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Global boundedness in a two-species predator-prey
chemo-taxis model with indirect signal production

Abstract

This paper is devoted to investigate the global boundedness of the following predator-prey
chemotaxis model with indirect signal production

ur =Au+x1V - (uVz) + pu(l —u —e1v), =z € Qt>0,
vy = Av — x2V - (vV2) + pov(—1+eu —v), z € Q,t>0,
w = Aw —w+u+ v, ze N t>0,
2t =Az—z+w, reN,t>0

under the homogeneous Neumann boundary conditions in a bounded smooth domain © c R? with
smooth boundary 02. The parameter are positive constants. With some supplementary conditions
imposed on the parameters x1, x2, p1, 42, €1, €2, it is proved that the model has a unique global
bounded classical solution.
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1 Introduction

In this paper, we focus on studying the following predator-prey chemotaxis model with indirect signal

production

u =diAu+x1V- (uVz) + piu(l —u—ew), xe€Q,t>0,

v = doAv — X2V - (vVV2) + pov (=1 + equ —v), z€Q,t>0,

w = Aw —w~+u + v, zeQt>0,

2zt = Az — z+w, zeQt>0, (1.1)
Gu—gv—duw_ 9z _ z € 0Q,t>0,

u(mvo) = u0($)7U($70) = ’Uo(il’), r € Q,
w($,0):wo(l'),2($,0)=ZO(.’L‘), T € Q,

where Q C R™(n > 1) is a bounded domain with smooth boundary 952, the parameter x1, x2, d1, d2, pi1, p2,
e1, ez are positive constants, u(z, ) and v(z, t) denote the density of prey and predator, respectively,
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w(z,t) and z(z,t) stand for the concentration of the chemical substance, z(z,t) is secreted by
w(z,t), w(zx,t) is secreted by u(x,t) and v(z,t). di and d» are called random diffusion coefficients
which represent the natural dispersive force of movement of the prey and predator, respectively.
x1 and x2 are chemotactic sensitivities, moreover, the term +x1V - (uVz) implies that prey move
away from chemicals secreted by predators at higher concentrations (chemorepulsion), —x2V -
(vV z) describes movement of predators toward chemicals secreted by prey at higher concentrations
(chemoattraction). p1 and u2 denote the growth rates of two species. e; and e; measure interaction
between two species.

If x1 < 0 and ez < 0, the model (1.1) refers to the two-competing-species chemotaxis model,
which has been proposed and studied by Xiang et al. (2022). They established a unique bounded
classical solution for n < 2. In addition, the asymptotic stability of the global bounded solution to
the model is discussed when p; and a; satisfy certain conditions. Specially, Zheng et al. (2022Pan)
investigated further this model with d; = d2 = 1 in a bounded domain Q C R®. They proved
that the model has a unique global classical solution under some suitable conditions of parameters,
moreover, the asymptotic stability of the solution is obtained. Recently, Wang et al. (2023) continued
to investigate the model with singular sensitivity and they explored that the global existence and
boundedness of classical solutions depends on the coefficients of the model and spatial dimension
n.

In order to better study model (1.1), it is necessary to review relevant works in this direction. Next,
we recall the following predator-prey chemotaxis model with direct signal production

ur = diAu+x1V - (uVw) + piu(l —u—ev), z€Qt>0,
v = doAv — x2V - (WVw) + pev (1 + eu —v), z€Q,t>0,
wy = dsAw + au + fv — yw, zeQ,t>0, (1.2)
Gu = dv—dw_, z €N t>0,

3?3:,0) = uo(x),v(x,0) = vo(z), w(z,0) = wo(z), =€ Q.

Where di,ds,ds, x, &, p1, g2, €1, ez, a, B,y are positive constants, Q@ C R™ is a smooth bounded
domain. The model was proposed and studied by Fu and Miao (2020). They proved that if the
parameters satisfy some suitable conditions, the model has a unique global classical solution. Furthermore,
the global asymptotic stability of the equilibria was explored by constructing Lyapunov functions.
Subsequently, in the case when n = 3 and di = d2 = d3 = 1, the global existence and boundedness
of classical solution to model (1.2) was established in (Miao et al., 2021). Recently, the model (1.2)
with nonlinear production has been studied by Gnanasekaran et al. (2022), they obtained the global
existence of classical solution in higher dimensions.

For convenience of statement, in this paper, we always assume that d; = d> = 1 and the initial
data (uo, vo, wo, 20) satisfy

up € C°(Q) with ug >, Z 0in Q,
weC™ Q) withw >, £0inQ, (1.3)
wo, z0 € WH4(Q)  for some ¢ > 3, with wg, z0 > 0in Q.

Our main result is the following theorem which describe the global bounded of classical solution
to the model (1.1) in a three-dimensional bounded domain.

