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Gaussian Generalized Adrien Numbers

Abstract. In this study, we define Gaussian Generalized Adrien numbers, focusing on two specific
cases: Gaussian Adrien numbers and Gaussian Adrien-Lucas numbers. We then examine and present vari-
ous properties of these sequences, including identities, matrix representations, recurrence relations, Binet’s
formulas, generating functions, exponential functions, Simson’s formulas, and summation formulas.

Keywords. Gaussian Adrien numbers, Gaussian Adrien-Lucas numbers.

1. Introduction

Second-order, third-order, and fourth-order linear recurrence relations are generalized forms of sequences
where each term depends on a fixed number of preceding terms. A second-order recurrence follows a, =
A,_1 + B,_», with a characteristic equation > —Az —B = 0. Extending this, a third-order recurrence
incorporates three previous terms: a, = A,_1 + B,_2 + C,,_3, leading to a cubic characteristic equation.
Similarly, a fourth-order recurrence includes four preceding terms, a, = A,_1 + By_2 4+ Cy_3 + D, _4,
resulting in a quartic characteristic equation. These higher-order relations naturally generalize second-order
recurrence relations by increasing the number of dependencies and leading to more complex solutions, which
can involve distinct, repeated, or complex roots.

In this section, we present key foundational results on Adrien numbers, which are governed by a fourth-
order homogeneous recurrence relation.

The generalized Adrien sequence {W, }n,>0 = {W,,(Wo, W1, Wa, Ws) },>0 is defined by the fourth-order
recurrence relation as

W, =3Wpn1 — W9 — Wy_y4, (1.1)
with the initial values Wy, Wy, W5, W3 not all being zero.

The sequence {W,},,>0 can be extended to negative subscripts by defining

W—n = _W—(n—2) =+ 3W_(n_3) - W—(n—4)7
1
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for n = 1,2,3,.... Hence, recurrence (1.1) holds for all integer n.Soykan has conducted a study on this
particular sequence, for more details, see [8]

Characteristic equation of {W,,} is
23242 1=(2 222 -2 1)(2—1) =0,

whose roots are

1/3 1/3
_ 2 (o, @\ (o [
¢ T 37\ 5 V36 5 V36)
1/3 1/3
B—E—I—wg—l—@ +w2g—§
3 54 36 54 36 ’
1/3 1/3
_ 2+ 2 6714'_ @ +w Q_ @
TT 3T \5a " Ve 54 V36)
5§ = 1,
where
14
w= %\/g = exp(27i/3).
Note that
a+f+y+d = 3,
af+ay+ad+pPy+pi+v = 1,
afy+aBd+ayi+pyd = 0,
afyd = 1.
Note also that
atf+y = 2
aftay+py = -1,
afy = L
pr = Wiz —(B+y+0)Wa+ (By+ B+ ~0)Wi — BydWo,
p2 = Wi—(a+v+4+0)Ws+ (ay+ ad +v0) W1 — aydWy,
pPs = W3—(a+5+5)W2+(a5+a5+55)Wl—aﬁéWm

pe = Wi—(a+B+7)Wa+ (aB+ay+ By)W1 — apyW,
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where

1

SR ooy
2

Y = GG
P3

S v vy v &
A, = yZ

0—a)(0—p)(0—7)
For n =1,2,3.... Hence, recurrence (1.1)is true for all integer n.
For the fourth-order reccurrance relations has been studied by many authors, for more detail see 12, 13,
14, 15, 11, 16, 9 17].

We now present Binet’s formula for the generalized Adrien numbers.

THEOREM 1.1. [8] Binet formula of generalized Adrien numbers can be presented as follows:

(aW3 — a3 — )Wy + (—a? + (3 — 1)a + 1)W; — Wy)a™

W, =

402 +3a—1
n (BW3 — B(3 — B)Wa + (=B + (3 — 1)B + L)W, — Wy)B"
46% +36 -1
(YWs =~y —v)Wa + (= + (3= 1)y + )Wy — W)
+
492 +3vy -1
+W3—2W2—W1 — Wh

-3
Now we define two special cases of the sequence {W,} as follows: The Adrien sequence {A, },>¢ and

the Adrien-Lucas sequence {By,},>0 are defined, respectively, by the fourth-order recurrence relations as:

Ap

3An 1 —Apo—An -y, Ag=0,A41 =142 =3,43=8, n >4, (1.2)

Bn 3Bn,1 - Bn,Q - Bn,4 5 BO = 4,B1 = 3,32 = 77 B3 = 18, n 2 4. (13)

The sequences {Ay }rn>0, {Bn}n>0, can be extended to negative subscripts by defining,

Afn = _A—(n—2) + 3A_(n_3) - A—(n—4)7

B_, = —B_(n_2)+t3B_(n_3)— B_(n_4)

for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.2) hold for all integer n.Binet’s formulas as
follows.

Now we introduce Binet’s formula of Adrien and Adrien-Lucas numbers.

COROLLARY 1.2. For all integers n, Binet’s formula of Adrien and Adrien-Lucas numbers are

N _(2a2+a+1)an+(252+6+1)6”+(272+v+1)v”_1
T T 4a?+3a—1 482 4381 2 +3y-1 %
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and
B, =a"+ 8" +9" + 1.
respectively.
oo
LEMMA 1.3. Suppose that fw, (z) = >, Wpz" is the ordinary generating function of the generalized
n=0

o0
Adrien sequence {W,}. Then, Y Wp,z" is given by
n=0

iw Wt (Wh — 3Wo)z + (Wa — 3W5 + Wo)z2 + (W5 — 3Ws + Wh)23
nee 1—3z4 22+ 24 '

n=0

Proof. Take r =3,s = —1,t = 0,u = —1 in Lemma 8. [J

Next, we give some information about Gaussian sequences from literature.

