam, however, introduces the
concept of momentum and adaptively adjusts the learning rate using first and second
moment estimates, which improves convergence speed and stability [46]. It is simple to
implement and memory-efficient, making it suitable for training the proposed model.
The complete procedure of training the neural grey model using the Adam optimizer
is detailed in Algorithm 1. The specific algorithm is given as follows. We define the

training error e at each step k as:
L
er =y O (k) + a2V (k) = Y B;S(vk;w;, b;) — b. (16)
j=1
Then, the total training error is defined as:
N
E(a,0) = Z el=e'e, (17)

where 6 = [3,w, b] is the parameter set of the neural network. The goal of the Adam

optimizer is to minimize E(a, ).
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The gradient vector to be computed is:

,_[oF oE
| 9a’ 08|’
where
0B 2 & =
% = N Z [y(o)(k:) + az(l)(k) — Z ﬂjS(Uk; wj, bj) - b] Z(l)(k)a
k=2 Jj=1

L

OE 2 57 o (1) 5,2
S = W) a0 (k) = Y B S(wy b)) ] 308
j:l

k=2 j=1

For standard GD, parameters are updated as:

gk +D) ok
g(k+1) - 1Q) -

where 7 is the learning rate.

(18)
(19)
Ok Wy, b))
00
(20)

To improve stability and convergence, Adam uses first and second moment esti-

mates. The biased moment estimates are:

My = po1 - M1+ (1 — 1) - J,
Up = o Ve + (1 — po) - J?,

where 17 and ps are decay rates.

Then, bias-corrected estimates are computed as:

A my
mg = ——=
k?
L —py
N Vg
Ve = —.
k
L — p3

The final update rule is:

alF+1) alk) T
g | g | T o+ e

where € is a small constant to avoid division by zero.

(21)
(22)

(23)

(24)

(25)
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Algorithm 1: Adam Algorithm for Training the Neural Grey System Model

Require: Objective function E(a,d) (Eq. (17)), learning rate !, maximum

number of epochs T
Ensure: Optimized parameters a, 0

1: Initialize parameters ag, 6y randomly

2: Set piy < 0.9, pg + 0.999, € + 1078

3: Initialize mg < 0, vg <+ 0

4: For each epoch k from 1 to 7T, perform:

5. Compute gradient: gy < VE(ag_1,0%_1)

6:  First moment estimate: my < py - mg_1 + (1 — p1) - g
7. Second moment estimate: vy, < g - vp_1 + (1 — p2) - g7
8:  Bias-corrected first moment: 1y, < my /(1 — p¥)

9:  Bias-corrected second moment: oy < vy /(1 — uk)

10:  Update parameters:

11: ag < ap_1 — -1/ (VO + €)

12: O < Op_1 — L1/ (VOr, +€)

13: return ar, Or

3.3 Hyperparameter optimization via gridsearch

In Section 3.2, model parameters such as weights and biases [, 8] are optimized us-
ing the Adam algorithm. However, hyperparameters like the number of neurons L and
learning rate [ require separate tuning. To this end, the Grid Search algorithm systemat-
ically explores all candidate hyperparameter combinations, evaluates their performance
via cross-validation, and selects the best set [47].

Let © denote the hyperparameter space, with each combination represented by a
vector @ including L, [, and other relevant parameters. The optimal combination 6*

minimizes a validation loss function f(6, Diyain, Dyar) after training on Diyain:

0" = arg Iénelél f(07 Dtrain7 Dval)- (26)

Here, f is the Negative Mean Squared Error (NMSE):

f(07 Dtraina Dval) = ! Z (yz - gi>2, (27)

|DV3.1| iEDval

where | Dy, is the validation set size, and y;, ¢; are true and predicted values.