Theorem 1.1. Suppose that the parameters x1, xz2, p1, 12, €1, e2 be positive constants and satisfy

paesx1 < dprerxe, (1.4)
pip2e2 > X1 (4 + ugeg) s (1.5)
pip2er > xo (4 + H?ei) . (1.6)
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Then the model (1.1) has a unique global classical solution (u, v, w, z) with

u € C%Q x [0,00)) x C*1(Q x (0, 00))
v € C%Q % [0,00)) x C*(Q x (0,00))
w € C°Q x [0,00)) x C*H(Q x (0,00)) N L, ([0, 00); Wl’q(Q))
z € CO(Q x [0,00)) % C’Q'l(Q x (0,00)) N L{y, ([O,oo); Wl'q(Q))

(1.7)

for some q > 3. Moreover, one can get

lu(, )llLee (@) + lv( Ollpeo (@) + lw(, )l Lo (@) + 120, t) [ @) < € forallt >0 (1.8)
with some constant C' > 0 that is independent of t.
Remark 1.1. In the case that n > 3, we have to leave an open question about global existence, which

shall be solved in the future work.

The rest of this paper is organized as follows. Some preliminaries are collected in Section 2.
Section 3 is devoted to studying the global existence and uniform boundedness of the classical
solution to the model (1.1) in a three-dimensional bounded domain.

2 Preliminaries and local existence

Before presenting the main results, we recall some known conclusions that will be utilized in the
subsequent proofs. Firstly, we introduce the following lemma (refer to Lemma 3.4 in (Winkler, 2010)).

Lemma 2.1. Leta > 0 and d > 0,and suppose that y: [0,T) — [0, 00) is absolutely continuous. If
there exists a nonnegative function h € L},.([0,T)) satisfying

t+1
/ h(s)ds <d forallt € [0,T —1)
t

and
y'(t) + ay(t) < h(t),
we can get
d
y(t) < max{y(0) + d, p + 2d}.

Next, we present several properties of the Neumann heat semigroup. For the detailed proof,
please refer to Lemma 1.3 in (Winkler, 2010).

Lemma2.2. Let (em) .~ be the Neumann heat semigroup in Q2, and A1 > 0 denotes the first nonzero
eigenvalue of — A in Q, under the Neumann boundary condition, then we obtain the following estimate
with constants

() If1<q<p<oo,then

< ki (1 4t (4 i)) 6_/\1t||§0||Lq<Q) forallt >0

tA‘
e

LP(Q)

holds for all ¢ € L(Q2) with [, ¢ = 0.
() If1 <q<p<oo,then

[ves<]

are true for each o € L1(9).

,;,ﬂ(;,;) gt
<ky(14+t 2 2\a P e 1||<pHLq<Q) forallt >0
LP(Q)
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Then, we prepare the following generalization of the Gagliardo-Nirenberg inequality (see (Wu et
al.,, 2018), Lemma 2.4).

Lemma 2.3. Letu € LP(Q) and D*u € LY(Q) where p, q € [1,00]. Then for the derivatives D*u,i €
[0, k), there exists a constant C > 0 such that

i e |1 1—A
|t < (]|p%u Iy + lullm ) (2.1)
q
where
1 7 1 k
E—E— (*_E>+(1—)\)*, m>0,
and \ satisfies .
7
— <) <1.
k — A<

Moreover, ifq € (1,00) andk—i— % is a non-negative integer, then the Gagliardo-Nirenberg inequality
(2.1) holds for

)
— <A<
e <

The following estimate plays an important role in removing the convexity of domains. The proof
is indicated by Mizoguchi-Souplet (see (Mizoguchi et al., 2014), Lemma 4.2).

Lemma 2.4. LetQ C R™(n > 1) be a bounded domain with smooth boundary. If € C*(Q) satisfies
oY /ov = 0, then
2
M < CQ|V¢|2,
ov
where cq > 0 is a constant depending only on the curvatures of 95).

Now, we collect the trace theorem proved by Ishida et al. (2014), which is used to deal with the
boundary integral term.

Lemma 2.5. Let Q2 C R™*(n > 1) be a bounded domain with smooth boundary. Then for all ¢ > 0,

there exists C. > 0 such that
2
/ o Sf—r/ Vel + Ce (/ \sDI)
o Q Q
for all o € W2(9).

Finally, we state the local-in-time existence result of the classical solution of (1.1), which can be
obtained through standard techniques that combining Banach'’s fixed point theorem and the parabolic
regularity theory (refer to Lemma 2.1 in (Winkler, 2010) and Lemma 3.1 in (Horstmann et al., 2005) ).

Lemma 2.6. Assume that Q@ C R"(n > 1) is a bounded domain with smooth boundary, and
X1, X2, d1,d2, p1, 2, €1, ex are positive constants, ¢ > max{2,n} and exists Tmax € (0,00]. Then
for all (uo, vo, wo, z0) Satisfying (1.3), the solution (u,v,w, z) of (1.1) is unique, which fulfills

u € C%(Q % [0, Timax)) NC>H (2 x (0, Tinax))
v E CO(Q X [0, Tmax)) N C“(Q X (0, Tmax))
w € CO( x [0, Trax)) N C>H( x (0, Tonax)) N LiSe ([0, Tona); WH(02))
2 € CO(Q X [0, Tmax)) N C*H(Q X (0, Tmax)) N Lis. ([0, Tmax); WH(Q)) .
Furthermore, if Tmax < 0o, then
lim su ()| oo + [[v(-, t)]| 7 0o = o0.
limsup ([, )l @) + 10 Oll o))