e Horadam [6] introduced Gaussian Fibonacci numbers and defined by
GF, =F, +iF,_1

where F,, = F,,_1 + F,,_2, Fy =0, F; = 1 (in fact, he defined these numbers as GF,, = F,, +iF, 1
and he called them as complex Fibonacci numbers.

e Pethe and Horadam [7] introduced Gaussian generalized Fibonacci numbers by

GF,=F,+iF,_1,
where F,, = F,,_1 + F,,_o, Fy =0, F} = 1.
e Halic1 and Oz [5] studied Gaussian Pell and Pell Lucas numbers by written , respectively,
GP, = P,+1iP,_1,
GQn = @Qn+iQn
We give some Gaussian numbers with second third recurence relations.

e Yilmaz and Soykan [19] studied Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,

GTn = Tn + Z.Tn—la

GH, H,+:H,_;.

where Tn = 3Tn,1 - STH,Q + Tnfg,TQ = O,Tl = ].,TQ = 3, and Hn = 3Hn,1 - 3Hn,2 + .H-n,g,7
Hy=3,H, =3, Hy = 3.

e Dikmen [2] presented Gaussian Leonardo and Leonardo-Lucas numbers by written respectively,
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Gln = Ip+ ilnflz

GH, = H,+iH,_;.

where ln = 21»,1,1 - ln,3,lo = 17l1 = 1,12 = 37 and Hn = 2Hn,1 - ang,H() = 37H1 = 2,H2 =4.
e Ayrilma and Soykan [1] presented Gaussian Edouard and Edouard-Lucas numbers by written re-

spectively,

GETL En + 7;En717

GK, K, +iK,_1.

where E, =7E, 1 —TE, s+ FE, 3, E0=0,F,=1,Fs=7,and K,, =7TK,,_1 —TK,_2+ K, _3,
Ky=3,K, =7,Ky =35.
e Soykan and Okumug and Bilgin [18] describe Gaussian Bigollo and Bigollo-Lucas numbers by writ-

ten respectively,

GBn = Bn + iBn—lv

GC, = C,+iCy_1.

where Bn = 4Bn—1 - 5Bn—2 + QBn_g,, BO = 0, Bl = 1732 =4 and Cn = 4Cn_1 - 5Cn_2 + 2Cn_3,
Co=3,C1=4,C5 =6.
e Eren and Soykan [3] describe Gaussian Woodall and Woodall-Lucas numbers by written respec-

tively,

GRn = Rn + iRnfl )

GC, = C,+iC,_1.

where R, = 5R,_1 — 8R,_2 + 4R, 3, R = —1,R; = 1,Ry, = 7,, and C,, = 5C,,_1 — 8C,_2 + 4C,,_3,
C() = 1701 :3,02 =9.
o0
Next, we give the exponential generating function of » W, Z; of the sequence W),.
n=0
) n
LEMMA 1.4. Suppose that faw, (x) = > W, %r is the exponential generating function of the generalized

n=0
Adrien sequence {W,, }.
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Then > Wn% is given by

n=0
i W B (@Ws—a@B-a)Wr+ (-0’ + B = Dat+ HWi = W) o,
n=0 “nl 402 + 30— 1

L (BWs = BB =)W+ (=57 + B =18+ YW1 = Wo) 4,

482 +38—1
(W3 =B =)W+ (—*+ B -1y + 1)W1 —Wo) ., Wz —=2Wo - W1 -W,. ,
+ 7+ ( )e®.
492 4+ 3y —1 -3
Proof: Using the Binet’s formula of generating Adrien numbers we get
= z" = pra” p2" 3" W3 —2Wy — Wh — Wy 2™
Z Won oy = Z( 2 1T 2 1" _ )T
— n! — 4o +3a—1  4B8°+38-1 4y +3v—-1 3 n!
n=0 n=0
0 plan " > p26’fl " > p3,yn "
= ————— + ——— + ————
7;)4a2+30471n! 7;)452+36—1n! 712204’)/2+3771n!
> W3—2W2—W1—W0 z"
D R
. — oWy — Wy —
_ P1 N D2 ST 4 D3 7 4 W3 —2W, — W, — Wy o
402 +3a—1 482 +38—1 N2+ 3y -1 3

The previous Lemma 1.4 gives the following results as particular examples.

COROLLARY 1.5. FEzxponential generating function of Adrien and Adrien-Lucas numbers

00 " o) O[n—i-3 5n+3 ’Yn+3 1 zn

a): > A =3 (75 + — + - -3
=0 n! =040 +3a—-1 48°4+36—-1 4v*+3yv—-1 3’ nl
alet® B3eﬁa: ,y3e'yaz e”

T2+ 30-1 d0243a—1 " 12+30-1 3"

n

0 " e T
b): 3 By = X (a"+ " "+ 1)y = e e e et
n=0 n: n=0 n:
2. Generalized Gaussian Adrien Numbers

In this section, we introduces Gaussian numbers and explores some of their key properties including
Binet’s formula and generating functions.

Gaussian generalized Adrien numbers {GW,, },,>0 = {GW,,(GWy, GW1, GWa, GW3) },,>0 are defined by

GW,, =3GWy,_1 — GWy_o — GW,,_y4, (2.1)
with the initial conditions
GWy = Wo+i(83Wy — Wy — Ws),
GWy, = Wi+ iW,,
GWy = Wy +ilWy,

GWs = Wz +iWs.