As shown in Fig. 2, each parameter combination is denoted by PC;, with corre-
sponding model M D;. The validation predictions V P; are compared against true values
using the Mean Absolute Percentage Error (MAPE) metric M;:

n

Mi . 1 Z TrueValuet - VPi,t

28
pot TrueValue, (28)
where n is the validation set length. Grid Search selects the combination minimiz-

ing M;, thus optimizing hyperparameters to enhance model accuracy and generalization.
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4 Applications

To verify the superiority of the proposed model, this study utilizes carbon emis-
sion data from five countries—China, the United States, India, Japan, and Canada—
spanning the period from 1965 to 2022. For comparative analysis, four grey system
models—GM, DGM, NGM, and BernoulliGM—along with four machine learning mod-
els—Support Vector Regression (SVR), Multi-Layer Perceptron (MLP), Random Forest
(RF), and K-Nearest Neighbors (KNN)—are selected as benchmarks, as summarized
in Table 1.

To evaluate the forecasting performance of these models, the Mean Absolute Per-
centage Error (MAPE) is employed as the evaluation metric. The MAPE is defined as

follows:

1 n
MAPE = gz

t=1

Y —@t

x 100% (29)
Yt

where y; denotes the actual value, 9, is the predicted value at time ¢, and n repre-
sents the total number of observations. MAPE measures the average percentage error
between predicted and actual values, and is widely used in time series forecasting due

to its scale-independence and interpretability.

Table 1: Summary of the eight benchmark models

Full Name Abbreviation Reference
Grey Model GM 8]
Discrete Grey Model DGM 9]
Nonlinear Grey Model NGM [21]
Bernoulli Grey Model BernoulliGM [48]
Support Vector Regression SVR [49]
Multilayer Perceptron MLP [39]
Random Forest RF [50]
K-Nearest Neighbors KNN [51]

4.1 Case I: Annual Carbon Emissions in China

The performance of various models in forecasting China’s carbon emissions is illus-
trated in Fig. 4. The detailed MAPE values for both the training and testing datasets
are presented in Table 2. As depicted in Fig. 4, China’s carbon emissions exhibited a
pronounced upward trend from 1965 to 2022, with an accelerated growth rate partic-
ularly after 2000. This trend reflects the rapid economic development and industrial-
ization, which substantially increased energy demand. In recent years, the growth rate

has moderated and exhibited fluctuations, indicating the influence of energy structure

10
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adjustments and environmental policies. A thorough understanding of these dynamics
is essential for accurate subsequent carbon emission forecasting.

In terms of prediction performance, it is evident that the proposed NGSMRF model
demonstrates a significant advantage over the other eight models, achieving the low-
est MAPE of 3.3141% on the testing dataset. In contrast, the GM model yields a
testing MAPE of 20.3820%, and the DGM model reaches 17.2816%, highlighting the
inherent limitations of traditional grey models that are fundamentally based on lin-
ear assumptions. Additionally, the MLP model reports a testing MAPE of 19.0688%,
which suggests potential training deficiencies and indirectly underscores the superior-
ity of the proposed NGSMRF framework that integrates MLP with GM to enhance
generalization.

Moreover, models such as RF and KNN, despite exhibiting strong performance on
the training dataset, fail to maintain similar accuracy on the testing set. This indicates
the presence of overfitting to some extent and further emphasizes the robustness and
generalization capability of the NGSMRF model.

NGSMRF GM NGM
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Fig. 4. Comparison of predicted annual carbon emissions for China

Table 2: MAPE for training and testing of models on China carbon emission

Metric NN Grey GM NGM DGM Bernoulli GM SVR MLP RF KNN
Train MAPE (%) 6.5673 14.5445 9.8206  1.0923 14.2424 4.8864  33.9280 3.0225 1.2323
Test MAPE (%) 3.3141 20.3820 26.0647 17.2816 22.6771 31.3207  19.0688 6.0410 14.4995

11
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4.2 Case II: Annual Carbon Emissions in US

As shown in Fig. 5, the annual carbon emissions of the United States demonstrate a
generally high level with significant fluctuations from 1965 to 2022. While the emissions
steadily increased during the 1960s to the early 2000s, peaking around the mid-2000s, a
clear downward trend has been observed since approximately 2007. This decline reflects
the combined effects of energy structure optimization, technological improvements, and
environmental regulations. Unlike rapidly developing economies, the U.S. has entered
a relatively stable stage of emissions, which makes accurate modeling and forecast-
ing particularly dependent on capturing long-term non-linear patterns and structural
changes.