Without loss of generality, we assume from this point forward that Tmax > 1, where T« represents
the maximal existence time derived from Lemma 2.6. We assume that C', C; and k; are positive
constants, independent of both ¢t and T' throughout the subsequent analysis.
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3 Global existence

We know that the uniform boundedness of [|u(-,t)||.2(q) and ||v(-,t)||r2(q) are sufficient to ensure
the global boundedness of the classical solution to (1.1) in @ C R3 . In this section, we shall establish
a series of energy estimates on the functionals > [, u® + > [, v* and [, (u2e2u + pie1v) |Vz|* as
well as [, |[Vz|*. The ideas used mainly come from (Pan et al., 2022).

To begin with, let us state the L'-boundedness of u and v. The proof is similar to Lemma 2.2 in
(Fu et al., 2020), we omit the details here.

Lemma 3.1. Letn > 1. The solution of model (1.1) has the following properties

/ u(z, t)de < ki = maX{HuOHLl(Q) , |Q\}, forallt € (0, Tinax) ,
Q

/ v(z, t)dx < ko := , forallt € (0,Tmax),
Q
t+1 kl
/ / uz(ac7 s)dxds < k3 := k1 + /T’ forallt € [0, Tmax — 1),
t Q 1

t+1
/ / v (z, s)dxds < ky = MC&, forallt € [0, Tmax — 1),
¢ Q p1fize

uip2(erter) Q]

where Cy := max {M2€2 | wo [l21 @) +raer || vo L1y, min{p1, e}

Now, we provide the following important lemmas that are crucial to validate L?-boundedness of
u and v.

Lemma 3.2. Letn > 1. Then there exist Co > 0 and Cs > 0 such that
/ |Vw(z,t)|> < Co forallt € (0, Tmax) (3.1)
Q

as well as
/ w® < Cy forallt € (0, Tmax — 1). (3.2)
Q

Proof. Multiplying the third equation in (1.1) by —Aw, integrating on Q by parts and using Young’s
inequality, we derive

1i/\Vw\Q—l—/|Aw|2—|—/\Vw|2:—/qu—/vAwS/|Aw|2-|-1/u2.5_l/v2
2dt Jo Q Q Q Q Q 2 Jq 2 Jg

for all ¢ € (0, Timax). Define yi(t) = [, [Vw(z,t)|*dz, then it satisfies y'(t) + 2y(t) < f(t) for all

t € (0, Tmax), Where
f(t)::/u2+/v2.
Q Q

t+1
/ F(s)ds < Cu: = ks + ks forallt € (0, Tomax — 1).
t

By Lemma 3.1, we obtain

Accordingly, in view of Lemma 2.1, one can get

yl(t) < (C5: = max {/ |Vw0\2 + Oy, % =+ 204} forall t € (O,Tmax)7
Q
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with Cs > 0. Multiplying the third equation in (1.1) by w, integrating on by parts and using Young’s
inequality, we can find

1
Vw /w2+/uw+/vw§—f/w2+/u2+/v2
th/ /l = Q Q Q 2 Jq Q Q

for all t € (0, Tmax). Therefore, we have

i/w2+/w2§2/u2+2/v2 for all ¢ € (0, Tana)-
dt Q Q Q Q

Using Lemma 2.1, and there exists Cs > 0 such that

/ w? < Cg := max {/ wg + 204,604} . (3.3)
Q Q
Which implies (3.2). O

Lemma 3.3. Letn > 1, and there exists C7; > 0 such that the solution of (1.1) satisfies
/ \Vz(:]c,t)|2 < C7,t €0, Tmax — 1). (3.4)
Q

Proof. Multiplying the fourth equation in (1.1) by —Az, integrating on 2 by parts and using Young’s
inequality, we have

1i/ |vZ|2+/ |vZ\2+/ |Az|2:—/wAz§ 1/w2+1/ IA2? forallt € (0, Tomax),

which indicates
i/ |Vz|2+2/ |Vz|2+/ |Az\2§/w2 for all ¢ € (0, Thnax).
dt Jq Q Q Q

Let y2(t): = [, [V2(z, t)|*dz, we obtain
t) 4 2y (t / |Az(x, )] /Qw“"(a;,t) forall t € (0, Timax)-
Using (3.3) and Lemma 2.1, we arrive at
ys(t) < Ci: = max {/Q IV 20(x)[? + Co, gcﬁ} for all ¢ € (0, Thna)-

O

Now, we provide the L2-boundedness of u and v, which are crucial for proving the L>-boundedness
of v and v.