UNDER PEER REVI EW

GAUSSIAN GENERALIZED ADRIEN NUMBERS 7

not all being zero. The sequences {GW,, },>0 can be extended to negative subscripts by defining

GW_p=—-GW_(_2) +3GW_(,_3) — GW_(;,_4). (2.2)
for n = 1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get
GW,, =Wy, +iW,_1, (2.3)
and
GW_, =W_, +iW_,_1. (2.4)

The first few generalized Gaussian Adrien numbers with positive subscript and negative subscript are
presented in the following table.
Table 1. The first few generalized Gaussian Adrien numbers with positive subscript
n GW,
0 Wo +i(3Wo — W1 + —W5)
1 Wi +1iWy
2 Wy +1iW1
3
4
5

Wi +iW,
3Ws — Wy — Wy + W3
8W3 — W1 — 3Ws — 3Wy + 1(3W3 — Wy — Wy + iW3)

TABLE 2. Negative subscript
n GWwW_,

0 Wi + i(3Wy — Wi — W)

1 3Wy — Wy — W +i(3W) — Wy — W)

2 3Ws + Wy — Wa + i(3Wy — 3Ws + Ws)

3 3Wy — 3Wa + Ws + i(10W, — 6T, — 3WW3)
4 10Wo — 6Wy — 3Ws + i(10W; — 6W, — 3W3)

5 10W; — 6Wy — 3Wa + i(10Wy + 3Wp — 18W5 + 6Ws)
We can define two special cases of GW,, : GW,,(0,1,3 + 4,8 4+ 3i) = GA,, is the sequence of Gaussian
Adrien numbers , GW,, : (4,34 44,74 31,184 7i) = GB,, is the sequence of Gaussian Adrien-Lucas numbers.

So Gaussian Adrien numbers are defined by

GAn =3GA,_1 — GAn—Q - GAn—47 (25)

with the initial conditions

GAy=0,GA; =1,GAs =3 +1i,GA3 = 8 + 3i.
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Gaussian Adrien-Lucas numbers are defined by
GB, =3GB,_1—GB,_2 — GB,_4, (2.6)

with the initial conditions

GBo=4+4i,GB; =3+ 4i,GBy = 7+ 3i,GBs = 18 + Ti.

GA, = A, +iA,_,

GB,, = By, +iBp_1.

The first few values of Gaussian Adrien numbers, Gaussian Adrien-Lucas numbers, with positive and
negative subscript are given in the Table 3.
Table 3. Special cases of Gaussian generalized Adrien numbers and Gaussian Adrien-Lucas numbers

with positive and negative subscripts

n 0 1 2 3 4 ) 6 7 8
GA, O 1 3+ 8+31 21+8  54+21i 138+54¢ 35241387 897 + 352¢
GA_, O 0 —1 -1 v 1-3¢ -3 61 6 — 107
GB, 4 3+4 T7+4+3c 18+7 43418 108+43¢ 274+ 108; 696+ 2747 1771 + 696¢
GB_, 4 -2t =249 9-2¢ -2-15; —-15-2¢ 31 —T41 —74 4 108¢

Next, we describe the Binet’s formula for the Gaussian generalized Adrien numbers.
The Binet’s formula for the Gaussian generalized Adrien numbers is

(aGW3 — a(3 — a)GWa + (—a? + (3 — )a + 1)GW; — GWp)a™

GWn 402 + 30— 1
| (GBWs = B3 = B)GWs + (—5° + (3= 1)B + )GW1 — W)
4B% +36 -1
L OGWs =93 =) GWa + (=7° + 3 = 1)y + )GW1 = GWo)y"
3y —2
| GWs = 2GW, — GWi — GWq
-3
i (aGW3 — a3 — a)GWy + (—a? + (3 — 1)a + 1)GW; — GWp)a™ !
402 +3a —1
L (GBWs = B8 = )GW, + (=5 + (3= )5+ 1)GW1 = GWo) 8"
4B% +36 -1
L OWs =7@ = 1)GWe + (=92 + (3 = Dy + HGWL = GWo)y" ™!
492 + 3y —1

+GW3 —2GWy — GW; — GW,

-3 )-
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Proof. The proof follows from (1.1) and (2.3). O

The previous Theorem gives the following results.

COROLLARY 2.1. For all integers n, we have following identities,

207 Da® | (26 ng" (297 Dy 1
(3)3 GAn:(a2+a+ )a +(ﬂ2+ﬂ+ )B (’7 +’Y+ ),Y — 3T
402 +3a— 1 487 +38—1 4?2 +3y-1 3
20+t o 28 +8+1)8" 224+ L
402 + 30— 1 4% 438 -1 492 +3y -1 37

(b): GBn:an‘f'ﬁn—l—’yn—i-l—‘ri(Oén_l _i_ﬁnfl_i_,yn_l_"_l).

The next Theorem presents the generating function of Gaussian generalized Adrien numbers.

o0
THEOREM 2.2. Let fow,(z) = >, GW,a"™ donate the generating function of Gaussian generalized
n=0
Adrien numbers is given as follows:

fGWn (Z) = Z Gann
n=0
- GWO + (GWl — 3GWO)$ + (GWQ - 3GW1 + GWO).’I32 + (GWg - 3GW2 + GW1)$3 (2 7)
N 1—3z + a2+ 2t T

Proof. Using the definition of Gaussian Adrien numbers, and substracting zf(z), 22 f(z) and 23 f(z)

from f(z) we obtain (1 + 2% — 323 + z%) fow, (z)

(1 =3z + 2%+ 2" fow, () = Z GWpz" — 3x Z GWya™ + 2* Z GWya" + z* Z GWpz™,

n=0 n=0 n=0 n=0

— i GW,z" — 3 i GW,z"tt + i GW,z" ™% + i GW,z" 4,

n=0 n=0 n=0 n=0
= Z GW,z™ —3 Z GW(n,l)m" + Z GW(H,Q).%'" + Z GW(n,4)$n,
n=0 n=1 n=2 n=4

= (GWo + GWiz + GWaz? + GWiz®) — 3(GWox + GWyz? + GWoz?)

