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Dual Hyperbolic Generalized Adrien Numbers

Abstract. In this paper, we introduce the generalized dual hyperbolic Adrien numbers. As special
cases, we consider the dual hyperbolic Adrien and dual hyperbolic Adrien-Lucas numbers. We present
their corresponding Binet formulas, generating functions, exponential function and summation formulas.
Moreover, we provide associated matrix representations for these sequences.
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1. Introduction

Hypercomplex number systems, as introduced by Kantor, [10], constitute algebraic extensions of the real

number system.Among the commutative instances of such systems are the complex numbers, defined as:
C={z=a+ib:a,becR,i*=—1},
as well as the hyperbolic numbers (also referred to as double or split-complex numbers), [8],
H={h=a+jb:a,beR,j>=1,j+# 1},

and dual numbers, [15],
D={d=a+¢cb:a,bcR,e®>=0,¢e#0}.
Quaternions, introduced by Hamilton, extend complex numbers into a four-dimensional non-commutative
algebra over the real numbers, [22],
Hg = {q = ap +ia1 + jas + kas : ag,a1,a2,a3 € R,i% = j2 = k? = ijk = —1}.

The octonions [11] and sedenions [24] exemplify higher-dimensional hypercomplex number systems.. The

algebras C (complex numbers), Hg (quaternions), O (octonions) and S (sedenions) are structured as real
1
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algebras derived from the real number system R via a recursive doubling procedure known as the Cayley—
Dickson Process.This iterative method allows for the construction of successive 2"*-dimensional algebras,
extending beyond sedenions to form generalized entities referred to as 2" —ions [5], [13], [7]).

Quaternions were first formulated by the Irish mathematician W. R. Hamilton (1805-1865) [22] as a non-
commutative generalization of the complex numbers. In 1848, J. Cockle introduced the notion of hyperbolic
numbers with complex coefficients [12].Later, H. H. Cheng and S. Thompson [9] extended this framework by
defining dual numbers with complex coefficients, which they termed complex dual numbers. More recently,
Akar, Yiice, and Sahin [14] proposed the algebraic system of dual hyperbolic numbers, further enriching the
landscape of generalized number systems.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao + ja1) + e(az + jaz) = ao + jai + €az +cjaz

where ag, aq, a2 and as are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ao + jai + €az + cjas : ag, a1, a2,a3 €R, j>=1,j # +1,6* =0,e # 0}.

The base elements {1,j,¢,ej} of dual hyperbolic numbers satisfy the following properties (commutative

multiplications):

le = glj=j 2 =ce=(je)?*=0, j2=jj=1

ej = je elef) =(ef)e=0, jej) = (ci=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and €j denotes
the dual hyperbolic unit ((j¢)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja; + €as + jeas and p = by + jby + €by + jebs is
qp = agbo + a1by + j(aob1 + ai1bo) + e(aobz + asbo + aibz + azby) + je(aobs + arby + azb1 + boas)

and addition of dual hyperbolic numbers is defined as componentwise.

The algebra of dual hyperbolic numbers forms a commutative ring, a real vector space, and a real
algebra. However, the structure denoted by Hpdoes not constitute a field, as not every dual hyperbolic
number possesses a multiplicative inverse. For further details on the algebraic properties and construction
of dual hyperbolic numbers, the reader is referred to[14].

To lay the groundwork for subsequent analysis, we first recount the established definition of generalized
Adrien numbers, as presented in the existing literature.

A generalized Adrien sequence {W,},>0 = {W,,(Wo, W1, Wa, W3)},>0 is defined by the fourth-order

recurrence relations

Wn = 3Wn_1 - Wn_g - Wn_4, n Z 4, (11)
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with the initial values Wy, W1, Wa, W3 not all being zero. The sequence {W,, },,>0 can be extended to negative
subscripts by defining

Won==W_(noo) +3W_(n_3) = W_(n—s),
for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Soykan has conducted a study on this
particular sequence, for more details, see [16].

Characteristic equation of {W,,} is
3844 1=( -2 -2 - 1)(z—1)=0.

The roots of characteristic equation are

1/3 1/3
_o2 (o, B\ (e @
C T 37 5 V36 54 V36)
1/3 1/3
5 — 24_ Q—F @ + 2 g @
T 379\ 54"V “\s52 Vse)
1/3 1/3
2 (e, )T, (o [
TT 3T 51TV 36 “\ 54 6]
6 = 1
Where
w= %\/g = exp(27i/3).
Note that
at+pB+y+d6 = 3,
af+ay+ad+pBy+pi+v = 1,
afy+afd+ayd+py5 = 0,
afyé = 1.
Note also that
atf+y = 2
aftay+py = -1,
afy = 1.

Using the roots and the recurrence relation of {W,,} the Binet’s formula for the generalized Adrien numbers

can be expressed for all integers n as follows

pra” p2B" p3Y" pad”
2 b 2 (1.2
da?+3a—1 4p5°438-1 4y*+3y-1 3

S1a™ + So 8" + S3y™ + S40™.

W, =
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Where p1, p2, ps and py are given below

p = (aWs—a(3—a)Ws+ (—a®+ (3 - 1a+ )W, — 1W)),

pr = (BWs = BB = H)Wa+ (=F°+ (3 - 1)8 + 1)W1 — 1),

ps = (Ws—v(B—=1Wa+ (=" + (3 — 1)y + )W — 1),

pi = —(Ws—2W, — Wy — Wp).