Lemma 3.4. Let the conditions of Theorem 1.1 hold, the solution (u, v, w, z) of (1.1) satisfies
G [l [) e 2 [rwupsd [mop
dt \x1 Ja Xz Jo X1 Xz Jo
6
ngl/ u2|Vz\2+3x2/ 2vz® + 6u1/u2_ ﬂ/ug (3.5)
Q Q X1 Jo X1 Ja

_6& UQ_%(I—M2€§X1>/U3
X2 Ja X2 dpeixz ) Jo
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Proof. Multiplying the first equations of (1.1) by 2u, integrating by parts and using Young’s inequality,

we obtain
i/ u? + 2/ |Vu\2 = —2x1/ uVu - Vz+ 2u / u? (1-—u—-ew). (3.6)
dt Jq Q Q Q

Applying Young’s inequality, we derive
—2x1 / uVu - Vz < / |Vul® + xf/ u?|Vz)?. (3.7)
Q Q Q
Substituting (3.7) into (3.6), one can get
i/ u? +/ |Vul® < X%/ u?|Vz)® + 2p1/ w(1—u—ew), t€ (0, Tmax)- (3.8)
dt Jo Q Q Q
Similarly, we arrive at
;; v +/ |Vol® < x3 / V| V2| +2u2/ v’ (=1 +e2u—v), t€ (0, Tmax)- (3.9)
Q Q

Multiplying (3.8) by > and (3.9) by ;> respectively, we can compute

d (3 3
%(;/u—i— >+—/|V|+—/|V|
§3X1/ 21722 +3><2/ 2722 +6“1/u 2_bm 1/u3 6”7161/1& (3.10)
Q Q X1 Ja X1 Ja X1 Q
7%/v27%/v3+76'u262/uv2.
X2 Jo X2 Jao X2 Q

Next, using Young’s inequality, we see that

2.2
Gl‘ﬂ/mﬂg M/u%ﬁ%ix;/ﬁ t € (0, Tnax) - (3.11)
X2 Q X1 Q 2meixs Jo
By combining (3.10) with (3.11), we can get (3.5). O

Lemma 3.5. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)
satisfies

u (p2eau + pe1v) |Vz|* + 2/ (p2ezu + prerw) |Vz|? + 2/ (p2e2u + pre1v) |D22}2
Q Q Q

1 1 5 262 + 262
gf/ |Vu|2+—/ o2 4 DLz 1X2)/\V|VZ\2|2
X1 Jo X2 Ja Q

1 (3.12)

+ (x1 + presxa — paeapn) / u?[Va’ + (x2 + pielxe — preipn) / 0*|Vz|?
Q Q

o|Vz|? 11
+muz/ (ezufe1v)|Vz\2+/ (n2e2u + pie1v) V| + (—Jr—) |Vwl?
Q a0 ov X1 X2 Q

for allt € (0, Trmax) -

Proof. Note that

d

G [ et mew) Vo = [ (uaesu+ mere), (92 + [ Guaeauct merw) (V27,313
Q Q Q



UNDER PEER REVI EW

Due to the first and second equations of (1.1), the first term on the right-hand side of (3.13) can be
developed as

/Q (n2e2u + pie1v), |Vz|2
=— /Q V (p2eau + pieiv) - V|Vz|® — /Q (x1pzezu — x2p1e1v) Vz - V|Vz|? (3.14)
+ /Q (p2eapu(l — u) + prerpav(—1 —v)) [ Vz|>.
By using the pointwise identity 2Vz - VAz = A|Vz|* — 2 |D22]2, one can get
%|Vz|2 = AVz|? —2|D%|* +2Vz - Vo — 2| V2]
Then, the second term on the right-hand side of (3.13) can be rewritten as
/Q (u2e2u + pieiv) (\Vz\Q)t

0|Vz|?

ov

2
— 2/ (p2e2u + pre1v) |D2z‘ — 2/ (p2e2u + p1e1v) |Vz|2
Q Q

=— | V(uzezu+ prerv) - V|Vz|]* + / (p2e2u + pre1v)
Q o0 (3.15)

+ 2/Q (n2e2u + p1e1v) Vz - Vu.
Substituting (3.14) and (3.15) into (3.13), we arrive at
%/ﬂ (pzeau 4 prerw) |Vz|?
< - Q/QV (p2eau + pre1v) - V|Vz|* — /Q (x1p2eau — x2p1€10) Vz - V|Vz[?
+ /Q (useapnu(l — u) + pespsv(—1 — v)) [V2|? — z/n (useat + prerv) V2|2 (3.16)

+ 2/ (p2e2u + pre1v) Vz - Vw — 2/ (p2e2u + pre1v) ‘D22’2
Q Q

o|Vz|?

+/ (n2e2u + pie1v)
a0 ov

By using Young’s inequality, one can obtain that for all ¢ € (0, Tmax),

-2 ; V (poeau + pieiv) - V|Vz|?
:—211262/9Vu-V|Vz|2 —2,11161/QVU~V|VZ|2 (3.17)
<L [ vt = [ (9o + (deda + pebe) [ VIV

— /Q (p2e2x1u — pre1xzv) Vz - V|Vz|2
- ﬂmem/guw V|Vez|? +,LL1@1X2/QUVZ V|Vez|? (3.18)

2 2 2 2
e + e
§x1/u2|Vz|2+X2/v2|VZ|2+—'u2 2X1 4‘“ 1X2 / IV[V2]??,
Q Q Q
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2/ (p2e2u + pre1v) Vz - Vw

