A Study on Dual Hyperbolic Generalized Leonardo Numbers

In this study, we present a comprehensive formalization of dual hyperbolic generalized Leonardo numbers,
systematically examining their structural properties and mathematical significance. The dual hyperbolic
number system plays a crucial role in mathematical analysis, as its application to numerical sequences leads to
the emergence of novel algebraic structures with distinct characteristics and computational advantages. Our
analysis focuses on three specific variants of these sequences: Dual hyperbolic modified Leonardo numbers,
dual hyperbolic Leonardo-Lucas numbers, and dual hyperbolic Leonardo numbers, each possessing unique
algebraic and combinatorial features.

Furthermore, we rigorously establish a wide array of mathematical identities and matrix representations
associated with these sequences, as well as recurrence relations, Binet’s formulae, generating functions,
Simpson’s formula, Honsberger’s identity, and several summation formulas that provide deeper insights into
the combinatorial and analytical properties of these sequences.

Keywords: Dual hyperbolic generalized Leonardo numbers, dual hyperbolic modified Leonardo num-

bers, dual hyperbolic Leonardo-Lucas numbers, dual hyperbolic Leonardo numbers.

1. Introduction

The hypercomplex numbers systems, [1], are extensions of real numbers. Some commutative examples

of hypercomplex number systems are complex numbers,
C={z=a+ib:a,beR,i®>=—1},
hyperbolic (double, split-complex) numbers, [2],
H={h=a+jb:a,beR,j>=1,j#+1},

and dual numbers, [3],

D={d=a+¢cb:a,bcR,e®>=0,e#0}.
1
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Some non-commutative examples of hypercomplex number systems are quaternions, [4],
Ho = {q = ao + ia1 + jaz + kas : ag, a1, az,a3 € R,i* = j% = k? = ijk = —1},

octonions [5] and sedenions [6]. The algebras C (complex numbers), Hg (quaternions), @ (octonions) and S
(sedenions) are real algebras obtained from the real numbers R by a doubling procedure called the Cayley-
Dickson Process. This doubling process can be extended beyond the sedenions to form what are known as
the 2"-ions (see for example [7], [8], [9]).

Quaternions were invented by Irish mathematician W. R. Hamilton (1805-1865) [4] as an extension to
the complex numbers. Hyperbolic numbers with complex coefficients are introduced by J. Cockle in 1848,
[10]. H. H. Cheng and S. Thompson [11] introduced dual numbers with complex coefficients and called
complex dual numbers. Akar, Yiice and Sahin [12] introduced dual hyperbolic numbers.

A dual hyperbolic number is a hyper-complex number and is defined by
q = (ao + ja1) +e(az + jaz) = ao + jay + cag +cjas

where ag, a1, as and az are real numbers.

The set of all dual hyperbolic numbers are denoted by
Hp = {ap + ja1 + eas + €jas : ap,a1,a9,a3 € R, j2 =1,5 # +£1,6% =0, # 0}.

The base elements {1,j,¢,ej} of dual hyperbolic numbers satisfy the following properties (commutative
multiplications):

le = glj=j 2 =ce=(je)*’=0, j2=4j=1

ej = je elef) = (eh)e =0, jlej) = (f)i=¢

where ¢ denotes the pure dual unit (¢2 = 0, # 0), j denotes the hyperbolic unit (52 = 1), and &j denotes
the dual hyperbolic unit ((j¢)? = 0).

The product of two dual hyperbolic numbers ¢ = ag + ja1 + €as + jeas and p = by + jby + €by + jebs is
qp = agby + a1b1 + j(a0b1 + albo) + E(aobz + asbg + a1b3 + a3b1) + jE(a0b3 + a1by + asby + boag)

and addition of dual hyperbolic numbers is defined as componentwise.

The dual hyperbolic numbers form a commutative ring, real vector space and an algebra. But Hp is
not field because every dual hyperbolic numbers doesn’t have an inverse. For more information on the dual
hyperbolic numbers, see [12].

