
Abstract. In this study, we define Gaussian Generalized Adrien numbers, focusing on two specific

cases: Gaussian Adrien numbers and Gaussian Adrien-Lucas numbers. We then examine and present vari-

ous properties of these sequences, including identities, matrix representations, recurrence relations, Binet’s

formulas, generating functions, exponential functions, Simson’s formulas, and summation formulas.

Keywords. Gaussian Adrien numbers, Gaussian Adrien-Lucas numbers.

1. Introduction

Second-order, third-order, and fourth-order linear recurrence relations are generalized forms of sequences

where each term depends on a fixed number of preceding terms. A second-order recurrence follows an =

An−1 + Bn−2, with a characteristic equation x2 −Ax −B = 0. Extending this, a third-order recurrence

incorporates three previous terms: an = An−1 + Bn−2 + Cn−3, leading to a cubic characteristic equation.

Similarly, a fourth-order recurrence includes four preceding terms, an = An−1 + Bn−2 + Cn−3 + Dn−4,

resulting in a quartic characteristic equation. These higher-order relations naturally generalize second-order

recurrence relations by increasing the number of dependencies and leading to more complex solutions, which

can involve distinct, repeated, or complex roots.

In this section, we present key foundational results on Adrien numbers, which are governed by a fourth-

order homogeneous recurrence relation.

The generalized Adrien sequence {Wn}n≥0 = {Wn(W0,W1,W2,W3)}n≥0 is defined by the fourth-order

recurrence relation as

Wn = 3Wn−1 −Wn−2 −Wn−4, (1.1)

with the initial values W0,W1,W2,W3 not all being zero.

The sequence {Wn}n≥0 can be extended to negative subscripts by defining

W−n = −W−(n−2) + 3W−(n−3) −W−(n−4),
1
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for n = 1, 2, 3, .... Hence, recurrence (1.1) holds for all integer n.Soykan has conducted a study on this

particular sequence, for more details, see [8]

Characteristic equation of {Wn} is

z4 − 3z3 + z2 + 1 = (z3 − 2z2 − z − 1)(z − 1) = 0,

whose roots are

α =
2

3
+

(
61

54
+

√
29

36

)1/3
+

(
61

54
−
√
29

36

)1/3
,

β =
2

3
+ ω

(
61

54
+

√
29

36

)1/3
+ ω2

(
61

54
−
√
29

36

)1/3
,

γ =
2

3
+ ω2

(
61

54
+

√
29

36

)1/3
+ ω

(
61

54
−
√
29

36

)1/3
,

δ = 1,

where

ω =
−1 + i

√
3

2
= exp(2πi/3).

Note that

α+ β + γ + δ = 3,

αβ + αγ + αδ + βγ + βδ + γδ = 1,

αβγ + αβδ + αγδ + βγδ = 0,

αβγδ = 1.

Note also that

α+ β + γ = 2,

αβ + αγ + βγ = −1,

αβγ = 1.

p1 = W3 − (β + γ + δ)W2 + (βγ + βδ + γδ)W1 − βγδW0,

p2 = W3 − (α+ γ + δ)W2 + (αγ + αδ + γδ)W1 − αγδW0,

p3 = W3 − (α+ β + δ)W2 + (αβ + αδ + βδ)W1 − αβδW0,

p4 = W3 − (α+ β + γ)W2 + (αβ + αγ + βγ)W1 − αβγW0,
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where

A1 =
p1

(α− β)(α− γ)(α− δ) ,

A2 =
p2

(β − α)(β − γ)(β − δ) ,

A3 =
p3

(γ − α)(γ − β)(γ − δ) ,

A4 =
p4

(δ − α)(δ − β)(δ − γ) .

For n = 1, 2, 3.... Hence, recurrence (1.1)is true for all integer n.

For the fourth-order reccurrance relations has been studied by many authors, for more detail see 12, 13,

14, 15, 11, 16, 9 17].

We now present Binet’s formula for the generalized Adrien numbers.

Theorem 1.1. [8] Binet formula of generalized Adrien numbers can be presented as follows:

Wn =
(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)α

n

4α2 + 3α− 1

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)β

n

4β2 + 3β − 1

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)γ

n

4γ2 + 3γ − 1

+
W3 − 2W2 −W1 −W0

−3 .

Now we define two special cases of the sequence {Wn} as follows: The Adrien sequence {An}n≥0 and

the Adrien-Lucas sequence {Bn}n≥0 are defined, respectively, by the fourth-order recurrence relations as:

An = 3An−1 −An−2 −An−4 , A0 = 0, A1 = 1, A2 = 3, A3 = 8, n ≥ 4, (1.2)

Bn = 3Bn−1 −Bn−2 −Bn−4 , B0 = 4, B1 = 3, B2 = 7, B3 = 18, n ≥ 4. (1.3)

The sequences {An}n≥0, {Bn}n≥0, can be extended to negative subscripts by defining,

A−n = −A−(n−2) + 3A−(n−3) −A−(n−4),

B−n = −B−(n−2) + 3B−(n−3) −B−(n−4).

for n = 1, 2, 3, ... respectively. As a result, recurrences (1.2)-(1.2) hold for all integer n.Binet’s formulas as

follows.

Now we introduce Binet’s formula of Adrien and Adrien-Lucas numbers.

Corollary 1.2. For all integers n, Binet’s formula of Adrien and Adrien-Lucas numbers are

An =
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
,
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and

Bn = αn + βn + γn + 1.

respectively.

Lemma 1.3. Suppose that fWn
(z) =

∞∑
n=0

Wnz
n is the ordinary generating function of the generalized

Adrien sequence {Wn}. Then,
∞∑
n=0

Wnz
n is given by

∞∑
n=0

Wnz
n =

W0 + (W1 − 3W0)z + (W2 − 3W1 +W0)z
2 + (W3 − 3W2 +W1)z

3

1− 3z + z2 + z4 .

Proof. Take r = 3, s = −1, t = 0, u = −1 in Lemma 8. �
Next, we give some information about Gaussian sequences from literature.

• Horadam [6] introduced Gaussian Fibonacci numbers and defined by

GFn = Fn + iFn−1

where Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1 (in fact, he defined these numbers as GFn = Fn + iFn+1

and he called them as complex Fibonacci numbers.