Q

=2ugeg/ uVz- Vw4 2u1er / vVz - Vuw (3.19)
Q Q

1 1
<L / Vol + = / Vol + idedx / LV + p2edxa / V|V,
X1 Ja X2 Ja Q Q

and
paeapr [ (= w)|Va* + merpiz [ w1 o)V
@ @ (3.20)
:,ulug/ (e2u — e1v) |Vz|2 — /1,262u1/ uQ\Vz\z — ulel,ug/ UQ\Vz|2.
Q Q Q
By combining (3.16) with (3.17)-(3.20), (3.12) is obtained immediately. O

Lemma 3.6. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)
satisfies

2
i/ |vZ|4+/ |V|v2|2|2+4/ V2! §7/w2|Vz\2+2/ vap VA (3.21)
dt Jq Q Q Q 20 ov

forallt € (0, Tmax)-

Proof. Due to the third equation of (1.1), we obtain the pointwise identity

%|Vz|2 = 1A|Vz\2 — D% + V2 Vw — [Vz  forallt € (0, Tinax) -

1 1
2 )

Multiplying the above equation by |Vz|? and integrating over €2, we derive
li 47_1 22 1/ 28|VZ\2_/ 21122
4dt/ﬂ\Vz\ = 2/Q|V|Vz| | —|—2 - |Vz| £y Q|Vz| ‘D z’

—/ \Vz\4—/wAz|Vz|2—/sz~V|Vz|2
Q Q Q

forall t € (0, Tmax). Using Young’s inequality to the last two terms of (3.22) and applying the inequality
|Az| < V/3|D?z|, we have

(3.22)

_/ wAZ|V2[? g/ \vZ\2|D2z\2+§/w2|vz|2 (3.23)
Q Q 4 Q
and
f/ wVz-V|Vz]* < 1/ |V|VZ|2|2+/1U2|VZ|2 (3.24)
Q 4 Q Q

for all t € (0, Tmax).Combining with (3.22)-(3.24), we obtain

1 d 4 1 2,2 1/ 28|VZ|2 / 4 7/ 2 2
-4 <= = - L .
4dt/9|vhz| < 4/Q|V\Vz| g [ v = [espte L [t

for all t € (0, Tmax). Which implies (3.21). O
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Lemma 3.7. Suppose that the conditions of Theorem 1.1 hold, the solution (u,v,w,z) of (1.1)

satisfies
d 3 (u2e2yy + p2e?
a i/u2+i 1)2+/ (uzeau + perv) [Vz[? + (H3e3x1 + pielxz) / V2|
dt \ xa Ja X2 Ja Q 2 Q

2 2
+ 2 [ a2 Ve 6 (i +uteina) [ Vel +2 [ (eaut mero) [0
X1 Ja X2 Ja Q Q
+ (muzel*4X2*M?efX2)/UQ|VZ|2+2/ (n2€au+ prerv) |Vz|?
Q Q

2 2 2 2

exX1 + pieixe

4 e L ) / V[V + (i pzen — dx1 — pidedxa) / u?|V?
Q Q

6 6 6 1 1
Sul,ug/ (e2u — e1v) |Vz|* + 2R / T (— + —) / |Vl
Q X1 Ja X1 Ja X2 Ja X1 X2/ Jo
0|Vz? 0|Vz|?
+ 3/ (Haesx1 + pieixz) [Vz|? - V| +/ (p2e2u + pie1v) - V2
o0 ov o0 ov

21 6 2
+ 5 (u3e3xs + pieixe) / w?|Vef? — 222 (1 — faaxi )/ v’
2 Q X2 dprerxz Q

(3.25)
for allt € (0, Trax)-

Now, we establish the uniform boundedness of |u(-, )| L2(q) and |lv(-, t)|l12(a)-
Lemma 3.8. Suppose that the conditions of Theorem 1.1 hold, there exist Cy, C1o > 0 such that
lu(, )z < Co and  |lv(-,t)|l12(n) < Cro forallt € (0, Timax) - (3.26)

Proof. By the assumptions (1.4)-(1.6) and Lemma 3.7, we can see that

y'(t) +y(t) +¢(t) < h(t) forallt € (0, Tmax), (3.27)
where
3 3 3 2,2 + 2,2
vy = [ <X1U2+;@”2+(“262“+u161v)lvz2+ e i) g 1)
2 2 262 _|_ 262
C(t) ::/ <7|vu‘2+7|vv|2) + (,U/2 2X1 4 H1 1X2) / |V|vz|2|27
o \ X1 X2 Q

_ ) 2
h(ﬂ:w/mwwﬁﬂ/uu%(I,M)/Us
X1 Q X2 Q X1 Ja X2 dpeixz /) Jo

1 1 21
+ <* + *> / |Vl + = (H§€§X1 + lﬁe%Xz) / w?|Vz|?
X1 xz/ Ja 2 Q (3.28)