Now let us recall the definition of generalized Leonardo numbers. See [13] and [14]

A generalized Leonardo sequence {W,,}n>0 = {W,,(Wy, W1, Wa)}n>0 is defined by the third-order re-
currence relation

W, = 2Wp_1 — Wi_s (1.1)

with the initial values Wy = ¢o, W1 = ¢1, Wa = ¢5 not all being zero.
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It is possible to extend the sequence {W,,},>0 to negative subscripts. To do this, for n = 1,2,3,... we

define

W_pn =2W_(_2) — W_(n_3).

Thus, recurrence (1.1) holds for all integer n.

We can use (1.1) to obtain Binet’s formula of generalized Leonardo numbers. Binet’s formula of gener-

alized Leonardo numbers can be given as

_ z1Q" 208" 23"
Vo = B  Boa-7  G-af =B (12)

"t — 2Bt

= afﬂ — 23
where
2 = W= Q2—-a)Wi+(1—-a)W, (1.3)
z9 = Wy — (2 — 6)W1 + (1 — B)Wo, (14)
zZ3 = WQ - W1 - W(). (15)

Here, «, 8 and ~ are the roots of the cubic equation

2? -2 +1= (2> —z—-1)(z—1) =0.

Moreover
1++5
a = ,
2
1-+5
ﬂ = 9 )
v =1
Note that
atf+y = 2
af+ay+py = 0,
aﬂf}/ = _]-7
or

a+p=1, af =-1.
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Leonardo numbers with positive and negative subscripts are given in the

n W W_n

Wo Wo
1 Wi 2W, — Wy
2 Wy 2Wo — W
3 2Wy — Wy AWy — Wy — 2W,
4 AWy — Wy — 2Wy AWy — AW7 + Wy
5 TWy —2W1 — 4W, IW, — AWy — AWy
6 | 12Wy —4Wq — TW, Wy — 12W1 4 4W,
7| 20Wy — TWy — 12W, | 22W; — 12W, — 9Ws
8 | 33Ws — 12W — 20W, | 22W, — 33W7 + 12W,
9 | 54Wy — 2001 — 33W, | 56W7 — 33Wy — 22,
10 | 88Wy — 33W1 — b4Wy | 56Wy — 88W1 + 33W,

Table 1. A few generalized Leonardo numbers

Now we define three special cases of the sequence {W,}. Modified Leonardo sequence {Gy}n>0,
Leonardo-Lucas sequence {H, },>0 and Leonardo sequence {l, },>¢ are defined, respectively, by the third-

order recurrence relations

Gn = 2Gn_1—Gn s, Go=0,G) =1,Go =2, (1.6)
H, = 2H,_,—H, s, Hy=3H, =2, H, =4, (1.7)
ln = 21 —lns, lo=1,01=1,=3, (1.8)

The sequences {Gy, }n>0, {Hn}n>0 and {l,,}n>0 can be extended to negative subscripts by defining

G, = 2G—(71,—2)_G—(n—3)

H_ , = 2H7(n72) - H,(n,g,)

I 2l7(n72) - lf(n73)

for n =1,2,3, ... respectively. Therefore, recurrences (1.6)-(1.8) hold for all integer n.

G, H,, and [,, are the sequences A000071, A001612, A001595 in [15], respectively.
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Next, we present the first few values of the modified Leonardo, Leonardo-Lucas and Leonardo numbers

with positive and negative subscripts:

n 0] 1 2 3 4 5 6 7 8 9 10
G, |0] 1 2 4 7 12 | 20 | 33 | 54 | 88 | 143
G_,|0l 0 |—-1]0 -2 1 |—-4| 4 |-9] 12 |-22
H, |3]| 2 4 ) 8 12 |19 | 30 | 48 | 77 | 124
H_,|3| 0 4 | -3 8 |—-10| 19 | —28| 48 | =75 | 124

ln |1]1 3 ) 9 15 | 25 | 41 | 67 | 109 | 177
I, |1 -1 1 | =33 | —-7|9 |—-17|25 | —43| 67

Table 2. The first few values of the special third-order numbers with positive and negative subscripts.