+3(GWoz” + GWia®) + Y (GW,, = 3GWy_1 + GWy_s + GW,_y)a",

n=4

= GWy+ (GWl — 3GWO)IL‘ + (GWQ —3GW, + 3GWO)J?2

+(GWs3 — 3GWy + GWy)z?.
and modifying above equation, we get (2.2). O

COROLLARY 2.3. For all integers n, we have following identities:

i+
4+ 223 + 322 —Tx +1°
< 2iz3 + (2 —-9i)2? — (9 —4i)z +4
b): = >, GBua" = :
(b): fon,(x) = 2 GBuz ot 4203 4302 —Tw + 1

Theorem (2.2) gives the following results as special cases,

(1 —3x 422+ ‘T4)fGAn (1‘) = GAo+ (GAl — 3GA0).T + (GA2 —3GA;+ 3GA0)ZE2 + (GAg —3GAq+ GAl)fL‘S

(a): fou,(z) = iOGAnxn _
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=ix? +x,(1 — 3o + 22 + 2%,
fGB" (ZC) =GBy + (GBl — 3GB())ZL‘ + (GBQ —3GB, + G’Bo)l‘2 + (GB3 —3GB; + GBl)ZES

= 2i2® + (2 — 9i) 2% — (9 — 4i) z + 4.

o0
LemMA 2.4. Suppose that fow, (x) = >, GW, 7y is the exponential Gaussian generating function of

n=0

the generalized Adrien sequence {GW,}.

Then > GW,L% is given by

n=0
> a"  (aWz—aB-a)Wa+ (—a? + (3 —Da+1)W — Wy) .
;GW"H - 402 4+ 3a — 1 c
Jr(ﬁW?a — BB —B)Wa+ (=8> + (3 - 1)+ L)W — WO)eB:v
43% +36—1
(W5 =B = 9)Wo + (=72 + B =Dy + YW = Wo)
4v2 +3y -1
(s 2W2_—3 Wi W .
i (aW3 — a3 —a)Wa + (—a? + (3= Da+ )Wy — Wo) .
! alda? 4+ 3a—1) ‘
Jr(ﬁW?) — BB —B)Wa+ (=8> + (3— 1)+ L)W — WO)eBm
B(48° +38—1)

(W5 =B —=y)Wa+ (—*+ (3 —1)y+ )W, — Wo)ew;
(42 +3y - 1)

(M- 2W2_—3 Wi=Woy o

Proof. The proof follows from the Binet’s formula of GW,, and GW,, = W,, + iW,,_; Lemma(1.4).
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o n oo
SGW. T = (Wt iWn) ZW +Zng 1=
n=0 : n=0 .
(W3 — a3 —a)We + (—a? + (3= 1)a+ 1)W; — GWo)eM
4a2 +3a—1
" (GW3 = B(3—B)Wa+ (—f>+ (3—1)B+ W — WO)eBa:
48% +36 -1
(W3 =B =)Wo+ (> + B -y + W1 = Wo) .,
+ e
492+ 3y -1
W3 —2Woy — W7 — GW,
+(Ws 2_3 1 0,

(aWs3 — a3 —a)Wa+ (= + (3= 1Da+ )Wy — Wo) .
a(da? +3a—1) ¢

n (BWs — B3 — B)Wa+ (=B + (3— 1)+ L)W — WO)eBz
BB +35—1)

(OWs =B = 1)Wa + (7 + B = Dy + YW1 = GWo) .,

(47 + 3y = 1)

+i(

W3 —=2Wy — W, — Wy
-3

n - )e*)

The previous Lemma 2.4 gives the following results as particular examples.

COROLLARY 2.5. FExponential Gaussian generating function of Adrien and Adrien-Lucas numbers

. n o n+3 6n+3 ,Yn+3 1 . n+2 Bn+2 ,Yn+2 1
a). nz; An%! - n20(4a?+30z—1 + 4B2+35—-1 + 442 43y—1 §+Z(4a2a+3a—1 + 4B2+38—1 + 4v243y—1 5))F
- BT ,836&'; ~3eY T B%e ~2e® z
- 4a2+3a 1 + 482436—1 + 472 13y—1 % + Z(4ag+63a 1T 462+36—1 + 44213y —1 %)
b): Z BuZh = 3 (" + 8" 49" + L 4i(a" 4+ " 441 £ 1))

n=0 n=0

_ aw_’_eﬁw_’_e'ya:+em+i(éeam+geﬁx+;e’yw+ew).

3. Obtaining Binet Formula From Generating Function

We next find Binet formula generalized Gaussian Adrien number {GW,,} by the use of generating

function for GW,,.

THEOREM 3.1. (Binet formula of generalized Gaussian Adrien numbers)

qra” qB" q37" qao0"

@=Bla—N@=29) B-aB-NBE=-2)  G-aG-H-08 (5—a)(5—ﬁ)(5—(37)1)

GW,

where
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a = GWoa® + (GWy — 3GWy)a? + (GWa + GWi + GWo)a + (GW3 + GWy + GW),

@ = GWopB® + (GW, — 3GWy)B* + (GWo + GW, + GWy) B + (GW3 + GWy + GW),

@3 = GWoy? + (GWy — 3GWo)y? + (GWy + GW, 4+ GWo)y + (GW5 + GWy + GW),
@ = GWob® + (GWy — 3GWy)6% 4 (GWy + GWy + GWo)6 + (GW3 + GWy + GWY).
Proof. Let

h(z) =1 — 3z + 2? + 2.
Then for some «, 3,y and § we write
h(z) = (1 - az)(1 — Bz)(1 —yx)(1 — ox),

ie.,

1-3z42%=(1-ax)(1 - Bz)(1 —yz)(1 - dz), (3.2)
Hence é, %, % and % are the roots of h(z). This gives «, 8,7 and § as the roots of
1 3 1 1
h(i=)=1—-—-—+4+—=+—=0.
(w) x + x2 + x4