2 2 2 2 2 2 8|VZ|2

+pape [ (e2u—ev) V2" +3 [ (naeaxa + preixe) V2| -
Q 20 ov

+/ ( ot + ev).(9|Vz|2
o0 H2e2 piel By

11
L = <— + —) / |Vwl|?,
X1 X2 Q

21
I = 5 (u3eaxa + pieixz) / w’|Vz?,
Q

Let

10
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Is = M1/L2/ (e2u — e1v) |Vz|?
Q

and
o|Vz|? o|Vz|?
11 =3 (u5e5x1 + pielxz) / |Vz|* - |8Z| +/ (p2e2u + p1e1v) V2]
9} v o0 ov
We estimate I — I, respectively. For I, it follows from Lemma 3.2 that
L <Cn (3.29)
with C11 > 0. For I, using Young'’s inequality, we derive
21 1
< 3 (b +uteh) ([ w'+ ] [1vat). (3.30)
2 o 4 Jq

By employing the estimate [|w|| ;1) < [lullL1(q) + ||v]lL1 (o) and the Gagliardo-Nirenberg inequality,
it follows from Lemmas 3.1 and 3.2 that there exist C42, C13 > 0 such that

f
wo =
Q

Substituting (3.31) in (3.30), it follows from Lemmas 2.3 and 3.3 and Young’s inequality that there
exist C14, C15, Ci6, C17, C1s > 0, such that

21 1
Iy < = (p3esxa + pieixz) (/ w* + f/ IVZ|4>
2 Q 4 /o

JFClQ”“’Hil(Q) < Chs. (3.31)

21C 21
< 213 (Haeaxa + pieixe) + (u%eixl +u?e?><2)/ V2!
Q
6
< Cuu+Cis HV|VZ|2 22(9) ” L T Cis ”|VZ|2”21(Q) (3-32)
6
< Cie HV|VZ|ZHE2<Q) + Cir

< 1“‘262X1 +M1€1X2 / |v‘v ‘2‘ + Oy,
3
2,2 2,2 -2 5 ) . )
Where Ci5 = 2 (W) C2 + Ci7. For I, applying Young’s inequality and Lemma

2.3, one has

2 2 2.2 2.2

e + pje

Iy < (p1pze2) /u2+ (n1p2er) /v2+ (M2 2X1 + p1 1X2) / |V\Vz\2\2+019 (3.33)
2 Q 2 Q 12 Q

with C19 > 0. As for 14, it follows from Young'’s inequality, Lemmas 2.4, 2.5, 3.1 and 3.3 that

C C
Iy §C’20/ [Vz|* —&—ﬁ 383/ U +%u%e%/ v
a0

Jr
(“262)‘112“16“2 /Iv\v 22 + /lv ? +—/ Vol?

+ O (/Qu)2+022 (/Qv) +Caa (/Q\V2|2>

2 2 2 2

e + pie 2 2

g(”Q 21+ picixz) / |V\Vz|2|2+—/ |Vu\2+—/ Vo2 + Caa,
12 Q X1 Ja X2 Ja

where Czg, Ca1, Ca2, C23, C24 > 0. Combining (3.27), (3.28), (3.29) and (3.32)-(3.34), we deduce
2 2
S () +y(t) < (3(2H1+1) n (p1pzez) )/u2+ (3(1—2H2) n (p1p2er) )/v2
X1 2 Q X2 2 Q

6 6 2
_ S u?’_ﬂ(l—i’mﬁxl )/US—FCzs,
X1 Jo X2 dpeixe ) Jo

(3.34)

11
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for all t € (0, Tmax), With C25 > 0, which by means of Young’s inequality yields C2¢ > 0 such that
Yy (t) +y(t) < Coe  forallt € (0, Tmax) -
By lemma 2.1, this ensures that y(¢) < max {y(0), C26}. we derive (3.26) directly. O

Next, we present the following lemma, which addresses the extensibility and regularity of solutions
to model (1.1) in L°°((0, Tmax); LP(Q2)) for some p > %, which will be used to obtain the global
existence and uniform boundedness for the case n = 3.

Lemma 3.9. Letn > 1, assume that there exists p > 1 such thatp > 5 and

sup  ([Ju(-,t)|[zr(e) + (- O)lr () < oo. (3.35)
t€(0,Tmax)

Then, Tax = oo, and
sup (Il )l oo ) + () oo 0y + [[w(- D Loe ) + 1205 )| Lo () < o0

m

Proof. We suppose p < n, since p > 3, we have %’p > n, so that we can fix » > n such that

n

np

we can find > 1 such that

Now, for each t € (0, Tinax), Set

Mi(T) = sup [ u(,t) ll(o) -
t€(0,7)

In order to reasonably estimate M (T"), we fix an arbitrary ¢t € (0,7, set o = max{0,¢t — 1}, and
apply the variation-of-constants formula, we have

t
u(-,t) =e TRy (o) + x1/ e UTIRYT L (u(-, s) V(- s))ds

to

+ w1 / e =98, s)(1 —u(-,s) — e1v(-, s))ds

to

=¢1 + P2 + ¢3.
For ¢1, when ¢t < 1, we have to = 0, in light of the comparison principle, we can get

d — A
e 20, t0)|| oo ) < luol|zoe 0,

when ¢ > 1, we use the order-preserving property of the Neumann heat semigroup (¢"*),>¢ in Q to
find a Ce7 > 0, such that

[|le P08y t0)|| poe () < Car(t —to) ™ 2 [|ul-, to)l| 11y < Carka.