And

= T 43
% = FreoT
s = 42 +p§7 -1’
s 7(W3—2W23—W1 ~Wo)

Binet’s formula of Adrien and Adrien-Lucas sequences are

A 7(2a2+a+1)a”+(252+5+1)B”+(272+’Y+1)’Yn_1
" 4o 4301 482 +38—1 492 +3y-1 3

and
B,=a"+8"+~" + 1.
respectively.
If we set Wy =0, W =1, Wy = 3, W5 = 8 then {W,,} is the well-known Adrien sequence and if we set
Wo =4, Wy = 3,Wy = 7,W3 = 18 then {W,,} is the well-known Lucas sequence. In other words, Adrien

sequence {A, },>0 and Adrien-Lucas sequence {B,, },>¢ are defined by the fourth-order recurrence relations

as;

S
3
|

3An 1 —Ap o —Anu, Ag=0,A1 =143 =3,43=8, n >4, (1.4)

Bn = 3Bn,1 - Bn,Q — Bn,4 5 BO = 4,B1 = 3,32 = 77 B3 = ].8, n 2 4. (15)

The sequences {Ay, }rn>0, {Bn}n>0, can be extended to negative subscripts by defining,

Afn = —A_(H_Q) + 3A—(n—3) - A—(n_4)’

B_, = —B_(n_2)+t3B_(n-3)— B_(n—4)-

for n = 1,2,3, ... respectively. As a result, recurrences (1.4),(1.5) hold for all integer n. Binet’s formulas as

follows.
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The first few generalized Adrien numbers with positive subscript and negative subscript are given in the
following Table 1.

Table 1. A few generalized Adrien numbers

n W, W_pn

0 Wo Wo

1 Wi Wy — Wy — W3

2 Wo 3Wr — Wy — W,

3 W3 3Wo — 3Wa + W3

4 3W3 — Wy — W, 10Wy — 6W7 — 3W3

5 8W3 — Wy — 3Ws — 3W, 10Wy — 6Wy — 3Wy

6 21W3 — 3W7 — 9W, — 8W) 10Wy + 3W1 — 18Ws + 6W5

T 54W5 —8Wp —24Wy — 21W,y  3Wy — 28W71 + 36Ws — 10W3

8 138W3 —21W;7 — 62Ws — 54W,  33W7 — 28Wy — Wy — 3W5
After then we can write the generating function of generalized Adrien numbers,

i won = Wot (W1 = 3Wo)x + (Wo — 3Wy + Wo)a? + (W3 — 3Wy + W)z
ne 1—3z 422+ 24

[&.°]

Next, we give the exponential generating function of » W, 2+ of the sequence W,,.
n=0

For more details about generalized Adrien numbers, see [16].

[e.e]
LeMMA 1. [4].Suppose that fw, (x) = > W, % is the exponential generating function of the generalized

n=0
Adrien sequence {W, }.
Then § anT' is given by:
n=0
o, " (W3 — a3 — a)Wo + (—a? + (3 — o+ 1)W; —Wo)ew
2V (@B )@ —9)
+(5W3—5( BIWa + (8% + (3 -1)B+ )W) _WO)eﬁz
(8 —a)(B=7)(B—9)
n (’YW;J, - (3 ’)/)WQ + ( (3 — 1)’7 + l)Wl — Wo)e,yx n (W3 —2Wy — Wy — Wo)ex
(v - 04)(7 ,3)(7 9) -3 '

The previous Lemma 1 gives the following results as particular examples.

COROLLARY 2. Ezponential generating function of Adrien and Adrien-Lucas numbers are given by:

(202 +a+1)a” (282 +B8+1)B" (292 +y+ 1)y 1 2"
a) ZAn _Z(( 2 — 2 2 _ _7)7'
' = 4?2+ 3a—1 48 +38 -1 492 +3v—1 3" n!
202 1 232 1 2~2 1)y™ 1
402 +3a—1 482 +38—1 4?2 +3y-1 3

n n
x o]

b): Y B, =Y (a" + 8" "+ 1) = % 4 T 4 7T 4 e”.
n=0 n! n=0 n!
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Subsequently, we provide an overview of the existing literature concerning published studies on hyperbolic

and dual hyperbolic numbers.

e Cockle [12] presented the hyperbolic numbers with complex coefficients.
e Akar at al [14] introduced the dual hyperbolic numbers.

e Cheng and Thompson[9] studied dual numbers with complex coefficients.
Next, we give some information related to dual hyperbolic sequences presented in literature.

e Soykan at al [17] introduced dual hyperbolic generalized Pell numbers given by

‘771 == an +jvn+1 + 6an+2 +j5Vn+3

where generalized Pell numbers are given by V,, = 2V,,_; +V,,_2, (n > 2) with the initial values V{ V1 not all

being zero.

e Cihan at al [2] studied dual hyperbolic Fibonacci and Lucas numbers given by, respectively,
DHF, = F, +an+1 +5Fn+2 +j€Fn+3a

DHLy = Ly + jLn+1 +eLlnto + jeLlnys.

where Fibonacci and Lucas numbers, respectively, given by F,, = F,,_1 + F,,_9,Fy = 0,F}, =1, L, =

Ly1+Lnpo,Lo=21L1 =1

e Soykan at al [18] introduced dual hyperbolic generalized Jacopsthal numbers given by

T = Jn + jIns1 + eJnia + jengs
where Jn = Jn—l + 2Jn_2, Jo = a, J1 =b.

e Brod at al [1] studied dual hyperbolic generalized Balancing given by

DHB, =B, + jBn+1 +eBpy2 + jeBris
where B, =6B,,_1 — B,,_2,By =0,B; = 1.

e Yilmaz and Soykan [23] introduced dual hyperbolic generalized Guglielmo numbers given by

To = Tp + §T1 + T + jTy
where Tn = 3Tn—1 — 3Tn—2 + Tn_3,T0 = O,Tl = l,Tg =3.
e Dikmen [3] introduced dual hyperbolic generalised Leonardo numbers given by
To = lo + jli + els + jels

lp =201 — b3, lo=1,11 =1,1p = 3.

e Eren and Soykan [6] introduced dual hyperbolic generalized Woodall numbers given by
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Ro = Ro+ jRi +eRy + jeRy
where R,, =5R,,_1 —8R,_2+4R,_3, Ro=—-1,R1 =1,Ry = 7.
In this paper, we define the dual hyperbolic generalized Adrien numbers in the next section and give

some properties of them.