• Pethe and Horadam [7] introduced Gaussian generalized Fibonacci numbers by

GFn = Fn + iFn−1,

where Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1.

• Halıcıand Öz [5] studied Gaussian Pell and Pell Lucas numbers by written , respectively,

GPn = Pn + iPn−1,

GQn = Qn + iQn−1

We give some Gaussian numbers with second third recurence relations.

• Yılmaz and Soykan [19] studied Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,

GTn = Tn + iTn−1,

GHn = Hn + iHn−1.

where Tn = 3Tn−1 − 3Tn−2 + Tn−3, T0 = 0, T1 = 1, T2 = 3, and Hn = 3Hn−1 − 3Hn−2 +Hn−3,

H0 = 3, H1 = 3, H2 = 3.

• Dikmen [2] presented Gaussian Leonardo and Leonardo-Lucas numbers by written respectively,
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GAUSSIAN GENERALIZED ADRIEN NUMBERS 5

Gln = ln + iln−1,

GHn = Hn + iHn−1.

where ln = 2ln−1 − ln−3, l0 = 1, l1 = 1, l2 = 3, and Hn = 2Hn−1 −Hn−3, H0 = 3, H1 = 2, H2 = 4.

• Ayrılma and Soykan [1] presented Gaussian Edouard and Edouard-Lucas numbers by written re-

spectively,

GEn = En + iEn−1,

GKn = Kn + iKn−1.

where En = 7En−1 − 7En−2 + En−3, E0 = 0, E1 = 1, E2 = 7, and Kn = 7Kn−1 − 7Kn−2 +Kn−3,

K0 = 3,K1 = 7,K2 = 35.

• Soykan and Okumuş and Bilgin [18] describe Gaussian Bigollo and Bigollo-Lucas numbers by writ-

ten respectively,

GBn = Bn + iBn−1,

GCn = Cn + iCn−1.

where Bn = 4Bn−1 − 5Bn−2 + 2Bn−3, B0 = 0, B1 = 1, B2 = 4 and Cn = 4Cn−1 − 5Cn−2 + 2Cn−3,

C0 = 3, C1 = 4, C2 = 6.

• Eren and Soykan [3] describe Gaussian Woodall and Woodall-Lucas numbers by written respec-

tively,

GRn = Rn + iRn−1,

GCn = Cn + iCn−1.

where Rn = 5Rn−1 − 8Rn−2 + 4Rn−3, R0 = −1, R1 = 1, R2 = 7, , and Cn = 5Cn−1 − 8Cn−2 + 4Cn−3,

C0 = 1, C1 = 3, C2 = 9.

Next, we give the exponential generating function of
∞∑
n=0

Wn
xn

n! of the sequence Wn.

Lemma 1.4. Suppose that fGWn
(x) =

∞∑
n=0

Wn
xn

n! is the exponential generating function of the generalized

Adrien sequence {Wn}.
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Then
∞∑
n=0

Wn
xn

n! is given by

∞∑
n=0

Wn
xn

n!
=

(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

4α2 + 3α− 1 eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

4β2 + 3β − 1
eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

4γ2 + 3γ − 1 eγx + (
W3 − 2W2 −W1 −W0

−3 )ex.

Proof: Using the Binet’s formula of generating Adrien numbers we get

∞∑
n=0

Wn
xn

n!
=

∞∑
n=0

(
p1α

n

4α2 + 3α− 1 +
p2β

n

4β2 + 3β − 1
+

p3γ
n

4γ2 + 3γ − 1 +
W3 − 2W2 −W1 −W0

−3 )
xn

n!

=
∞∑
n=0

p1α
n

4α2 + 3α− 1
xn

n!
+

∞∑
n=0

p2β
n

4β2 + 3β − 1
xn

n!
+

∞∑
n=0

p3γ
n

4γ2 + 3γ − 1
xn

n!

+

∞∑
n=0

(
W3 − 2W2 −W1 −W0

−3 )
xn

n!

=
p1

4α2 + 3α− 1e
αx +

p2

4β2 + 3β − 1
eβx +

p3
4γ2 + 3γ − 1e

γx +
W3 − 2W2 −W1 −W0

−3 eδx.�

The previous Lemma 1.4 gives the following results as particular examples.

Corollary 1.5. Exponential generating function of Adrien and Adrien-Lucas numbers

a):
∞∑
n=0

An
xn

n!
=
∞∑
n=0

(
αn+3

4α2 + 3α− 1 +
βn+3

4β2 + 3β − 1
+

γn+3

4γ2 + 3γ − 1 −
1

3
)
xn

n!

=
α3eαx

4α2 + 3α− 1 +
β3eβx

4α2 + 3α− 1 +
γ3eγx

4α2 + 3α− 1 −
ex

3
.

b):
∞∑
n=0

Bn
xn

n!
=
∞∑
n=0

(αn + βn + γn + 1)
xn

n!
= eαx + eβx + eγx + ex.

2. Generalized Gaussian Adrien Numbers

In this section, we introduces Gaussian numbers and explores some of their key properties including

Binet’s formula and generating functions.

Gaussian generalized Adrien numbers {GWn}n≥0 = {GWn(GW0, GW1, GW2, GW3)}n≥0 are defined by

GWn = 3GWn−1 −GWn−2 −GWn−4, (2.1)

with the initial conditions

GW0 = W0 + i(3W2 −W1 −W3),

GW1 = W1 + iW0,

GW2 = W2 + iW1,

GW3 = W3 + iW2.

UNDER PEER REVIEW
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not all being zero. The sequences {GWn}n≥0 can be extended to negative subscripts by defining

GW−n = −GW−(n−2) + 3GW−(n−3) −GW−(n−4). (2.2)

for n = 1, 2, 3, .... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get

GWn =Wn + iWn−1, (2.3)

and

GW−n =W−n + iW−n−1. (2.4)

The first few generalized Gaussian Adrien numbers with positive subscript and negative subscript are

presented in the following table.