For ¢2, we recall by Lemma 2.2 that there exists Cag > 0 satisfying

T

_1l_n
€72V - @l oo 0y < Cas™ 2~ 2 [0l (),
for all T > 0 and each ¢ € C'(Q;R™) such that ¢ - v = 0 on 99, this allows us to recall ¢», we have

t t
xl/ eI - (ul, ) V(- 9))|| oy ds < Cst1/ (di(t— )27 3 - Ju, 5) V(- 5)| | (@ ds.
to

to

12
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0

Here, using the Holder inequality and Lemma 3.1, and setting ¢" := 5%, we get

(s 8)V2(s 8)l|r@) < Mlul $)llLro @) - IVZ(8)l o)
< Muls )15 g - l1uC, )1ty - [1V20, )l Lro @) (3.36)
< M) -my =" |V 2 8)l [ pro oy

for all s € (to,t), with
1
=1-— 0,1).
P1 7‘96(7 )

To estimate ||V 2(-, s)|| 0 (), by the fourth equation of (1.1), V= can be represented according to

Vz(-,s) = e Ve 2 +/ e CTIvel IRy (L o)do  forallt e (0,T),
0

applying by Lemma 2.2, we can find a constant C29 > 0, such that
1V2(,8)l| oy e ° 11V 2ol ooy + / eV TR, 0)| o oy do
0
_s s —(s—0o) —1l_nl_ 1,
<Cae™’||Vao|[pro) +Cao | € I+ (s=—0o)) 2 2 " w(,0)||Lr(odo
0

where we have applied that r6 > 2, due to the fact that 76 < ;*£, we know Cage™*|[Vzol|Lro(q) +
Coo [F e (14 (s =) 2 26770 ||w (-, 0)|| Loy do is finite.
Then, we need to estimate L? bounds of w. Using the variation-of-constants formula, we have

w(-,0) = €A Vg + / e TN (4 0) +u(-,0))do forall t € (0, Tax).
0
Applying the order-preserving property of the Neumann heat semigroup (e™*), > in 2, we obtain

lw (-, 8)| Loy <e™*|le* wo|| Loy + /O e~ DDA (u(-, 0) + (-, 0))|| Lr (e do
=J1 + Jo.
Next, we need estimate J; and J,. Employing Lemma 2.2, we can find Cso > 0,C51 > 0 such that
J1 < Csoe”°||wol[ L1 () < Cs1.
Using (3.35), there exists Cs2 > 0 such that||u(-, o) + v(-, 0)||zr(a)do < Cs2, we derive

n

s _nel_1
Ja < 033/ e (s =) 25T Ju(, 0) + v(-, 0)||Lr(e)do < Cia,
0

with Cs3 > 0, Cs4 > 0, we can find
[lw(:, 8)||Lr) < Cs1 + Csq := Cis,

with C's5 > 0, shows that
[IV2(-, 8)[|Lro o) < Css.

Rewrite (3.36), we have
[u(,8)V2(-,8)||Lry < Cas M (T) -my~ "t foralls € (to,t),
so that since 3 + - < 1 because of r > n. As a consequence, we obtain

¢2 < Cae M (T).

13
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For the ¢3, we note that

u(l —u — 61'(}) S in Q x (O,Tmax)7

N

it follows that .
g5 = i / €420 ) (1~ u(-, ) — erv(-, )| o (yds
to

t
< m/ [[u(, s)(1 —u(-,s) — e1v(:, 8))|[ Lo (0)ds
to
< B
— 4
and t — to < 1. Combining this, since ¢ € (0,T) is chosen arbitrarily, we infer that

Hu(-7t)HLQC(Q) < max{||uo|\Loc<Q),Cgk:1} =+ CgGM{)l (T) + % forallt (O,T)

Soforeacht € (0,T), we have M (T) < Cs3sM{* (T)+ Cs7, with C37 = max{||uo||pe (), Cak1}+ 4L,

we derive

1 1
CS,?)H7 (2036) T—p1 } , Te (()7 Tmax)_
CSG

Ml(T) S 0381 = max{(
Similarly, for each ¢ € (0,T) we define

M2(T) = sup || v(-t) |loo(a) -
t€(0,T)

To estimate M»(T'), we fix an arbitrary ¢t € (0,T), set to = max{0,¢ — 1}, and apply the variation-of
constants formula and the order-preserving property of the Neumann heat semigroup (™), in €,
we obtain

[ v(-,8) [Lee < || €27 %0 t0) (Lo (@) +x2 /,t | e20=927 . (v(-, 8)Vz(-, 8)) || oo () ds
to
+ po /tf I edz(tfs)AU(.75)(—1 + equ(-, s) — v(,8))+ || Lo (q) ds,
0
since M, (T) < Css, we have
H2 /tt “edz(t—S)Ay(.7 S)(*l + EQQ,L(.7 S) _ ’U(-, s))-‘rHLOO(Q)dS
to

t

<p> / 0, 8) (=1 + et 8) — v(-8))1 oo (e ds
to

<Clg,

andt —to < 1, with C39 = 22 (1 + e2Csg)?. The estimation of v residue is completely similar to that
of u, there exist C40 > 0,C41 > 0 and p2 € (0, 1) such that for all ¢ € (0, Tmax) have

M(T) < CyoM5*(T) + Cax.
We can get

1

Clyo 1
MQ(T) < max (C )p2 s (2040) 1=p2 5 T € (O,Tmax).