2. Dual Hyperbolic Generalized Adrien Numbers and their Generating Functions and

Binet’s Formulas

In this section, we define dual hyperbolic generalized Adrien numbers and present generating functions
and Binet formulas for them. We now define dual hyperbolic generalized Adrien numbers over Hyp. The nth

dual hyperbolic generalized Adrien number is

Wn - Wn +jWn+1 + €Wn+2 +j5Wn+3> (21)

with the initial values /V[70, /Wl, WQ, /V[73, (2.1) can be written to negative subscripts by defining,
W_p=W_p+ W i1 +eW_pi0+ jeW_, 43, (2.2)

so identity (2.1) holds for all integers n.
As special cases, the nth dual hyperbolic Adrien numbers and the nth dual hyperbolic Adrien-Lucas
numbers are given as.

~

Ap = An + jAns1 +ednio + jeAnys, (2.3)

and

~

Bn - Bn + jBn+1 + 5Bn+2 + jEBn+37 (24)

respectively. It can be easily shown that

~ -~

121\ = 3;{n71 - An72 - An74 )

and
B = 3§n71 - §n72 - -’B\n74-

The sequence {Wn}nzo can be extended to negative subscripts by defining

Afn = —A\,(n,Q) + 3121\7(7173) - A\*("*‘l)'

o~ ~ ~

B_p,=-B_ (n_9)+ 337(%3) — B_(n—4).

for n =1,2,3,... respectively. Therefore, recurrence (2.1) holds for all integer n.
The first few dual hyperbolic generalized Adrien numbers with positive subscript and negative subscript
are given in the following Table 2.

Table 2. A few dual hyperbolic generalized Adrien numbers
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n W, w_,

0 Wo /WO

1 Wl S/W\Z - Wl - /W\3

2 W,y W, — Wo — Wh

3 W 3Wo — 3Wy + Ws

4 3Ws — Wa — W 10W, — 6W, — 3Ws

5 8Ws— Wy — 3Wa — 3Wy  10W, — 6Wo — 3W,

Note that

Wo = Wo+ Wi+ eWs + jeWs = Wo + jWi + eWs + jeWs,
Wi = Wi+ jWo+eWs+ jeWy = Wi + jWa + eWs + je(3W5 — Wa — Wh).
WQ = W+ W5+ 5(3W3 — Wy — Wo) +]€(8W3 — Wi —3Wy — 3W())

Now, we define some special cases of dual hyperbolic generalized Adrien numbers. The nth dual hyperbolic
Adrien numbers, the nth dual hyperbolic Adrien-Lucas numbers, respectively, are given as the nth dual

hyperbolic Adrien numbers is given ﬁn = A, + jAns1 +€Anio + jeAnys, with the initial values

Ag = Ao+ jAr+eAs + jeAs,
A\l = A1 —+ _]A2 —|— €A3 —|— j€A4,
121\2 = A, +jA3+€A4 +jEA5,

the nth dual hyperbolic Adrien-Lucas numbers is given §n = B, +j7By+1+eBy 2+ jeB,+3 with the initial

values

By = Bo+jB:1+eB2+ jeBs,
By = Bi+jB;+eBs+ jeBy,
By = By+ jBs+eBy+ jebBs.

For dual hyperbolic Adrien numbers (taking W,, = A,,, Ao =0,4; =1, A3 =3,43 =8, n >4) we get

Es
I

Jj+3e+8¢j

=
I

1+ 37 + 8 + 21je

Ay = 3+8j+2le+ 54je
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and for dual hyperbolic Adrien-Lucas numbers (taking W,, = B,,, Bo =4,B1 =3,By=7,By =18, n >4)

we get

By = 4435+ 7+ 18j¢
By = 3+47j+18¢+43je
By, = T+18j+ 43¢+ 108je

A few dual hyperbolic Adrien numbers and dual hyperbolic Adrien-Lucas numbers with positive subscript

and negative subscript are given in the following Table 3 and Table 4.

Table 3. Dual hyperbolic Adrien numbers Table 4. Dual hyperbolic Adrien-Lucas numbers

n A, A, n B, B_,

0 7+ 3+ 8¢j 1+ 3¢+ 8¢j 0 4435+ T + 18j¢ 44375+ 7+ 18j¢
1 1+ 3548+ 21je e+ 3¢5 1 3475+ 18 + 43j¢ 45 + 3e + Tje

2 34 85 + 21e + 54j¢ je 2 7+ 185 + 43¢ 4 1085¢ —2 4 4e + 3je

3 8+ 215+ bde + 138je -1 3 18+43j5 + 108e + 274j¢ 9 —2j5 +4je

4 21+ 545 + 138 + 352j¢ —J 4 4341085 + 274e + 696 —2495 — 2¢

5 54+ 1385 + 352¢ + 89Tje 1-—¢ 5 108 + 2745 4+ 696¢ 4+ 1771je  —15 —2j + 9¢ — 2j¢

Now, we will state Binet’s formula for the dual hyperbolic generalized Adrien numbers and in the rest

of the paper, we fix the following notations:

a = l+ja+ea®+ jea’, (2.5)
B = 1+jB+¢eB+jep’. (2.6)
7 = 1+jy+er+jey? (2.7)
5 = T=1+7j4¢+Je, (2.8)
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Note that we have the following identities:

a = 14 ja+ea®+ jea®,

B = 1+jB+¢B°+jeb’,

&’ = 1+ 0”4 2aj 4 20% (@ + 1) £ + 4a’je,
~2

= 1462428 +28% +28% + 4j8%,
aB = 1+a(B+7)+j8+e(a®+ B2 + jaB’ + jo? e + B3(ae + je) + o (Be + je),
A’ = 1+ + B+’ +2(aB+1) (a+B8)j+2(+ 5%+ a8 +4aB +1) (o + ) e