Table 1. The first few generalized Gaussian Adrien numbers with positive subscript

n GWn

0 W0 + i(3W2 −W1 +−W3)

1 W1 + iW0

2 W2 + iW1

3 W3 + iW2

4 3W3 −W2 −W0 + iW3

5 8W3 −W1 − 3W2 − 3W0 + i(3W3 −W2 −W0 + iW3

n GW−n

0 W3 + i(3W2 −W1 −W3)

1 3W2 −W1 −W3 + i(3W1 −W0 −W2)

2 3W3 +W0 −W2 + i(3W0 − 3W2 +W3)

3 3W0 − 3W2 +W3 + i(10W2 − 6W1 − 3W3)

4 10W0 − 6W1 − 3W3 + i(10W1 − 6W0 − 3W2)

5 10W1 − 6W0 − 3W2 + i(10W0 + 3W1 − 18W2 + 6W3)

We can define two special cases of GWn : GWn(0, 1, 3 + i, 8 + 3i) = GAn is the sequence of Gaussian

Adrien numbers , GWn : (4, 3+4i, 7+3i, 18+7i) = GBn is the sequence of Gaussian Adrien-Lucas numbers.

So Gaussian Adrien numbers are defined by

GAn = 3GAn−1 −GAn−2 −GAn−4, (2.5)

with the initial conditions

GA0 = 0, GA1 = 1, GA2 = 3 + i, GA3 = 8 + 3i.

)

TABLE  2. Negative subscript
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Gaussian Adrien-Lucas numbers are defined by

GBn = 3GBn−1 −GBn−2 −GBn−4, (2.6)

with the initial conditions

GB0 = 4 + 4i, GB1 = 3 + 4i, GB2 = 7 + 3i, GB3 = 18 + 7i.

GAn = An + iAn−1,

GBn = Bn + iBn−1.

The first few values of Gaussian Adrien numbers, Gaussian Adrien-Lucas numbers, with positive and

negative subscript are given in the Table 3.

Table 3. Special cases of Gaussian generalized Adrien numbers and Gaussian Adrien-Lucas numbers

with positive and negative subscripts

n 0 1 2 3 4 5 6 7 8

GAn 0 1 3 + i 8 + 3i 21 + 8i 54 + 21i 138 + 54i 352 + 138i 897 + 352i

GA−n 0 0 −i −1 i 1− 3i −3 6i 6− 10i

GBn 4 3 + 4i 7 + 3i 18 + 7i 43 + 18i 108 + 43i 274 + 108i 696 + 274i 1771 + 696i

GB−n 4 −2i −2 + 9i 9− 2i −2− 15i −15− 2i 31 −74i −74 + 108i

Next, we describe the Binet’s formula for the Gaussian generalized Adrien numbers.

The Binet’s formula for the Gaussian generalized Adrien numbers is

GWn =
(αGW3 − α(3− α)GW2 + (−α2 + (3− 1)α+ 1)GW1 −GW0)α

n

4α2 + 3α− 1

+
(GβW3 − β(3− β)GW2 + (−β2 + (3− 1)β + 1)GW1 −GW0)β

n

4β2 + 3β − 1

+
(γGW3 − γ(3− γ)GW2 + (−γ2 + (3− 1)γ + 1)GW1 −GW0)γ

n

3γ − 2

+
GW3 − 2GW2 −GW1 −GW0

−3

+i(
(αGW3 − α3− α)GW2 + (−α2 + (3− 1)α+ 1)GW1 −GW0)α

n−1

4α2 + 3α− 1

+
(GβW3 − β(3− β)GW2 + (−β2 + (3− 1)β + 1)GW1 −GW0)β

n−1

4β2 + 3β − 1

+
(γW3 − γ(3− γ)GW2 + (−γ2 + (3− 1)γ + 1)GW1 −GW0)γ

n−1

4γ2 + 3γ − 1

+
GW3 − 2GW2 −GW1 −GW0

−3 ).
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Proof. The proof follows from (1.1) and (2.3). �
The previous Theorem gives the following results.

Corollary 2.1. For all integers n, we have following identities,

(a): GAn =
(2α2 + α+ 1)αn

4α2 + 3α− 1 +
(2β2 + β + 1)βn

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn

4γ2 + 3γ − 1 − 1
3
+

i(
(2α2 + α+ 1)αn−1

4α2 + 3α− 1 +
(2β2 + β + 1)βn−1

4β2 + 3β − 1
+
(2γ2 + γ + 1)γn−1

4γ2 + 3γ − 1 − 1
3
).

(b): GBn = αn + βn + γn + 1 + i(αn−1 + βn−1 + γn−1 + 1).

The next Theorem presents the generating function of Gaussian generalized Adrien numbers.

Theorem 2.2. Let fGWn
(x) =

∞∑
n=0

GWnx
n donate the generating function of Gaussian generalized

Adrien numbers is given as follows:

fGWn(z) =

∞∑
n=0

GWnx
n

=
GW0 + (GW1 − 3GW0)x+ (GW2 − 3GW1 +GW0)x

2 + (GW3 − 3GW2 +GW1)x
3

1− 3x+ x2 + x4 .(2.7)

Proof. Using the definition of Gaussian Adrien numbers, and substracting xf(x), x2f(x) and x3f(x)

from f(x) we obtain (1 + x2 − 3x3 + x4)fGWn(x)

(1− 3x+ x2 + x4)fGWn(x) =

∞∑
n=0

GWnx
n − 3x

∞∑
n=0

GWnx
n + x2

∞∑
n=0

GWnx
n + x4

∞∑
n=0

GWnx
n,

=

∞∑
n=0

GWnx
n − 3

∞∑
n=0

GWnx
n+1 +

∞∑
n=0

GWnx
n+2 +

∞∑
n=0

GWnx
n+4,

=

∞∑
n=0

GWnx
n − 3

∞∑
n=1

GW(n−1)x
n +

∞∑
n=2

GW(n−2)x
n +

∞∑
n=4

GW(n−4)x
n,

= (GW0 +GW1x+GW2x
2 +GW3x

3)− 3(GW0x+GW1x
2 +GW2x

3)

+3(GW0x
2 +GW1x

3) +

∞∑
n=4

(GWn − 3GWn−1 +GWn−2 +GWn−4)x
n,

= GW0 + (GW1 − 3GW0)x+ (GW2 − 3GW1 + 3GW0)x
2

+(GW3 − 3GW2 +GW1)x
3.

and modifying above equation, we get (2.2). �

Corollary 2.3. For all integers n, we have following identities:

(a): fGAn(x) =
∞∑
n=0

GAnx
n =

ix2 + x

x4 + 2x3 + 3x2 − 7x+ 1 ,

(b): fGBn(x) =
∞∑
n=0

GBnx
n =

2ix3 + (2− 9i)x2 − (9− 4i)x+ 4
x4 + 2x3 + 3x2 − 7x+ 1 .