41
This means that Lemma 3.9 holds. O

Proof of Theorem 1.1. In light of L'-boundedness for u, v in Lemma 3.1 and L?-boundedness for

u,v in Lemma 3.8, adapting Lemma 3.9 by choosing p = 2, n = 3, which easily derives Theorem
1.1.

14
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4 CONCLUSIONS

In this paper, we investigate predator-prey chemotaxis model with indirect signal production in a
three-dimensional bounded domain. The result show that the model (1.1) has a unique global
bounded classical solution under the assumption pzesx1 < 4pieixa, pipzez > x1 (4 + pies) and
pipzer > xa (44 pi).

Disclaimer (Artificial Intelligence)

Author(s) hereby declare that NO generative Al technologies such as Large Language Models (ChatGPT,
COPILOT, etc) and text-to-image generators have been used during writing or editing of manuscripts.

Competing Interests

Author has declared that no competing interests exist.

References

Xiang, Y., Zheng, P, Xing, J. (2022). Boundedness and stabilization in a two-species chemotaxis-
competition system with indirect signal production. J. Math. Anal. Appl. , 507,
https://doi.org/10.1016/j.jmaa.2021.125825

Zheng, P, Xiang, Y., Xing, J. (2022). On a two-species chemotaxis system with indirect signal
production and general competition terms. Math. Mod. Meth. Appl. S., 32(7), 1385-1430.
https://doi.org/10.1142/S0218202522500312

Wang, D., Zeng, F, Jiang, M. (2023). Global existence and boundedness of solutions to a two-
species Chemotaxis-competition system with singular sensitivity and indirect signal production. Z.
Angew. Math. Phys., 74(1), 33. https://doi.org/10.1007/s00033-022-01921-7

Tao, Y., Winkler, M. (2017). Critical mass for infinite-time aggregation in a chemotaxis model with
indirect signal production. J. Eur. Math. Soc., 19, 3641-3678. https://doi.org/10.3934/dcdss.2023185

Fu, S., Miao, L. (2020). Global existence and asymptotic stability in a predator-prey chemotaxis
model. Nonlinear Anal., Real World Appl., 54, 103079—103079.
https://doi.org/10.1016/j.nonrwa.2019.103079

Miao, L., Yang, H., Fu, S. (2021). Global boundedness in a two-species predator-prey chemotaxis
model. Appl. Math. Lett., 111, 106639. https://doi.org/10.1016/j.am|.2020.106639

Gnanasekaran, S., Gurusamy, A., André, A., Nagarajan, N. (2022). Global existence of solutions
to a two species predator-prey parabolic chemotaxis system. Int. J. Biomath., 15(8), 2250054.
https://doi.org/10.1142/S1793524522500541

Winkler, M. (2010). Aggregation vs. global diffusive behavior in the higher-dimensional Keller-Segel
model. J. Differ. Equ., 248, 2889-2905. https://doi.org/10.1016/j.jde.2010.02.008

Wu, S. Wang, J. Shi, J. (2018). Dynamics and pattern formation of a diffusive predator-prey model

15



UNDER PEER REVI EW

with predator-taxis. Math. Mod. Meth. Appl. S., 28(11), 2275-2312.
https://doi.org/10.1142/S0218202518400158

Mizoguchi, N. Souplet, P. (2014). Nondegeneracy of blow-up points for the parabolic Keller-Segel
system. Ann. Inst. H. Poincare Anal. Non Lineaire, 31, 85-875.
https://doi.org/10.1016/J.ANIHPC.2013.07.007

Ishida, S., Seki, K. Yokota, T. (2014). Boundedness in quasilinear Keller-Segel systems of parabolic-
parabolic type on non-convex bounded domains. J. Differ. Equ., 256, 2993-3010.
https://doi.org/10.1016/j.jde.2014.01.028

Winkler, M. (2010). Absence of collapse in a parabolic chemotaxis system with signal-dependent
sensitivity. Math. Nachr., 283(11), 1664—1674. https://doi.org/10.1002/mana.200810838

Horstmann, D., Winkler, M. (2005). Boundedness vs. blow-up in a chemotaxis system. J. Differ. Equ.,
215(1), 52-107.https://doi.org/10.1016/j.jde.2004.10.022

Winkler, M. (2010). Boundedness in the higher-dimensional parabolic-parabolic chemotaxis system
with logistic source. Commun. Partial Differ. Equ., 35(8), 2275-2312.
http://dx.doi.org/10.1080/03605300903473426

16


http://creativecommons.org/licenses/by/2.0

	Introduction
	Preliminaries and local existence
	Global existence
	CONCLUSIONS