+4 (a+B) (e + % + ap?) je,

af” = 1+ +2aB8+ (a+28+aB?) j+ (B2 +2a8+1) (a®+28%) e+ (a+ 28+ af?) (a® +25°) je,
aQEQ = 1+ +a?+a?B +4aB+2(af+1) (a+B)j+2(a®+ 5>+ +4aB +1) (& + ) e

+4(af +1) (a+ B) (a” + 57) je.
THEOREM 3. (Binet’s Formula) For any integer n, the nth dual hyperbolic generalized Adrien number is
W, = @S1a" + BS28™ +3S37™ + 0S4, (2.9)

a, B, 7, 0 are given as (2.5), (2.6), (2.7) ,(2.8).

Proof. Using Binet’s formula of the generalized Adrien numbers given below
Wy = S1a™ 4 828" + S37™ + S,
where S, Sa, Sa, Sy are given (1.3) we get
Wn = Wu+iWhpr +eWhio + jeWpis
= 510" + 528" + 539" + Sa
+5(S1a" Tt + 858" 4 Sz 4 Sy)
+e(S1a" T2 + 98" 4 Syy TP 4 9y)
+je(S1am? 4 58" 4 Sy 4 Sy
= S1a"(1+ja+ea® +jea®) + Sof™ (1 + jB + eB? + jeff?)
+837"(1 4 jy + ev® 4 jey®) + Sa(1 4 j + € + je)
= aSia™ + BSsB" +7S3y" + 1" Sy.
This proves (2.9). O

As special cases, for any integer n, the Binet’s Formula of nth dual hyperbolic Adrien number is

(22 Da"a  (28° BB | (247 )y 1
4, - e’ tota"a  @F+A+NES | (2 +y+ 1y 1 (2.10)
402 +3a —1 487 +36 -1 4y? +3y -1 3
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and the Binet’s Formula of nth dual hyperbolic Adrien-Lucas number is
B, =Ga"™ + 5" + 77" + 1. (2.11)
Next, we present generating function of the dual hyperbolic genralized Adrien numbers.

THEOREM 4. The generating function for the dual hyperbolic generalized Adrien numbers is

iw L= /WO + (Wl — 3/M7())$ —+ (WQ — 3/M71 + /V[70)x2 + (Wg — SWQ + W1).’E3
~ e 1 -3z + 22 + 2t '

(2.12)

Proof. Let
e —~
fﬁ/\n (z) = Z Wya"
n=0
be generating function of the dual hyperbolic generalized Adrien numbers. Then, using the definition of

the dual hyperbolic generalized Adrien numbers, and substracting = f; () and x? fw (@) from f (2), we

obtain (1 — 3z + 22 + x4)an (x)

(1 -3z + 2+ x4)an (z) = i Wa" — 3z i Wa™ + 22 i Wa" + 2 i Wa",
n=0 n=0 n=0 n=0
= i Wa" — 3 i Wzt ¢ i Want? 4+ i /V[7x"+4,
n=0 n=0 n=0 n=0

= Z /Wxn -3 Z /Vv(n,l)x" + Z W(n,g)x" + Z W(n,4)xyb7
n=0 n=2 n=4

n=1

= (Wo + /V[71x + ngQ + ng?’) — S(Woac + Wlxg + ng?’) + S(WOxQ + Wlx?’),
+ Z(/Wn - 3/I/I\/nfl + /Wn72 + /Wn74)xn7
n=4

= Wo + (/Wl — 3WO).’L‘ + (/WQ — 3W1 + 3W0).’L‘2 + (Wg — 3W2 + Wﬂx?’.

~

Note that, using the recurrence relation A= SEn_l — A\n_g — A,,_4 and rearranging above equation the
(2.12) has been obtained. O

Now we can write the generating functions of the dual hyperbolic Adrien and Adrien-Lucas numbers as:
(a): fa ()= > gnx" = m(] +3e+8¢j) + (1 —3e+8j)x + (6§ — 925)x? + (—& — 3gj) a3,
) n=0
(b): fz (z) = 3 But" = t—grbrrr (4 + 3j + Te + 18ej) + (=9 — 2j — 3¢ — 1lej)a
n=0
+(2 — 4e — 3ej)x? + (—4j — 3 — Tej)a3.
LEMMA 5. Suppose that f (v) = ) ﬁ/\n% is the exponential generating function of the dual hyperbolic
" n=0 ’

generalized Adrien sequence {Wn}

Then > /Wn% is given by

n=0

0 —~ n o~ A~
E anm' = Sle"”“’a + SQGBIB + S3€Wm/’? + S46x1.
mn.
n=0
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where @, 3, 7,6 are given as(2.5), (2.6), (2.7) ,(2.8).Using Binet’s formula of dual hiperbolic generalized
Adrien numbers or exponential generating function of the generalized Adrien sequence we get the required
identity.Let’ s get the details.