Theorem (2.2) gives the following results as special cases,

(1−3x+x2+x4)fGAn(x) = GA0+(GA1−3GA0)x+(GA2−3GA1+3GA0)x2+(GA3−3GA2+GA1)x3
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= ix2 + x, (1− 3x+ x2 + x4),

fGBn(x) = GB0 + (GB1 − 3GB0)x+ (GB2 − 3GB1 +GB0)x2 + (GB3 − 3GB2 +GB1)x3

= 2ix3 + (2− 9i)x2 − (9− 4i)x+ 4.

Lemma 2.4. Suppose that fGWn
(x) =

∞∑
n=0

GWn
xn

n! is the exponential Gaussian generating function of

the generalized Adrien sequence {GWn}.

Then
∞∑
n=0

GWn
xn

n! is given by

∞∑
n=0

GWn
xn

n!
=

(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

4α2 + 3α− 1 eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

4β2 + 3β − 1
eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

4γ2 + 3γ − 1 eγx

+(
W3 − 2W2 −W1 −W0

−3 )ex.

+i(
(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

α(4α2 + 3α− 1) eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

β(4β2 + 3β − 1)
eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

γ(4γ2 + 3γ − 1) eγx

+(
W3 − 2W2 −W1 −W0

−3 )ex)

Proof. The proof follows from the Binet’s formula of GWn and GWn =Wn + iWn−1 Lemma(1.4).
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∞∑
n=0

GWn
xn

n!
=

∞∑
n=0

(Wn + iWn−1)
xn

n!
=

∞∑
n=0

Wn
xn

n!
+

∞∑
n=0

iWn−1
xn

n!

(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −GW0)

4α2 + 3α− 1 eαx

+
(GW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

4β2 + 3β − 1
eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −W0)

4γ2 + 3γ − 1 eγx

+(
W3 − 2W2 −W1 −GW0

−3 )ex.

+i(
(αW3 − α(3− α)W2 + (−α2 + (3− 1)α+ 1)W1 −W0)

α(4α2 + 3α− 1) eαx

+
(βW3 − β(3− β)W2 + (−β2 + (3− 1)β + 1)W1 −W0)

β(4β2 + 3β − 1)
eβx

+
(γW3 − γ(3− γ)W2 + (−γ2 + (3− 1)γ + 1)W1 −GW0)

γ(4γ2 + 3γ − 1) eγx + (
W3 − 2W2 −W1 −W0

−3 )ex)

The previous Lemma 2.4 gives the following results as particular examples.

Corollary 2.5. Exponential Gaussian generating function of Adrien and Adrien-Lucas numbers

a):
∞∑
n=0

An
xn

n! =
∞∑
n=0

( αn+3

4α2+3α−1+
βn+3

4β2+3β−1+
γn+3

4γ2+3γ−1−
1
3+i(

αn+2

4α2+3α−1+
βn+2

4β2+3β−1+
γn+2

4γ2+3γ−1−
1
3 ))

xn

n!

= α3eαx

4α2+3α−1 +
β3eβx

4β2+3β−1 +
γ3eγx

4γ2+3γ−1 −
ex

3 + i(
α2eαx

4α2+3α−1 +
β2eβx

4β2+3β−1 +
γ2eγx

4γ2+3γ−1 −
ex

3 ).

b):
∞∑
n=0

Bn
xn

n! =
∞∑
n=0

(αn + βn + γn + 1 + i(αn−1 + βn−1 + γn−1 + 1))x
n

n!

= eαx + eβx + eγx + ex + i( 1αe
αx + 1

β e
βx + 1

γ e
γx + ex).

3. Obtaining Binet Formula From Generating Function

We next find Binet formula generalized Gaussian Adrien number {GWn} by the use of generating

function for GWn.

Theorem 3.1. (Binet formula of generalized Gaussian Adrien numbers)

GWn =
q1α

n

(α− β)(α− γ)(α− δ) +
q2β

n

(β − α)(β − γ)(β − δ) +
q3γ

n

(γ − α)(γ − β)(γ − δ) +
q4δ

n

(δ − α)(δ − β)(δ − γ)
(3.1)

where
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q1 = GW0α
3 + (GW1 − 3GW0)α

2 + (GW2 +GW1 +GW0)α+ (GW3 +GW2 +GW1),

q2 = GW0β
3 + (GW1 − 3GW0)β

2 + (GW2 +GW1 +GW0)β + (GW3 +GW2 +GW1),

q3 = GW0γ
3 + (GW1 − 3GW0)γ

2 + (GW2 +GW1 +GW0)γ + (GW3 +GW2 +GW1),

q4 = GW0δ
3 + (GW1 − 3GW0)δ

2 + (GW2 +GW1 +GW0)δ + (GW3 +GW2 +GW1).

Proof. Let

h(x) = 1− 3x+ x2 + x4.

Then for some α, β, γ and δ we write

h(x) = (1− αx)(1− βx)(1− γx)(1− δx),

i.e.,

1− 3x+ x2 = (1− αx)(1− βx)(1− γx)(1− δx), (3.2)

Hence 1
α ,

1
β ,

1
γ and

1
δ are the roots of h(x). This gives α, β, γ and δ as the roots of

h(
1

x
) = 1− 3

x
+
1

x2
+
1

x4
= 0.

This implies x4 − 3x3 + x2 + u = 0. Now, by it follows that

∞∑
n=0

GWnx
n =

GW0 + (GW1 − 3GW0)x+ (GW2 − 3GW1 +GW0)x
2 + (GW3 − 3GW2 +GW1)x

3

(1− αx)(1− βx)(1− γx)(1− δx) .