As presented in Table 3, the proposed NGSMRF model outperforms all baseline
models on the US dataset, achieving the lowest testing MAPE of 3.3139%, which high-
lights its robustness and strong generalization capability. In comparison, traditional
grey models such as GM and NGM exhibit significantly higher testing errors (22.9998%
and 28.9999%, respectively), largely due to their inherent linear assumptions. The DGM
model, despite achieving perfect fitting on the training data, records a testing MAPE
of 7.7398%, indicating poor generalization. Similarly, the MLP model also performs
poorly on the testing set (25.9244%), suggesting instability during training.

Notably, RF achieves the best performance on the training set (1.0775%) but fails
to maintain such accuracy on the testing data (7.0394%), suggesting signs of overfitting.
A similar trend is observed with KNN. These results further demonstrate the advan-
tages of NGSMRF, which integrates grey modeling principles with neural structures,

in delivering stable and accurate predictions across datasets.
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Fig. 5. Comparison of predicted annual carbon emissions for US
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Table 3: MAPE for training and testing of models on the US dataset

Metric NN Grey GM NGM DGM Bernoulli GM SVR MLP RF KNN
Train MAPE (%) 2.3073 4.9440  4.7762  0.9822 4.2191 11.0056  5.0608 1.0775  0.9892
Test MAPE (%) 3.3139 22.9998 28.9999  7.7398 17.6312 6.0064 25.9244 7.0394 10.2110

4.3 Case III: Annual Carbon Emissions in Indian

As shown in Fig. 6, India’s carbon emissions have exhibited a continuous and steady
upward trend from 1965 to 2022. Starting from only 167.5 million tonnes in 1965, emis-
sions have risen to over 2500 million tonnes by 2022. This consistent increase reflects
India’ s rapid population growth, industrialization, and expanding energy consump-
tion over the decades. Unlike some developed countries, there is no significant plateau
or decline in the emission curve, indicating that India is still in a phase of accelerating
carbon output. Understanding this long-term trend is essential for accurate modeling
and forecasting of future emissions.

As shown in Table 4, the proposed NGSMRF model achieves the best overall per-
formance on the Indian dataset, with a testing MAPE of 5.0274%, outperforming all
other models. Grey models such as GM and NGM show moderate accuracy, with testing
MAPE values of 9.3371% and 9.0342%, respectively. DGM, while achieving a perfect
fit on the training set (0.9812%), suffers from generalization issues, resulting in a test
MAPE of 13.1059%.

The SVR and KNN models demonstrate poor generalization capabilities, with
testing errors exceeding 25%, and SVR in particular reaching 51.6649%, indicating
significant overfitting. MLP also struggles with a high test error of 17.2737%, which
may reflect training instability or a mismatch with the dataset’ s temporal dynamics.
These results further confirm the robustness and predictive power of the NGSMRF

model across different emission patterns and national profiles.
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Fig. 6. Comparison of predicted annual carbon emissions for India

Table 4: MAPE for training and testing of models on India dataset

Metric NN Grey GM NGM DGM Bernoulli GM SVR MLP RF KNN
Train MAPE (%) 4.8203 3.6871 3.7141 0.9812 4.3328 6.0619  7.5976 22730  1.0343
Test MAPE (%) 5.0274 9.3371  9.0342 13.1059 6.8464 51.6649 17.2737 12.2401 26.6656

4.4 Case IV: Annual Carbon Emissions in Canada

As shown in Fig. 7, Canada’s annual carbon emissions have exhibited a relatively
moderate upward trend from 1965 to 2022. The emissions increased steadily during the
1970s through the early 2000s, after which they began to stabilize, fluctuating within a
narrower range. This pattern suggests that, following a period of industrial expansion,
Canada has entered a phase of controlled emissions growth, likely influenced by envi-
ronmental regulations, technological advancement, and energy structure optimization.
Understanding this transitional trend is essential for developing accurate and reliable
emission forecasting models.