Proof. Using Binet’ s formula
W, = S1a" 4+ S26" + S37y™ + Sy,

where Ay, A, A3, Ay are given in (1.3) we get

TL

Z Wn nl = Z Wn + .] Z W7L+1 + g Z Wn+2 + .]5 Z WrL+37

n=0 n=0
oo ,ZEn oo fEn
= D (S10" + 58" + Syy" + Sa)— +5 ) (S10" T+ $f" + Sy 4 50—
n=0 ’ n=0 :

> n 0 n

n n € N n n n €
+e Y (810" 458" 4+ S5y 4 S — 4 ey (S1a™ P 4 58" 4+ Sy 4 Sy —
n=0 s n=0 n

= (S1€% 4 59T + S3e7* + S4e7) + j(S1ae® + SyBe T + Ssyel® + Sue?)
+e(S1a?e 4 S L 82ePT + S5v2e® 4 S4e%) + je(S1ae™™ + S 33 + S373er™ + Sye”)
= 51e®(1 +ja + +ea® + jea®) + S2eP% (1 + jB + +e8* + jeB?)
+557 (1 + jv + +ev? + jey®) + Sae” (1 + j + +e + je)
= Sie*a+ Sgem'B + S3e7H + S,e*1. O

O
The previous Lemma gives the following results as particular examples.

COROLLARY 6. FExponential generating function of dual hiperbolic Adrien and dual hiperbolic Adrien-

Lucas numbers are given by:

a):
iA\ 1'7 ((2a2+a+l)eaw (252+ﬁ+1)65$ we”—lew)
2 _ 2 2 _
P 402 +3a —1 46% +36 -1 4y? +3y -1 3
(D) oy QLAY gy (P HD) L
N4 1301 48% +38—1 492 +3v -1 3
o2 HOED o OFHBY gy P HIHD) L
402 +3a —1 48% +36 -1 4?2 +3y-1 3
el ot D) 0y QB HBHY) g (P44 e L
TN a2 1 30 -1 437 +38 -1 4?43y -1 37

(20° +a+ 1) ,, (28%+ B+ 1) o, QP HHDF L 1
402 + 30— 1 4% +38 -1 4v* +3y -1 3
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b):
e ~
Z B~ = e 4+ £ 4 e 4 jlae™ + BePT el + e”)
+€(a2€ax+52€ﬁz +,_Y26'yz +61)
+j8(a36ax +53662: +,y3e'yx_|_e.'c).

= ™a+efB+ "y + 1.

3. Obtaining Binet Formula From Generating Function

We next find Binet formula of dual hyperbolic generalized Adrien number {Wn} by the use of generating

function for Wn

THEOREM 7. (Binet formula of dual hyperbolic generalized Adrien numbers)

W pra’ n p2" n p3Y" n P40
" a=B)la—y)(a=0) B-a)B-7B-0) (—a)y=B8 -6 (6—a)d—pB)(6 —(7) )
3.1
where
po= W+ (W1 - 3W0)Oz2 + (Wo+ Wi + /Wo)a + (W:z, + Wy + Wl)y
p2 = WoB® + (Wi — 3W0)B° + (Wa + Wi + Wo)B + (Ws + Wy + Wh),
p3 = /W073 + (/Wl - 3W\0)’72 + (ﬁ/\g + Wl + /V[?o)v + (W\3 + /Wz + W\ﬁ,
Py = WO(SS + (W1 - 3/W70)52 + (Wz + /V[71 + Wo)(s + (Wz’, + /V[72 + Wl)
Proof. Let
h(z) =1 — 3z + 2 + 2.
Then for some «, 3,7 and § we write
h(z) = (1 — az)(1 — Bz)(1 — yz)(1 — dx),
ie.,
1 -3z +2% = (1 —ax)(1 - Bz)(1 —~yz)(1 - dz), (3.2)

Hence i, %, % and % are the roots of h(z). This gives «, 3, and ¢ as the roots of

1 3 1 1
h=)=1-24+— 14— =0
(x) x+x2+m4 0

This implies 2* — 322 + 22 + u = 0. Now, by it follows that
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Z W:En _ /V[70 + (Wl - 3/V[70)$ + (Wg - 3W1 + /Wo)l‘2 + (W:; - 3/V[72 + Wl).’LB
N (1 —az)(1 - Bz)(1 —~x)(1 — éx) '

Then we write

W() + (/V[?l — 3W0)LE + (/V[72 — 3W1 + Wg)l’Q + (/V[73 — 3W2 + /V[71)£L'3
(1= ax)(1 = Bz)(1 —yz)(1 - o)
. Bl BQ 33 B4
- T8 U=y T (—oa)

) 7

So

W() + (/Wl — 3W0)$ + (/WQ - 3W1 + /W\O):E2 + (/Wg - 3W2 + Wl):c?’
= Bi(1-p2)(1—~z)(1—dz)+ B2(1 —az)(l —vyz)(1 - dx)
+B3(1 —az)(1 — Bz)(1 — dz) + B3(1 — az)(1l — Bz)(1 — vyz).

If we consider z = 1, we get Wo + (/V[71 - 3ﬁ/\0)é + (Wg —3W + Wg)ﬁ + (/Wg —3W, + Wﬂ%
— B - 2)1- 21— 2),
This gives

OIS(WO + (Wl - 3/”70)

5 Ly (Wy—3Wy + Wo) & + (Ws — 6Wa + W) )
1 p—

(@~ B)(a—7)(a—0)
Woa?’ + (Wl — Wg)QQ + (/V[72 — 3W1 + /V[?o)a + (Ws - 3W2 + Wl)
(= B)(a—)(a—4) .