This implies 2 — 323 + 22 + u = 0. Now, by it follows that

i QW a" — GWO + (GWl — 3GWO)$ + (GW2 — 3GW1 + GW())ZL‘Q + (GW3 — 3GW2 + GWl)ZL‘S
L (1 ax)(1— pa)(1 — ya)(1 - ba) '

Then we write

GW() + (GWl — 3GWO).’E + (GW2 — 3GW1 + GW()).TZ + (GWg — 3GW2 + GW1)$3
(1 - az)(1 - Ba)(I - y2)(1 - o2)
B, B Bs By

T [-oz) (U-f2) (-na) A=)

(3.3)

So

GWo + (GWy — 3GWy)x + (GWy — 3GW, + GWy)x? + (GW3 — 3GWy + GW1)2?
= Bi(1-pz)(1—~2)(1—-9dz)+ B2l — az)(l —yx)(1 — dz)
+B3(1 — az)(1 — fz)(1 — dz) + B3(1 — ax)(1 — fz)(1 — yz).

If we consider z = i, we get GWy+ (G —SGWO)é +(GW5 —3GW, —I—GWO)é + (GW3—3GW, —|—GW1)$
=B(1-5)1-2)1-2).
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This gives

a3 (GWo + (GW7 — 3GWo) = + (GW, — 3GW1 + GWy) 25 + (GW3 — 6GWs + GW1) )
(= B)(a—7)(a=4)
GWoa? + (GW) — GWo)a? + (GWy — 3GW; + GWo)a + (GW3 — 3GWo + GW7)
(a—=p)(a—7)(a—9)

B, =

Similarly, we obtain

GWoB? + (GWy — 3GWy) 3% + (GWy — 3GW + GWo) S + (GWs — 3GWy + GWY)

B = G- a)B-1B=0) |
B, — GWoy® + (GW — 3GWo)y? + (GWo — 3GWy + GWy)y + (GW3 — 3GWy + GW7)

(v =)y = B)(vy = 9) ’
B, — m%ﬁ+@mfmmmﬁ+@Wf3mm+m%w+mwyﬂm%+am)

(0 —a)(6 =)0 —7)
Thus (3.3)can be written as

Z GWyoa" = B1(1 — ax) ' + By(1 — Bx) ™ + B3(1 —y2) ™ + By(1 — 62) L.

n=

This gives

Z GW,z" = B Z Q"z" + By Z ﬁnxn + B3 Z ,ynxn + By Z St
n=0 n=0 n=0 n=0 n=0
S Bi" + B + B+ Bada
n=0

Therefore, comparing coeflicients on both sides of the above equality, we obtain
GW = Bia" 4 Byff" 4+ B3y" + B4d".
and then we get (3.1). O
4. Some Identities About Recurrence Relations of Gaussian Generalized Adrien Numbers
In this section, we present some identities on Gaussian Adrien, GaussianAdrien-Lucas.

THEOREM 4.1. The following equations hold for all integer n

13

34 50 22 49
GATL — ﬁGBn_A'_?, - ﬁGBn+2 - ﬁGBn'f‘l - ﬁGBn’ (41)
GB, = —-GA,i3+3GA, 2+ GA, 11 —4GA,.

Proof. To proof identity (4.1), we can write

GA, = aGBpi3 + bGBn+2 + c¢GBp41 + dGB,.
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Solving the system of equations

GAU = aG33 + bGBQ + CGB1 + dGBo,
GA, = aGB4+ bGB3+ cGBy + dGBq,
GAs = aGBs+ bGB4 + ¢GBs + dGBs,
GAs = aGBg+ bGBs + ¢GBy + dGBs.
we get a = 23641 ,b= f%, c= 22621 ,d= fﬁ .The other identities can be found similarly. [

LEMMA 4.2. ([4])Let’s assume that f(z) = Z anx™ is the generating function of the sequence {an }n>0-

Then the generating functions of the sequences {agn}n>0 and {azn+1}n>0 are stated as

Jarn (@ ZO ag 2" — 4VT) +2f(—\/§) |
and
fazis (@) = azppia™ = f(\/E)Q— \/J;(—\/a?)_
respectively.

The generating functions of the even and odd-indexed Gaussian generalized Adrien sequences are pro-

vided by the following theorem.

THEOREM 4.3. The generating functions of the sequence GWa,, and GWay, 11 are provided by

xB(GWQ —3GW1 + GWy) + 1‘2(3GW3 — 8GW3 + 2GWy) + x(GWy — TGW,) + GW)

- 4.2
Jaw,. (@) ot + 223 + 322 — Tz + 1 - (42)

.’)33(GW3 — 3GW2 + GW1) + .’E2 (GW?, — 3GW2 + 2GW1 — 3GW()) +x (GW?, — 7GW1) + GW1
ot + 223 + 322 — Tz + 1 ‘

fGW2n+1 ({,C) =
(4.3)
Proof. We only proof (4.2). From Theorem (2.2) we can obtain following identities:

(GWy — 3GW, 4+ GWo)Va® + (3GWs — 8GWy + 2GWo) Va2 + (GWy — TGWy) /z + GWO
22 +2V23 + 3z — Tz + 1

faw, (Vz) =

(GW5 — 3GWy + GW)Va3 + (GWs — 3GW, + 2GW, — 3GWy) Va2 + (GWs + TGW,) /z — GW,
224 2Vx3 + 3z — Tz + 1 '

Thus, the result follows from Lemma (4.2) can be proved . The other identity can be found similarly. O

fGWn (_\/E) ==

From Theorem (4.3), we get the following Corollary.