As shown in Table 5, the proposed NGSMRF model achieves the best overall per-
formance on the Canadian dataset, with a testing MAPE of 4.2154%, outperforming all
baseline models. In contrast, traditional grey models such as GM and NGM result in
high testing errors of 15.8169% and 18.5485%, respectively, due to their inherent linear
structure and limited generalization capability.

Although the DGM model fits the training data perfectly (0.9833%), its test MAPE
of 5.1286% suggests limited robustness. Models like SVR and RF exhibit good perfor-
mance, with test errors close to that of NGSMRF (5.2571% and 4.7953%, respectively),

but slightly inferior in terms of generalization. The MLP model again suffers from
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overfitting, with a high test MAPE of 16.4517%. These results demonstrate the supe-
riority of the NGSMRF model in capturing both the temporal dynamics and nonlinear

patterns of Canada’ s carbon emissions.
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Table 5: MAPE for training and testing of models on the Canada dataset

Metric NN Grey GM NGM DGM BernoulliGM SVR MLP RF KNN
Train MAPE (%) 2.5621 5.4283  5.4256  0.9833 4.8105 1.4855 5.5699  1.1771 0.2323
Test MAPE (%) 4.2154 15.8169 18.5485 5.1286 10.7924 5.2571 16.4517 4.7953  4.2556

5 Discussion

The analysis of historical carbon emissions data from China, the United States,
India, and Canada reveals distinct national-level trends that reflect their economic
development stages and energy structures. China’s emissions have shown a dramatic
increase since 2000, driven by rapid industrialization, although recent years indicate a
stabilization due to environmental policy interventions. The United States exhibits a
plateauing and slightly declining trend after peaking in the early 2000s, suggesting a
successful shift toward cleaner energy. India, on the other hand, continues on a sharp
upward trajectory, with no signs of slowing, reflecting ongoing industrial expansion and
energy demand. Canada shows a more moderate and stable emissions profile, with
fluctuations in recent years indicating the complex balance between energy production
and climate policy. These national patterns provide important context for interpreting

model predictions and inform the need for country-specific forecasting strategies.
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From a modeling perspective, the proposed NGSMRF model consistently achieves
superior performance across all four national datasets, demonstrating both low train-
ing and testing MAPE values. Unlike traditional grey models such as GM and NGM,
which suffer from limited accuracy due to their linear assumptions, NGSMRF effectively
captures nonlinear temporal dependencies by integrating neural components with grey
forecasting theory. While some machine learning models like RF and SVR achieve
competitive training accuracy, they frequently exhibit signs of overfitting, as seen in
increased testing errors. MLP-based models also demonstrate unstable generalization,
likely due to difficulties in training on small or non-stationary datasets. In contrast,
NGSMRF maintains robust performance across different countries and emission pat-
terns, indicating its strong adaptability and generalization capability. These findings
highlight the model’ s potential as a reliable and accurate tool for long-term carbon

emission forecasting.

6 Conclusion

In this study, we propose a novel neural-grey system model by integrating neural
networks with the traditional grey system framework through a neural-grey whitening
equation. The model is trained using the Adam optimizer with hyperparameters tuned
via GridSearchCV. To evaluate its effectiveness, we compare it against four classical
grey models (GM, DGM, NGM, Bernoulli GM) and four machine learning models (SVR,
MLP, RF, KNN) on annual carbon emission datasets from China, the United States,
India, and Canada. Results show that our model consistently achieves the lowest testing
MAPE across all datasets, outperforming traditional grey models hindered by linear
assumptions and machine learning models prone to overfitting. This demonstrates the
model’ s superior ability to capture nonlinear temporal dynamics, offering a robust

and accurate tool for long-term carbon emission forecasting.
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