Similarly, we obtain

/Woﬂs + (/W1 — 3W0)ﬁ2 + (/W\Q - 3/V[71 + W\ 8+ (/Wg — SWQ + /V[?l)

_ 0)
B = CEDICEICET ’
B. — WQ’Y?’ + (Wl — 3/1/170)’72 + (WQ — 3W1 + /Wo)’}’ + (Wg — 3W2 + Wﬁ
3 - 9
(y—a)(y=B)(v—9)
s Wod® + (W — 3W0)s” + (W — 8Wi + Wo)d + (Ws — 3Wa + W)
v (6—a)(d—B)(0—) '

Thus (3.3) can be written as

S Wam = Bi(1 - ax) ™ + By(1 — )™ + Bs(1 — ya) ™! + By(1 - dw) .

n=0

This gives

o0 P o0 o0 o o
Z Wz = B Z az" + Bs Z B8"x"™ + Bs Z ~x™ + By Z o"x"
n=0 n=0 n=0 n=0 n=0
o0

> (Bia" + BoB" + Byy" + Byd")z".

n=0
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Therefore, comparing coefficients on both sides of the above equality, we obtain
/W = B1a” + Bgﬁn + B3’)/n + B45n

and then we get (3.1). O

We can get an identitiy related to dual hyperbolic Adrien numbers given below.
THEOREM 8. For all integers m,n the following identities hold:

Wonsn = Am—aWoss + (= Am—s — Apnes) Wy + (— A ) Was1 — Ap_sWh.
Proof. First we assume that m,n > 0 then (8) can be proved by mathematical induction on m. If m =0
we get
Wy =A_oWnis+ (—A_s — A_5)Wio + (—A_)Wpiq — A_sW,,.
which is true since A_5 =0, A_3=—-1, A_4, =0, A_5 = 1. Assume that the equality holds for m < k. For
m=k+ 1, we get

—

Witiin = 3Woik — Wosio1 — Wagk_s,
= 3AoaWyss + (— Az — Aps)Wiso
+3(—Ap— ) Wosr — A3 W,
~(Ap—sWats + (= Aj—s = Aj—6)Wogz + (—A_s) Waty — Ap_aWy,)
— A sWogs + (—Ap—g — Ajes) Whgz + (—Ay—6) W1 — Ax—6Wh.

Consequently, by mathematical induction on m, this proves Theorem (8).
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking Wn = A, or ﬁ/\n = B,, in above Theorem, respectively, we get:
COROLLARY 9.

ngrn - Am72;{n+3 + (_Amffi - Am75)121\n+2 + (_Am74)121\n+1 - Am73A\n7

§m+n = Am—2§n+3 + (_Am—3 - Am—5)§n+2 + (_Am—4)§n+1 - Am—3§n~
4. Simson’s Formulas

In this section, we present Simson’s formula for the dual hyperbolic generalized Adrien numbers . This

is a special case of [21,Theorem 4.1].

THEOREM 10. For all integers n, we have

/Wn+3 Wn—&-Q Wn-{—l /Wn
oz Tt T = (Wt W+ 2Wa— W) (— W35 W+ W WS — (Wo+3W, —TWa ) W2
WnJrl Wn anl Wn72

—_ —~ —

Wn Wn—l Wn—2 Wn—3
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+(3Wo — AW, — 14W) W2 + (2Wo + Wy — 6Wa)W2 — (W) + 2Wa)WE + 13W, WoWs + WolWalWs +
TATATAATATATA)

Proof. Take r =3,s = -1,t =0,u=-1. O

COROLLARY 11. For all integers n, the Simson’s formulas of dual hyperbolic generalized Adrien number
and dual hyperbolic generalized Adrien-Lucas numbers are given as:
n+3 n+2 A\n-‘rl A\n

N " A, n—
+2 +1 1 = 187 —97¢ 4+ 139j¢ — 12,

Bnio Bn B, B

Ttz Perl Pne Pemll 93495 — 164436 — 16 443 — 2349,
Bn+1 B, B,_1 Bn_3

én En—l ETL—Q §n—3

respectively.
5. Linear Sums
In this section, we give the summation formulas of the dual hyperbolic generalized Adrien numbers with
positive and negatif subscripts. Now, we present the summation formulas of the generalized Adrien numbers.
THEOREM 12. For the gemeralized Adrien numbers with positive and negative subscript, we have the
following formulas:
(a): kio Wi = L(—(n+3)Woys+ 20+ T)Wapa+ (n+2)Woss + (n+4) Wy, +3Ws — TW — 2W5 — W),
(b): kio Wy, = %(—(n—i— D) Wapnpo+ (2n+5)Wapt1 + (n+3)Way + (n+2)Way 1 +2Ws3 — 4Ws — 3W7).
(c): kio Waksr = H(—(n+ 1) Wansa+ (204 5)Wapiy + (n-+2)Woap + (n+2) Wap_y +2Ws — 5Wa — 2Wp).

(d): Wy =3(-(n+1)W_pnyz+ Cn+ D)W_pio + (n+2)W_pi1 + (n+ 3)W_p, + W3 — W —
k=1

2W; — 3Wp).
(e): Z W_Qk = %(7(71 + Q)W_2n+2 -+ (277, —+ 3)W_2n+1 + (TL -+ 4)W_2n + (Tl + Q)W_Qn_l —+ 2W3 —
k=1

AWy — Wy — 4Wy).
(£): 3 Weoop1 = 2(—(n+3)W_opio +2(n+3)W_oni1 + (n+2)W_o, + (n+ 2)W_gp 1 + 2W5 —
k=1

3W, — AW, — 2Wp).
Proof. For the proof, see Soykan [19]. O

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic
numbers.

THEOREM 13. For the dual hyperbolic numbers, we have the following formulas:
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(@): Y Wi = L(=(n+3)Wois+ 20+ 7)Woga + (n+2) W1+ (n+4)W,, +3Ws — TWo —2W; — Wp).
k=0

(b): > Wap = L(—(n+2)Wapnto+ (20+5)Wani1 + (n+3)Wap + (n+2) Way_1 +2Ws — 4Ws — 3WW)).

k=0
(©): Y Wapt1 = 2(—=(n+1)Wapyo+ (2045 Wap 1+ (n42) Wap + (n42) Wap, 1 +2Ws — 5Wo —21W).
k=0
(A): X Wy =L+ DWoga + 0+ DWoio + (0 + 2)Wori1 + (n+ 3) Wy + Wy — W —
k=1
2W, — 3Wp).