Then we write

GW0 + (GW1 − 3GW0)x+ (GW2 − 3GW1 +GW0)x
2 + (GW3 − 3GW2 +GW1)x

3

(1− αx)(1− βx)(1− γx)(1− δx)

=
B1

(1− αx) +
B2

(1− βx) +
B3

(1− γx) +
B4

(1− δx) . (3.3)

So

GW0 + (GW1 − 3GW0)x+ (GW2 − 3GW1 +GW0)x
2 + (GW3 − 3GW2 +GW1)x

3

= B1(1− βx)(1− γx)(1− δx) +B2(1− αx)(1− γx)(1− δx)

+B3(1− αx)(1− βx)(1− δx) +B3(1− αx)(1− βx)(1− γx).

If we consider x = 1
α , we get GW0+(GW1−3GW0)

1
α+(GW2−3GW1+GW0)

1
α2 +(GW3−3GW2+GW1)

1
α3

= B1(1− β
α )(1−

γ
α )(1−

δ
α ).
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This gives

B1 =
α3(GW0 + (GW1 − 3GW0)

1
α + (GW2 − 3GW1 +GW0)

1
α2 + (GW3 − 6GW2 +GW1)

1
α3 )

(α− β)(α− γ)(α− δ)

=
GW0α

3 + (GW1 −GW0)α
2 + (GW2 − 3GW1 +GW0)α+ (GW3 − 3GW2 +GW1)

(α− β)(α− γ)(α− δ) .

Similarly, we obtain

B2 =
GW0β

3 + (GW1 − 3GW0)β
2 + (GW2 − 3GW1 +GW0)β + (GW3 − 3GW2 +GW1)

(β − α)(β − γ)(β − δ) ,

B3 =
GW0γ

3 + (GW1 − 3GW0)γ
2 + (GW2 − 3GW1 +GW0)γ + (GW3 − 3GW2 +GW1)

(γ − α)(γ − β)(γ − δ) ,

B4 =
GW0δ

3 + (GW1 − 3GW0)δ
2 + (GW2 − 3GW1 +GW0)δ + (GW3 − 3GW2 +GW1)

(δ − α)(δ − β)(δ − γ) .

Thus (3.3)can be written as

∞∑
n=

GWnx
n = B1(1− αx)−1 +B2(1− βx)−1 +B3(1− γx)−1 +B4(1− δx)−1.

This gives

∞∑
n=0

GWnx
n = B1

∞∑
n=0

αnxn +B2

∞∑
n=0

βnxn +B3

∞∑
n=0

γnxn +B4

∞∑
n=0

δnxn

=

∞∑
n=0

(B1α
n +B2β

n +B3γ
n +B4δ

n)xn.

Therefore, comparing coeffi cients on both sides of the above equality, we obtain

GW = B1α
n +B2β

n +B3γ
n +B4δ

n.

and then we get (3.1). �

4. Some Identities About Recurrence Relations of Gaussian Generalized Adrien Numbers

In this section, we present some identities on Gaussian Adrien, GaussianAdrien-Lucas.

Theorem 4.1. The following equations hold for all integer n

GAn =
34

261
GBn+3 −

50

261
GBn+2 −

22

261
GBn+1 −

49

261
GBn, (4.1)

GBn = −GAn+3 + 3GAn+2 +GAn+1 − 4GAn.

Proof. To proof identity (4.1), we can write

GAn = aGBn+3 + bGBn+2 + cGBn+1 + dGBn.
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Solving the system of equations

GA0 = aGB3 + bGB2 + cGB1 + dGB0,

GA1 = aGB4 + bGB3 + cGB2 + dGB1,

GA2 = aGB5 + bGB4 + cGB3 + dGB2,

GA3 = aGB6 + bGB5 + cGB4 + dGB3.

we get a = 34
261 , b = −

50
261 , c = −

22
261 , d = −

49
261 .The other identities can be found similarly. �

Lemma 4.2. ([4])Let’s assume that f(x) =
∞∑
n=0

anx
n is the generating function of the sequence {an}n≥0.

Then the generating functions of the sequences {a2n}n≥0 and {a2n+1}n≥0 are stated as

fa2n(x) =

∞∑
n=0

a2nx
n =

f(
√
x) + f(−

√
x)

2
.

and

fa2n+1(x) =

∞∑
n=0

a2n+1x
n =

f(
√
x)− f(−

√
x)

2
√
x

.

respectively.

The generating functions of the even and odd-indexed Gaussian generalized Adrien sequences are pro-

vided by the following theorem.

Theorem 4.3. The generating functions of the sequence GW2n and GW2n+1 are provided by

fGW2n
(x) =

x3(GW2 − 3GW1 +GW0) + x
2(3GW3 − 8GW2 + 2GW0) + x(GW2 − 7GW0) +GW0

x4 + 2x3 + 3x2 − 7x+ 1 , (4.2)

fGW2n+1
(x) =

x3(GW3 − 3GW2 +GW1) + x
2 (GW3 − 3GW2 + 2GW1 − 3GW0) + x (GW3 − 7GW1) +GW1

x4 + 2x3 + 3x2 − 7x+ 1 .

(4.3)

Proof. We only proof (4.2). From Theorem (2.2) we can obtain following identities:

fGWn
(
√
x) =

(GW2 − 3GW1 +GW0)
√
x3 + (3GW3 − 8GW2 + 2GW0)

√
x2 + (GW2 − 7GW0)

√
x+GW0

x2 + 2
√
x3 + 3x− 7

√
x+ 1

,

fGWn
(−
√
x) = − (GW3 − 3GW2 +GW1)

√
x3 + (GW3 − 3GW2 + 2GW1 − 3GW0)

√
x2 + (GW3 + 7GW1)

√
x−GW1

x2 + 2
√
x3 + 3x− 7

√
x+ 1

.

Thus, the result follows from Lemma (4.2) can be proved . The other identity can be found similarly. �
From Theorem (4.3), we get the following Corollary.