COROLLARY 4.4.
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ixd +ix? + (3+1i)
x4 223 + 322 — To + 17
22+ (14+3i)z+1
x4 4+ 223 + 322 — Tw + 17
(2—90) 23+ (6 —3i) 2> — (21 — 3i)z + 4
fapa, (@) = xt + 223 + 322 —Tox + 1 ’
223 — (9 — 61) 2% — (34 2Li) x + (3 + 44)
xt+ 223 + 322 — Tx + 1 '

feca,, ()

fGA2n,+l (:E) =

fGB2n+1 ({E) =

From Corollary (4.4) we can obtain the following corollary which presents the identities on Gaussian Adrien

sequences.

COROLLARY 4.5. (a): 3+ 1i)GBap—2+iGBap_yq +iGBay_g = 4GAs, — (21 — 31)GAg, o

+(6 — 3i)GAgp_s + (2 — 9)GAgp_s,

(b): GBay + (14 3i) GBap_o + GBon_g = 4G Az 1 — (21 — 31)GAgp_1 + (6 — 31)G Asp_3
+(2 — 9))GAgp_s,

(c): (3+4i)GBay, — (3+214)GBap_o — (9 — 6i)GBap_4s + (20)GBan_g = 4GBy i1 — (21 — 3i)GBap_1
+(6 — 3i)GBay_3 + (2 — 99)GBay s,

d): GBapy1 + (14 3)GBop_1 + GBop_z = (3+4))GAns1 — (3+21i)GAzn_1 — (9 — 6i)GAsn_3
+(20)GAsy, 5,

(€): (3+11)GBon_1+iGBop_3+iGBap_s5 = (3 +4)GAzp — (34 210)GAzp_3 — (9 — 6i)GAgp_y4
+(2i)GAgp—s,

(f): GAsy, + (1 +3i)GAsp—o+ GAsp—g = (3+1)GAgy—1 +iGAs_3 +iG Ay, 5.

Proof. From Corollary (4.4) we obtain

(1% +ia® + (3 4+ 1) 2) feaa, (@) = (2 9)a® + (6~ 30) a® — (21— Bi)a + 4) fa,, (x).

The LHS (left hand side) is equal to

LHS = ia®+ia®+ (3 +i)z»  GBya",

n=0

= (B+i)z i GBopz" + iz? i GBspz" + ix® i GBopa™,

n=0 n=0 n=0
[eS) [eS) [eS)
= (341) Y GBapa" ' +i Y GBypa"? +i Y GByna™t?,
n=0 n=0 n=0

= (3 + ’L) Z GBQn_QIn +1 Z GBQn_4.’,En +1 Z GBQn_ﬁlL'n,

n=1 n=2 n=3

= (12+4i)z + (184 20i)2” + Y ((3+1) GBan—a + iGBay_4 + iGBay_c)z".

n=3
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whereas the RHS (right hand side) is equal to

RHS = ((2—9i)2®+ (6—3i)a® — (21— 3i)z +4) Y GAzna”
n=0

= 4ZGA2nx (21 — 3i)z ZGAQn:E +(6—3i)z ZGAM +(2-9)z ZGAgnx

n=0 n=0
o0 o0 )OO oo
= 4 GAgpa™ — (21— 3i) > GAgua™™ + (6 —3i) > GAgpa"™ +(2—9i) Y GAgpa" ™
n=0 n=0 n=0 n=0

1) " GAzpa™ — (21 - 3i) Y GAgy o™ + (6 — 3i) > GAgp 42"+ (2—9i) Y GAyp_ga"

n=1 n=2 n=3

(12 + 4i)a + (18 + 200)2% + 3 (4G Ay, — (21 — 30)GAzn—s + (6 — 38)GAzn—s + (2 — 9)G Az, _g)a"
n=3

Comparing the coefficients and the proof of the first identity (a) is done. We can show other identity similarly.
O

We can get an identitiy related to Gaussian Genaralized Adrien numbers given below.
THEOREM 4.6. For all integers m,n the following identities hold:
GWern = Am72GWn+3 + (_Amf?) - Am75)GWn+2 + (_Am74)GWn+1 - Am73GWn~

Proof. First we assume that m,n > 0 then (4.6) can be proved by mathematical induction on m. If m =0
we get

GW,, = A_QGWn+3 + (*A_g - A_5)GWn+2 + (*A_4)GW7L+1 — A_3GW,,.

which is true since A_o =0, A_g=—1, A_4, =0, A_5 = 1. Assume that the equality holds for m < k. For
m==k+1, we get

GWigitn = 3GWpir — GWiyp—1 — GWpip_sa,
= 3A, oGWyy3+ (—Ar—3 — Ap_5)GWyyo
+3(—Ap—1)GWpi1 — Ag—3GW,
—(Ap—3GWyys + (—Ap—a — Ak—6)GWhio + (—A_5)GWy 1 — Ap_sGW,,)
— Ak 5sGWpis + (—Ak—6 — Ak—8)GWiyo + (—Ak—6)GWyi1 — A GW,.
Consequently, by mathematical induction on m, this proves Theorem (4.6).

The other cases of m,n can be proved smilarly for all integers m,n. O

Taking GW,, = GA,, or GW,, = GB,, in above Theorem, respectively, we get:
COROLLARY 4.7.
GAm—i—n = Am—2GAn+3 + (_Am—?) - Am—S)GAn+2 + (_Am—4)GAn+1 - Am—BGAn7

GBern = Am72GBn+3 + (_Amffi - Am75)GBn+2 + (_Am74)GKn+1 - Amf‘SGBn



UNDER PEER REVI EW

GAUSSIAN GENERALIZED ADRIEN NUMBERS 17
5. Simson’s Formula

In this section, we present Simson’s formula of generalized Gaussian Adrien numbers. This is a special

case of [10,Theorem 4.1].