(€): 3 Weok = L(—(n+ 2)Wonnro + 2+ 3)Wosnss + (0 + DW s, + (1 + 2)W_op_y + 2Ws —
z@k;l— Wy — 4W).
() 3 Woskar = 3= +-3)Wozn 204 W o + (0 + 2z (04 2) Wz + 207
3T, — 4T, — 2177).
Proof.

(a): Note that using (2.1), we get
n _ n n n n
SW= Wi+5> Wigi+ed Wiga+jed Wigs
k=0 k=0 k=0 k=0 k=0

and using Theorem (12) then proof is straightforward.

(b): Note that using (2.1), we get

> Wor=> Wa+35> Wori+ed Wapga+je Y Worys
k=0 k=0 k=0 k=0 k=0
and using Theorem (12) the proof is easily attainable.
(c): Note that using (2.1), we get

n n n n n
Z Wapi1 = Z Waki1+7 Z Wokya +¢€ Z Wopys + je Z Wok+ta
k=0 k=0 k=0 k=0 k=0

and using Theorem (12) the proof is straightforward.
Proof.
(d): Note that using (2.1), we get

n n

Z W_p = Z W_p+3j Z W_pi1+e Z W_k42 + je Z W_j43
k=0

k=0 k=0 k=0 k=0

and using Theorem (12) the proof is easily attainable.

(e): Note that using (2.1), we get

n n n n n
Z W_gk = Z W_op+7J Z W_ok+1+¢ Z W_ojy2 + je Z W_ok43
k=0 k=0 k=0 k=0 k=0

and using Theorem (12) then proof is straightforward.

(f): Note that using (2.1), we get using Theorem (12), we get
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n n n n n
Z W—2k+1 = Z W_okr1+J Z W_opyo+e€ Z Waky3 + je Z W_okqa
k=0

k=0 k=0 k=0 k=0
and using Theorem (13) the proof is easily completed. O]

As a first special case of the above theorem, we have the following summation formulas for dual hyperbolic

Adrien numbers.
THEOREM 14. For n > 0, dual hyperbolic generalized Adrien numbers have the following properties:
(a): kzr_bjo A= +3) A3+ Cn+NApso + (0 +2)A0i1 + (n+ A, + j — de — 145¢).
(b): kio Ao, = H(—(n+2)Asnio + (20 +5) A1 + (04 3) Aoy, + (0 +2) Ay + 1+ 5 — 3je).
©): 3 Appsr = L=(n+1)Agni0+(2n45)Agpi + (n+2) Agy + (n+2) Agy 1 — 142§ — 3¢ — 105¢).
(d):
(e):

(£): S A opir =2~ +3)A 90 +2(n+3)A o1 + (n+2)A oy + (n+2)A 0,1 + 1465 +
k=1
Te + 14j¢).

)

~
Il
=

=i+ DA s+ 2n+ DA o+ (n+2)A i1 + (n+3)A_, + 7 + 8 + 18je).

Tt
)
W=

ok = (—(n—|—2);{,2n+2+(2n+3);{,2n+1 + (77,—‘1-4)121\72”4‘(71‘1‘2);{,271,1 — 1+7]+45+7j5)

R‘M3
Y
W=

S

=

Next, we give the ordinary generating functions of some special cases of dual hyperbolic generalized

Adrien numbers.

THEOREM 15. The ordinary generating functions of the sequences Wgn, /V[72n+1 are given as follows:

302Ws + (28 — 822 + 2)Wa — 323W) + (2° + 222 — Tz + )W,
xt+ 223 + 322 —Tx + 1
(b): 3 A (3 + 2% + m)W;; — (32% + 3902)/1/[72 + (23 4222 — Tz + DWW, — 322W,
n=0 "' 2n+1 ot + 223 + 322 — Tz + 1

From the last Theorem, we have the following Corollary which gives sum formula of dual hyperbolic

Adrien numbers (Take Wn = ﬁn with

(a): 3oy Wapa" =

Ao =j+3c+8cj, Ay =1+ 3] + 8 + 21je, Ay = 3+ 8j + 21e + 5dje, Ay = 8 + 215 + bde + 1385 )
COROLLARY 16. For n > 0 dual hyperbolic Adrien numbers have the following properties.

(a): 0%, A,z = s 9t (215 + 5de + 138je + 8) =32 (3] 4 8¢ + 21je + 1)+(3e + 8je + 1) (2% + 22> — 7w + 1)+
(2% — 82 + z) (8f + 21e + Hdje + 3).

(b): Y0l Ao 18" = —rpgmrigsr—rery 322 (3¢ + 8jc + 1) + (32 + 32%) (8 + 21 + bdje + 3) —
(37 + 8+ 21je + 1) (23 + 222 — Tz + 1) — (2 + 2% + x) (215 + 5de + 138je + 8)..

6. Matrices related with Dual Hyperbolic Generalized Adrien Numbers

In this part of our study we give some identities on some matrices linked to dual hyperbolic Adrien

numbers.
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By using the {A,} which is defined by the fourth-order recurrence relation as follows:
An = 3An—1 - An—2 - An—4 y

with the initial conditions
Ap=0, Ai =1, A, =3, A3 =38. (6.1)

We define the square matrix M of order 4 as

3 -1 0 -1
1 0 0 O
M =
0 1 0 O
0 0 1 0
such that detM = 1. Then, we give the following Lemma.
LEMMA 17. For n > 0 the following identity is true
Woss 3 -1 0 -1 W
W, 1 0 0 0 W
= 2 (6.2)
Wi 0o 1 0 O Wy
W, 0 0 1 0 Wo