Corollary 4.4.
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fGA2n
(x) =

ix3 + ix2 + (3 + i)x

x4 + 2x3 + 3x2 − 7x+ 1 ,

fGA2n+1
(x) =

x2 + (1 + 3i)x+ 1

x4 + 2x3 + 3x2 − 7x+ 1 ,

fGB2n
(x) =

(2− 9i)x3 + (6− 3i)x2 − (21− 3i)x+ 4
x4 + 2x3 + 3x2 − 7x+ 1 ,

fGB2n+1
(x) =

2ix3 − (9− 6i)x2 − (3 + 21i)x+ (3 + 4i)
x4 + 2x3 + 3x2 − 7x+ 1 .

From Corollary (4.4) we can obtain the following corollary which presents the identities on Gaussian Adrien

sequences.

Corollary 4.5. (a): (3 + i)GB2n−2 + iGB2n−4 + iGB2n−6 = 4GA2n − (21− 3i)GA2n−2
+(6− 3i)GA2n−4 + (2− 9i)GA2n−6,

(b): GB2n + (1 + 3i)GB2n−2 +GB2n−4 = 4GA2n+1 − (21− 3i)GA2n−1 + (6− 3i)GA2n−3
+(2− 9i)GA2n−5,

(c): (3+ 4i)GB2n− (3+ 21i)GB2n−2− (9− 6i)GB2n−4+(2i)GB2n−6 = 4GB2n+1− (21− 3i)GB2n−1
+(6− 3i)GB2n−3 + (2− 9i)GB2n−5,

d): GB2n+1 + (1 + 3i)GB2n−1 +GB2n−3 = (3 + 4i)GA2n+1 − (3 + 21i)GA2n−1 − (9− 6i)GA2n−3
+(2i)GA2n−5,

(e): (3 + i)GB2n−1 + iGB2n−3 + iGB2n−5 = (3 + 4i)GA2n − (3 + 21i)GA2n−2 − (9− 6i)GA2n−4
+(2i)GA2n−6,

(f): GA2n + (1 + 3i)GA2n−2 +GA2n−4 = (3 + i)GA2n−1 + iGA2n−3 + iGA2n−5.

Proof. From Corollary (4.4) we obtain

(ix3 + ix2 + (3 + i)x)fGA2n(x) = ((2− 9i)x3 + (6− 3i)x2 − (21− 3i)x+ 4)fGB2n(x).

The LHS (left hand side) is equal to

LHS = ix3 + ix2 + (3 + i)x

∞∑
n=0

GB2nx
n,

= (3 + i)x

∞∑
n=0

GB2nx
n + ix2

∞∑
n=0

GB2nx
n + ix3

∞∑
n=0

GB2nx
n,

= (3 + i)

∞∑
n=0

GB2nx
n+1 + i

∞∑
n=0

GB2nx
n+2 + i

∞∑
n=0

GB2nx
n+3,

= (3 + i)

∞∑
n=1

GB2n−2x
n + i

∞∑
n=2

GB2n−4x
n + i

∞∑
n=3

GB2n−6x
n,

= (12 + 4i)x+ (18 + 20i)x2 +

∞∑
n=3

((3 + i)GB2n−2 + iGB2n−4 + iGB2n−6)x
n.

UNDER PEER REVIEW



16 FEYZA DEMIRCI,YÜKSEL SOYKAN

whereas the RHS (right hand side) is equal to

RHS = ((2− 9i)x3 + (6− 3i)x2 − (21− 3i)x+ 4)
∞∑
n=0

GA2nx
n

= 4

∞∑
n=0

GA2nx
n − (21− 3i)x

∞∑
n=0

GA2nx
n + (6− 3i)x2

∞∑
n=0

GA2nx
n + (2− 9i)x3

∞∑
n=0

GA2nx
n

= 4

∞∑
n=0

GA2nx
n − (21− 3i)

∞∑
n=0

GA2nx
n+1 + (6− 3i)

)∞∑
n=0

GA2nx
n+2 + (2− 9i)

∞∑
n=0

GA2nx
n+3

= 4

∞∑
n=0

GA2nx
n − (21− 3i)

∞∑
n=1

GA2n−2x
n + (6− 3i)

∞∑
n=2

GA2n−4x
n + (2− 9i)

∞∑
n=3

GA2n−6x
n

(12 + 4i)x+ (18 + 20i)x2 +

∞∑
n=3

(4GA2n − (21− 3i)GA2n−2 + (6− 3i)GA2n−4 + (2− 9i)GA2n−6)xn

Comparing the coeffi cients and the proof of the first identity (a) is done. We can show other identity similarly.

�
We can get an identitiy related to Gaussian Genaralized Adrien numbers given below.

Theorem 4.6. For all integers m,n the following identities hold:

GWm+n = Am−2GWn+3 + (−Am−3 −Am−5)GWn+2 + (−Am−4)GWn+1 −Am−3GWn.

Proof. First we assume that m,n ≥ 0 then (4.6) can be proved by mathematical induction on m. If m = 0

we get

GWn = A−2GWn+3 + (−A−3 −A−5)GWn+2 + (−A−4)GWn+1 −A−3GWn.

which is true since A−2 = 0, A−3 = −1, A−4 = 0, A−5 = 1. Assume that the equality holds for m ≤ k. For

m = k + 1, we get

GWk+1+n = 3GWn+k −GWn+k−1 −GWn+k−3,

= 3Ak−2GWn+3 + (−Ak−3 −Ak−5)GWn+2

+3(−Ak−4)GWn+1 −Ak−3GWn

−(Ak−3GWn+3 + (−Ak−4 −Ak−6)GWn+2 + (−A−5)GWn+1 −Ak−4GWn)

−Ak−5GWn+3 + (−Ak−6 −Ak−8)GWn+2 + (−Ak−6)GWn+1 −Ak−6GWn.

Consequently, by mathematical induction on m, this proves Theorem (4.6).

The other cases of m,n can be proved smilarly for all integers m,n. �
Taking GWn = GAn or GWn = GBn in above Theorem, respectively, we get:

Corollary 4.7.

GAm+n = Am−2GAn+3 + (−Am−3 −Am−5)GAn+2 + (−Am−4)GAn+1 −Am−3GAn,

GBm+n = Am−2GBn+3 + (−Am−3 −Am−5)GBn+2 + (−Am−4)GKn+1 −Am−3GBn.
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5. Simson’s Formula

In this section, we present Simson’s formula of generalized Gaussian Adrien numbers. This is a special

case of [10,Theorem 4.1].