THEOREM 5.1. For all integers n, we can write the following equality:

CWiss GWirs GWppr GW, GWs GW. GW, GW,
GWass GWapr GW, GW.oi | | GWo GWi  GW, GW_
GWoir GW, GWo o GWao| | GWi GWy GW._, GW._,
GW,  GWn1 GWno GW,_s GWo GW_, GW_o GW_s

= (GWy + GW1 + 2GWy — GW3)(—GW3 + 5GW3 + GW3 + GWE — (GWy + 3GW; — TGW2)GW3
F(3GWy — AGW, — 14GW3)GW2 + (2GWo + GWa — 6GW3)GW2 — (GW; + 2GW3)GW2
+13GWLGWoGW3 + GWoGWoGW3 + 5GW GW1GW3 — TGWoGWGWs).

Proof. Using Theorem (2) it can be proved by using induction use [10,Theorem 4.1]

From the Theorem (5.1) we get the following Corollary.

COROLLARY 5.2. For all integers m, the Simson’s formulas of Adrien and Adrien Lucas numbers are
given as respectively.
GApnys GAni2 GAL1  GA,
(a): GApnyo GAnp1 GA, GA, 3
GAny1 GA, GA,_1 GA,_»
GA, GA,_1 GA,_» GA,_3

GB7L+3 GBn+2 GB7L+1 GBn
GB, GB, GB, GB,_
(b): i i U= 783 4 23494,
GBni1 GB, GB,.1 GBy s

GB, GB,-1 GSB,_2 GB,_3

6. Sum Formulas

In this section, we identify some sum formulas of generalized Gaussian Adrien numbers.

THEOREM 6.1. For all integers n > 0, we get sum formulas below:
(@): Dp o GWi = 3(—(n+3)GWyis + 2n+ T1)GWyp2 + (n 4 2)GWypy + (n+ 4)GW,
+3GW3 — TGWy — 2GW, — GWo).
(b): 3o GWop = 2(—(n+2)GWapnia + (20 + 5)GWay i1 + (n+ 3)GWay, + (n+ 2)GWap_y
+2GW3 — 4GW;, — 3GW).
(€): Sor_o GWapi1 = 2(—(n+1)GWaniz + (2n + 5)GWapi1 + (n+ 2)GWay, + (n 4 2)GWay
+2GW3 — 5GWy — 2GWy).
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Proof. Tt is given in Soykan [11 Theorem 3.14]. O

As a special case of the Theorem 6.1, we present following Corollary.

COROLLARY 6.2. For all integers n > 0, we get sum formulas below:

(@): Yp_oGAr = 3(-(n+3)GApss + (2n + T)GAnio + (n 4 2)GApy1 + (n+4)GA, + 1+ 2i).
(b): ZZ:O GAgp = %(—(n + 2)GA2n+2 + (2n + 5)GA2n+1 + (7’L + 3)GA2n + (n + 2)GA27L,1 + 1+ 27,)
(c): YopgGAopyr = %(—(n +1)GAspia+ (2n+5)GAspi1 + (n+2)GAs, + (n+2)GAzp—1 + 1 419).

As a special case of the Theorem 6.1, we present following Corollary.

COROLLARY 6.3. For all integers n > 0, we get sum formulas below:

(a): > p_oGB = 5(—(n+3)GBpys+ (2n+ 7)GBpia + (n+ 2)GByy1 + (n+ 4)GB, — 5 — 8i).
(b): ZZ:O G By, = %(—(n +2)GBay 42 + (27’L +5)GBapy1 + (n + 3)GBQn + (n + 2)GBgn,1 —1—10s.
(C): ZZ:O GB2k+1 = %(—(n + 1)GBQn+2 + (2n + 5)GBgn+1 + (TL + 2)GBQn + (n + Z)GBQn_l —7— ’L)

Next, we give the ordinary generating functions of some special cases of Gaussian generalized Adrien

numbers.

THEOREM 6.4. The ordinary generating functions of the sequences Way,, Waopn 41 are given as follows:
(322)GW3 + (23 — 822 + 2)GWo + (—=323)GW + (23 + 222 — Tz + 1)GW,

x4 223 + 322 — Tz + 1
(3 + 2% + 2)GW3 — (323 + 322)GWo + (2 + 222 — Tz + 1)GW; + (—322)GW,y
x4 223 + 322 — Tz + 1 '

(a): >0 (GWa,z™ =

(b): ZZO:O GW2n+1CI?" =

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien
numbers

(Take W,, = GA,, whit GAy =0,GA; =1,GAy =3+1,GA3 =8+ 3i.)

COROLLARY 6.5. For n > 0 Gaussian Adrien numbers have the following properties:
ixd +ix? + (3+1d)x
: S GAg, ™ = .
(@): 2o Ghant™ = s S 3 — 7w 4 1

2 .
o +(1+3)z+1
b): > GAgpi12™ = v .
(0): 2 Ghanie” = i s g — 7o 11

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien-
Lucas numbers

(Take W,, = Gb,, whit GBy = 4,GB; = 3+ 4i, GBy = T+ 3i,GB3 = 18 + 7i.)

COROLLARY 6.6. For n > 0 Gaussian Adrien-Lucas numbers have the following properties:
(2—9) 2%+ (6 —3i) 2% — (21 — 3i)x + 4

x4+ 223 + 322 —Tx +1
2iz® — (9 — 61) 2 — (34 2Li)z + 3+ 44

4+ 223 + 322 —Tx +1

(a): Y02 GBopa™ =

(b): ZZO:O GBQn+1xn ==
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7. Matrix Formulation of GW,,

In this section, we review the matrix representation of generalized Gaussian Adrien numbers

We define the square matrix M of order 4 as

3 -1 0 -1

10 0 O
M =

0 1 0 O

0 0 1 O

such that detM = 1. Note that

Appr —Apn—An o A —A,
A, A, 1—A,3 —A, o —-A,

Ay 1 —An o— Ay —A, 3 —A,_ o

Ay o —A, 3—An 5 —A,4 —A,_3

for the proof see[17].