Proof. First, we prove the assertion for the case n > 0. Lemma 17 can be given by mathematical

induction on n. If n = 0 we get

W5 3 10 -1\ W
Wo | |1 0 0 0 W,
wo | o1 o0 o W
W, 0 0 1 0 Wo

Wiis 5 10 -1\ Ws
Wiz | |1 0 0 0 W,
Wer | |0 1 0 o0 W
W, 0 0 1 0 Wo

Forn =k + 1, we get
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k1,
3 -1 0 -1 Ws 3 -1 0 -1 3 -1 0 -1
1 0 0 0 W, 10 0 0 1 0 0 0
0 1 0 0 w,l o 1 0 o0 01 0 0
00 1 0 Wo 00 1 0 00 1 0
3 -1 0 -1 Wiis
10 0 o0 Wieso
o 1 0 o Wit
00 1 0 W
Wita
_Wk+3
| W
Wit

Consequently, by mathematical induction on n, the proof is completed. [

Note that
An+1 _An - An72 _Anfl _An
An _Anfl - An73 _An72 _Anfl

A" =
An—l _An—2 - An—4 _An—3 _An—2
An—2 *An—S - An—5 *An—4 *An—S
For the proof see [20].
We define
/Wg /WQ Wl WO
/WQ /Wl Wg /W_l
NH@ = — — — — )
Wl WO Wfl W,Q
Wo Wi W, Wy
/Wn—&-ii Wn+2 W\n+1 /Wn
Wn+2 WnJrl Wn anl
En, = - - -
Wn+1 Wn anl Wn72

Now, we have the following theorem with Ny and Ey;.

THEOREM 18. Using Ny and Ey;, we get

A"Ng = Egp.



UNDER PEER REVI EW

Proof. Note that we get

where

a11

@12

a3

a14

a21

a22

a23

a24

azi

a32

as3s3

a34

41

Q42

@43

Q44

Anpr —Ap—Ans  —An1  —A, Wy W, Wi W,
Ay —An1—Aps —Apo —A,, W, Wi W, W
An1 —Apo—Apq —Ang —An_s W W Wo, W,
Ang —Aps—Aps —Ans —An_s Wo Woo W_, W_g

a1l a2 ai13 0G4
a21 Aa22 Aa23 (24
a3z1 agz G33 Aa34

a41 Q42 Q43 Q44

ApiaWs + (A, — Ap_o)Wo + (—An_ )Wy + (—A,) W,
A1 Wa + (= An = Ay 0) W + (= Ay 1) Wo + (—4) W1,

A aWh 4 (=An — Ay ) Wo+ (—An )W_1 + (=AW,

A aWo + (= Ap — Ap_ )Wy 4 (—An_)W_g + (—A,)W_s,
AWs + (—Ap_q — An73)/w72 + (_An72)wl + (_Anfl)/V[?Oa
AnWa + (=An_1 — An_s)Wi + (—An_2)Wo + (—Ap_1)W_1,
AWy + (—Ap_1 — An_s)Wo + (—Ap_2)W_1 + (—Ap_1)W_o,
AaWo+ (=An_1 — An_s)W_ 1+ (mAn_)W_g + (—Ap_1)W_s,
An 1 Ws 4 (—An—s — Ap-2)Wa + (—Ap_3) Wi + (—Ap_2)Wo,
Ap 1 Wa+ (—A,_o— An74)wl + (_Anf?))/WO + (—An72)/W717
Ay Wi+ (—An_s — Ap_ ) Wo + (—Ap_3)W_1 + (—Ap_2)W_s,
Ap W+ (—An—2 — A ) W1 + (—Ap_3)W_o + (—Ap_2)W_3,
Ap_oWs + (—A,_3— An75)w2 + (_An74)W1 + (—An73)W07
Ap_osWa + (An_g — Ap_s5) W1 + (—Ap_g)Wo + (—Ap_3)W_1,
Ap oWy + (—A,_3— An75)wo + (—An74)/V[771 + (_An73)/w7727

Anfzwo + (A3 — An75)wfl + (_An74)W72 + (_An73)W73~

Using the theorem (8) the proof is done. O
by taking W,, =A4,, with Ag, A1, A2, A3 in (6.3) and (6.4)
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W,, =W B, with WB,, WBy, WB,y, WBs in (6.3) and (6.4)

respectively, we get:

8+ 215 4+ 54e + 138je 3485 +21le +54je 1435+ 8+21je j+3c+ 8¢5

N 3+ 85 + 2le + bdje 1435 4+ 8¢ + 21j¢ 7+ 3+ 8¢j €+ 3¢ej
A = )
1+ 35+ 8+ 21j¢ j+3c+8¢j €+ 3¢j je
7+ 3¢+ 8¢y e+ 3¢y je -1
An+3 An+2 A\n—&-l An
Eg _ :n+2 AiL\Jrl AA\n :nfl ’
n+1 An n—1 n—2
A\n An—l An—2 An—3
18 + 435 4+ 108¢ + 274je 7+ 187 + 43¢ +108je 3+ 75+ 18 + 435 4+ 37 + 7e + 18j¢
N 7+ 185 + 43¢ 4+ 108j¢ 347j+ 18 +43je 4+ 35+ Te + 18j¢ 47 + 3e + Tje
b 34 7j + 18¢ + 43je 44 3] + Te + 18je 45 + 3¢ + Tje —9 4 de + 3je
4+ 35+ Te + 18je 45 + 3¢ + Tje —2 4 4e + 3je 9—2j + 4je
§n+3 §n+2 §n+1 -/B\n
Fe — §n+2 §n+1 B\n En—l
b §n+1 En En—l én—2
B\n Enfl /BSan §n73

From Theorem [18], we can write the following corollary.
COROLLARY 19. The following identities are hold:

a): A"NWA = EWA'
b): A"Ngp = Es .
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