Theorem 5.1. For all integers n, we can write the following equality:∣∣∣∣∣∣∣∣∣∣∣∣

GWn+3 GWn+2 GWn+1 GWn

GWn+2 GWn+1 GWn GWn−1

GWn+1 GWn GWn−1 GWn−2

GWn GWn−1 GWn−2 GWn−3

∣∣∣∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣∣∣∣

GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW−1

GW1 GW0 GW−1 GW−2

GW0 GW−1 GW−2 GW−3

∣∣∣∣∣∣∣∣∣∣∣∣
= (GW0 +GW1 + 2GW2 −GW3)(−GW 3

3 + 5GW
3
2 +GW

3
1 +GW

3
0 − (GW0 + 3GW1 − 7GW2)GW

2
3

+(3GW0 − 4GW1 − 14GW3)GW
2
2 + (2GW0 +GW2 − 6GW3)GW

2
1 − (GW1 + 2GW3)GW

2
0

+13GW1GW2GW3 +GW0GW2GW3 + 5GW0GW1GW3 − 7GW0GW1GW2).

Proof. Using Theorem (2) it can be proved by using induction use [10,Theorem 4.1]

From the Theorem (5.1) we get the following Corollary.

Corollary 5.2. For all integers n, the Simson’s formulas of Adrien and Adrien Lucas numbers are

given as respectively.

(a):

∣∣∣∣∣∣∣∣∣∣∣∣

GAn+3 GAn+2 GAn+1 GAn

GAn+2 GAn+1 GAn GAn−1

GAn+1 GAn GAn−1 GAn−2

GAn GAn−1 GAn−2 GAn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= 1− 3i.

(b):

∣∣∣∣∣∣∣∣∣∣∣∣

GBn+3 GBn+2 GBn+1 GBn

GBn+2 GBn+1 GBn GBn−1

GBn+1 GBn GBn−1 GBn−2

GBn GBn−1 GSBn−2 GBn−3

∣∣∣∣∣∣∣∣∣∣∣∣
= −783 + 2349i.

6. Sum Formulas

In this section, we identify some sum formulas of generalized Gaussian Adrien numbers.

Theorem 6.1. For all integers n ≥ 0, we get sum formulas below:

(a):
∑n
k=0GWk =

1
3 (−(n+ 3)GWn+3 + (2n+ 7)GWn+2 + (n+ 2)GWn+1 + (n+ 4)GWn

+3GW3 − 7GW2 − 2GW1 −GW0).

(b):
∑n
k=0GW2k =

1
3 (−(n+ 2)GW2n+2 + (2n+ 5)GW2n+1 + (n+ 3)GW2n + (n+ 2)GW2n−1

+2GW3 − 4GW2 − 3GW1).

(c):
∑n
k=0GW2k+1 =

1
3 (−(n+ 1)GW2n+2 + (2n+ 5)GW2n+1 + (n+ 2)GW2n + (n+ 2)GW2n−1

+2GW3 − 5GW2 − 2GW0).
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Proof. It is given in Soykan [11 Theorem 3.14]. �
As a special case of the Theorem 6.1, we present following Corollary.

Corollary 6.2. For all integers n ≥ 0, we get sum formulas below:

(a):
∑n
k=0GAk =

1
3 (−(n+ 3)GAn+3 + (2n+ 7)GAn+2 + (n+ 2)GAn+1 + (n+ 4)GAn + 1 + 2i).

(b):
∑n
k=0GA2k =

1
3 (−(n+ 2)GA2n+2 + (2n+ 5)GA2n+1 + (n+ 3)GA2n + (n+ 2)GA2n−1 + 1+ 2i).

(c):
∑n
k=0GA2k+1 =

1
3 (−(n+1)GA2n+2+(2n+5)GA2n+1+(n+2)GA2n+(n+2)GA2n−1+1+ i).

As a special case of the Theorem 6.1, we present following Corollary.

Corollary 6.3. For all integers n ≥ 0, we get sum formulas below:

(a):
∑n
k=0GBk =

1
3 (−(n+ 3)GBn+3 + (2n+ 7)GBn+2 + (n+ 2)GBn+1 + (n+ 4)GBn − 5− 8i).

(b):
∑n
k=0GB2k =

1
3 (−(n+2)GB2n+2 + (2n+5)GB2n+1 + (n+3)GB2n + (n+2)GB2n−1 − 1− 10i.

(c):
∑n
k=0GB2k+1 =

1
3 (−(n+1)GB2n+2+(2n+5)GB2n+1+(n+2)GB2n+(n+2)GB2n−1− 7− i).

Next, we give the ordinary generating functions of some special cases of Gaussian generalized Adrien

numbers.

Theorem 6.4. The ordinary generating functions of the sequences W2n, W2n+1 are given as follows:

(a):
∑∞
n=0GW2nx

n =
(3x2)GW3 + (x

3 − 8x2 + x)GW2 + (−3x3)GW1 + (x
3 + 2x2 − 7x+ 1)GW0

x4 + 2x3 + 3x2 − 7x+ 1 .

(b):
∑∞
n=0GW2n+1x

n =
(x3 + x2 + x)GW3 − (3x3 + 3x2)GW2 + (x

3 + 2x2 − 7x+ 1)GW1 + (−3x2)GW0

x4 + 2x3 + 3x2 − 7x+ 1 .

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien

numbers

(Take Wn = GAn whit GA0 = 0, GA1 = 1, GA2 = 3 + i, GA3 = 8 + 3i.)

Corollary 6.5. For n ≥ 0 Gaussian Adrien numbers have the following properties:

(a):
∑∞
n=0GA2nx

n =
ix3 + ix2 + (3 + i)x

x4 + 2x3 + 3x2 − 7x+ 1 .

(b):
∑∞
n=0GA2n+1x

n =
x2 + (1 + 3i)x+ 1

x4 + 2x3 + 3x2 − 7x+ 1 .

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Adrien-

Lucas numbers

(Take Wn = Gbn whit GB0 = 4, GB1 = 3 + 4i, GB2 = 7 + 3i, GB3 = 18 + 7i.)