Then we give the following lemma.

LEMMA 7.1. For n > 0 the following identitiy is true:

CWiis 3 -1 0 -1 GWs
GWaro | |1 0 0 0 GW,
awor | o 1 0 o aw,
aw,, 0 0 1 0 aWo

Proof. The identitiy(7.1) can be proved by mathematical induction on n. If n = 0 we obtain

0

W, 3 -1 0 -1 GWs
aw, | |1 0 0 o GWs
aw, | o 1 0 o aw, |’
aWo 0 0 1 0 aWo

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true

CWiss 3 -1 0 -1 GWs
GWie | |1 0 0 0 GWa
AWia | |0 1 0 o0 GW,
GW, 0 0 1 0 aWo
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Forn=Fk+ 1, we get

k+1

3 -1 0 -1 W, 3 -1 0 -1 3 -1
1 0 0 0 aw: | |1 0 0 o0 10
01 0 0 aw, | o 1 0 o 0 1
0 0 1 0 aWo 0 0 1 0 0 0
3 -1 0 -1 CWiis
10 0 o0 CWiis
“lo 1 0 o0 CWi
0 0 1 0 GW,

GWiga

B GWiys

- GWiia

GWii1

Consequently, by mathematical induction on n, the proof completed. O

We define

GWs GW, GW; GW,
GWy GWy GW, GW_,
NGw - 5
GWy GWy GW_; GW_,
GWy GW_; GW_o GW_j
GWn+3 GW7L+2 GWn+1 GWn
E GWn+2 GWn+1 GWn Gan 1
Gw —
GWoi1 GWn  GWno1 GWy_s

GWn GWn—l— GWn—2 GWn—3

Now, we have the following theorem with Ng,, and Eg.,

THEOREM 7.2. Using Ngy and Egy, , we get

A"Ngw = Eguw.

GWs
GWs
GW,
GWy

(7.1)
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Proof. Note that we get

A"Ngw =

where

ai1
a12
a13
A14
a21
a22
a23
a24
aszy
a32
a33
a34
a41
Q42
43

a44

Anpr —Ay—A, o —-A,1 —A, GWs GWy GWi GWy

A, —A,1—-A, 3 —A,o —A,_ GWy, GW;  GW, GW_,;
Anr —Ap 0—A 4 —As —Ano GW, GW, GW_; GW_,
Ao —Ap 3—A, 5 —A4 —An_3 GWy GW_y GW_y GW_3

a1 a2 ai13 a4
a21 A22 Aa23 a24
az1 asz2 a3z a34

a41 Q42 Q43 Q44

Ap1GWs + (—A, — Ap2)GWa + (A, 1)GW) + (= A, ) GWY,
Ap1GWy + (—Ay — Ap_2)GWy + (—Ap_1)GWo + (—A,)) GW_4,
Ap1GWh + (A, — Ay 2)GWo + (— A, 1)GW_1 + (— A, ) GW_,,
Ap1GWo + (—Ap — Ap_2)GW_1 + (—Ap_1)GW_g + (—A,)GW_s,
ApnGWs + (=Ap_1 — Ap_3)GWy + (—An_2)GW, + (= Ay _1)GW,

A GWo + (—Ap—1 — Ap_3)GW1 + (—A,—2)GWy + (—A,—1)GW_4,
ApGWy + (= Ap_1 — Ay _3)GWo + (—Ap_2)GW_1 + (—Ap_1)GW _o,
AnGWo + (—Ap—1 — Ap_3)GW_1 + (=Ap_2)GW_g + (—Ap_1)GW_3,
Ay 1GW3 + (—Ap_g — Ay 4)GWa + (= A, _3)GWy + (= A, _2)GWy,
Ap 1GWy + (—Ap_g — Ap_s)GW1 + (=Ap_3)GWo + (—A,_2)GW_4,
Ap 1GWh + (—An—2 — Ap_g)GWo + (—A,—3)GW_1 + (—Ap—2) GW_3,
Ap 1GWo + (—Ap_2 — Ap_4)GW_1 + (—Ap_3)GW_g + (—Ap_2)GW_3,
Ap oGW3 + (—Ap_3 — Ap_5)GWa + (—A,_4)GW1 + (— A, _3)GWo,
Ay oaGWo + (—Ap_3 — Ay 5)GWi + (= Ap_0)GWy + (—A,_3)GW_q,
Ap_oGWi 4 (—Ap_5 — Ap_5)GWo + (—Ap_0)GW_1 + (—Ap_3)GW_,,

An—QGWO + (_An—3 - An—5)GW—1 + (_A7L—4)GW—2 + (_ATL—3)GW—3'

Using the Theorem 4.6 the proof is done. O
By taking GW,, =G A,, with GAy,GA1,GAz, GA3 in (7.1) and (7.2)
GWn :GBn with GBo, GBl, GBQ, GB3 in (71) and (72)

21
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respectively, we get:

843 3+i 1 0 GAnys GApio GAnpr  GAg

3+1 1 0 0 GA,t2 GAnia GA, GA,_1
Nga = , BEga =

1 0 0 0 GAnsi  GA, GA,1 GAns

0 0 0 0 GA, GA,_1 GA,_» GA,_3

1847 T+3i 3+4i 4 GBpis GBnys GBni1  GBo

T43 344 4 4i GBnis GBnii GB, GB,_,
Ngp = , Egp =

3+ 4 4 47 —2 GBn+1 GB, GB,-1 GB,_»

4 —41 -2 9—24 GB, GB,-1 GB,_2 GB,_3

From Theorem [7.2], we can write the following corollary.
COROLLARY 7.3. The following identities are hold:

(a): A"NGA = EGA~
(b): AnNGB = EGB-
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