Corollary 6.6. For n ≥ 0 Gaussian Adrien-Lucas numbers have the following properties:

(a):
∑∞
n=0GB2nx

n =
(2− 9i)x3 + (6− 3i)x2 − (21− 3i)x+ 4

x4 + 2x3 + 3x2 − 7x+ 1 .

(b):
∑∞
n=0GB2n+1x

n ==
2ix3 − (9− 6i)x2 − (3 + 21i)x+ 3 + 4i

x4 + 2x3 + 3x2 − 7x+ 1 .
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7. Matrix Formulation of GWn

In this section, we review the matrix representation of generalized Gaussian Adrien numbers

We define the square matrix M of order 4 as

M =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0


such that detM = 1. Note that

Mn =


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3

 .

for the proof see[17].

Then we give the following lemma.

Lemma 7.1. For n ≥ 0 the following identitiy is true:


GWn+3

GWn+2

GWn+1

GWn

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



n
GW3

GW2

GW1

GW0

 .

Proof. The identitiy(7.1) can be proved by mathematical induction on n. If n = 0 we obtain


GW3

GW2

GW1

GW0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



0
GW3

GW2

GW1

GW0

 ,

which is true. We assume that the identity given holds for n = k. Thus the following identitiy is true


GWk+3

GWk+2

GWk+1

GWk

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
GW3

GW2

GW1

GW0

 .
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For n = k + 1, we get


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k+1
GW3

GW2

GW1

GW0

 =


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0



k
GW3

GW2

GW1

GW0



=


3 −1 0 −1

1 0 0 0

0 1 0 0

0 0 1 0




GWk+3

GWk+2

GWk+1

GWk



=


GWk+4

GWk+3

GWk+2

GWk+1

 .

Consequently, by mathematical induction on n, the proof completed. �
We define

NGw =


GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW−1

GW1 GW0 GW−1 GW−2

GW0 GW−1 GW−2 GW−3

 , (7.1)

EGw =


GWn+3 GWn+2 GWn+1 GWn

GWn+2 GWn+1 GWn GWn−1

GWn+1 GWn GWn−1 GWn−2

GWn GWn−1− GWn−2 GWn−3

 . (7.2)

Now, we have the following theorem with NGw and EGw

Theorem 7.2. Using NGw and EGw , we get

AnNGw = EGw.
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Proof. Note that we get

AnNGw =


An+1 −An −An−2 −An−1 −An
An −An−1 −An−3 −An−2 −An−1
An−1 −An−2 −An−4 −An−3 −An−2
An−2 −An−3 −An−5 −An−4 −An−3




GW3 GW2 GW1 GW0

GW2 GW1 GW0 GW−1

GW1 GW0 GW−1 GW−2

GW0 GW−1 GW−2 GW−3



=


a11 a12 a13 a14

a21 a22 a23 a24

a31 a32 a33 a34

a41 a42 a43 a44

 .

where

a11 = An+1GW3 + (−An −An−2)GW2 + (−An−1)GW1 + (−An)GW0,

a12 = An+1GW2 + (−An −An−2)GW1 + (−An−1)GW0 + (−An)GW−1,

a13 = An+1GW1 + (−An −An−2)GW0 + (−An−1)GW−1 + (−An)GW−2,

a14 = An+1GW0 + (−An −An−2)GW−1 + (−An−1)GW−2 + (−An)GW−3,

a21 = AnGW3 + (−An−1 −An−3)GW2 + (−An−2)GW1 + (−An−1)GW0,

a22 = AnGW2 + (−An−1 −An−3)GW1 + (−An−2)GW0 + (−An−1)GW−1,

a23 = AnGW1 + (−An−1 −An−3)GW0 + (−An−2)GW−1 + (−An−1)GW−2,

a24 = AnGW0 + (−An−1 −An−3)GW−1 + (−An−2)GW−2 + (−An−1)GW−3,

a31 = An−1GW3 + (−An−2 −An−4)GW2 + (−An−3)GW1 + (−An−2)GW0,

a32 = An−1GW2 + (−An−2 −An−4)GW1 + (−An−3)GW0 + (−An−2)GW−1,

a33 = An−1GW1 + (−An−2 −An−4)GW0 + (−An−3)GW−1 + (−An−2)GW−2,

a34 = An−1GW0 + (−An−2 −An−4)GW−1 + (−An−3)GW−2 + (−An−2)GW−3,

a41 = An−2GW3 + (−An−3 −An−5)GW2 + (−An−4)GW1 + (−An−3)GW0,

a42 = An−2GW2 + (−An−3 −An−5)GW1 + (−An−4)GW0 + (−An−3)GW−1,

a43 = An−2GW1 + (−An−3 −An−5)GW0 + (−An−4)GW−1 + (−An−3)GW−2,

a44 = An−2GW0 + (−An−3 −An−5)GW−1 + (−An−4)GW−2 + (−An−3)GW−3.

Using the Theorem 4.6 the proof is done. �
By taking GWn =GAn with GA0, GA1, GA2, GA3 in (7.1) and (7.2)

GWn =GBn with GB0, GB1, GB2, GB3 in (7.1) and (7.2)
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respectively, we get:

NGA =


8 + 3i 3 + i 1 0

3 + i 1 0 0

1 0 0 0

0 0 0 0

 , EGA =


GAn+3 GAn+2 GAn+1 GA0

GAn+2 GAn+1 GAn GAn−1

GAn+1 GAn GAn−1 GAn−2

GAn GAn−1 GAn−2 GAn−3

 ,

NGB =


18 + 7i 7 + 3i 3 + 4i 4

7 + 3i 3 + 4i 4 4i

3 + 4i 4 4i −2

4 −4i −2 9− 2i

 , EGB =


GBn+3 GBn+2 GBn+1 GB0

GBn+2 GBn+1 GBn GBn−1

GBn+1 GBn GBn−1 GBn−2

GBn GBn−1 GBn−2 GBn−3

 .

From Theorem [7.2], we can write the following corollary.

Corollary 7.3. The following identities are hold:

(a): AnNGA = EGA.

(b): AnNGB = EGB .
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