For all integers n, modified Leonardo, Leonardo-Lucas and Leonardo numbers (using initial conditions in

(1.3)) can be expressed using Binet’s formulas as

o _ antl N BnJrl N ,Yn-&-l _ a2 Bn+2 .
(@a=B)a=v) B-a)(B-7) (OG-a)(y—5) a—p
2 n+1 _ gn+l
L Aamtoprh
a—p
respectively. Note that Binet’s formulas of Fibonacci and Lucas numbers, respectively, are
F, = a"+5” :an_ﬁ”7
a—0F p[B-a« a—
I, = a” + ﬂn,
and so
G, = Fupp2—1, (1.9)
H, = L,+1, (1.10)
ln, = 2F,41 —1. (1.11)
Next, we give the ordinary generating function Z Wya™ of the sequence W,,.
n=0

o0
LeEMMA 1.1. Suppose that fw, () = Z Wpa™ is the ordinary generating function of the generalized

n=0

o0
Leonardo sequence {W,},>0. Then, Z W,z" is given by

n=0

i o = Wot (Wi = 2Wo)a + (Ws — 2W1)a?
— . 1—2x+ 28 ’

Proof. Take r =2,s =0, = —1 in Lemma 1 in [13]. O

The previous lemma gives the following results as particular examples.
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COROLLARY 1.2. Generating functions of modified Leonardo, Leonardo-Lucas and Leonardo numbers are

> T
Gut" =
Z v 1—2z 423
n=0
> 3—4x
Hn "= P
nZ:o v 1—2z+ 23
= n 1 —x+ 22
St - e
= 1—2z+ 23

respectively.

2. Dual Hyperbolic generalized Leonardo Numbers

In this section, we introduce dual hyperbolic generalized Leonardo numbers and discuss certain features,
including Binet’s formula and the generating function. The dual hyperbolic number system is important in
mathematical analysis because when applied to numerical sequences, it produces innovative algebraic struc-
tures with distinct properties and computational advantages. Our discoveries contribute to prior research in
the subject, such as studies on generalized and extended Leonardo sequences, hyper-dual Leonardo numbers,
dual-generalized complex Leonardo sequences, hyperbolic Leonardo quaternions, dual-generalized complex
number coefficients and related mathematical identities. See for example [16], [17], [18], [19], [20], [21] and
[22].

Dual hyperbolic generalized Leonardo numbers {/V\V/n}nz(] = {W,L(Wo, /Wl, Wz)}nzo are defined by

Wn = QWn—l - AW/n—Sa (21)
with the initial conditions
Wo = Wo+ Wy +eWs+ je(2Wa — Wo),
Wi = Wi+ iWa+e@Wy — Wo) + je (4Ws — Wy — 2Wy),
Wo = WadjQWa—Wy) +e(dWs — Wy — 2Wy) + je (TW, — 2W; — 4W,)

not all being zero. The sequences {Wn}nzo can be extended to negative subscripts by defining

W =2W_(, 9y — W_(n_3 (2.2)

for n =1,2,3,.... Thus, recurrence (2.1) hold for all integer n.

Note that for all integers n, we get

Wy =Wy + Wit + Wngo + jeWnis. (2.3)
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7

The first few dual hyperbolic generalized Leonardo numbers with positive and negative subscripts are

presented in the following tables.

W

Wo 4+ W1 + Wy + je (2W2_W0)

Wi+ jWs +¢ (QWQ_WO) + je (4W2—W1—2W0)

Wo + 7 (2Wo—Wy) + e (4Wo—W1—2W¢) + je (TWo—2W 1 —4W)

2W2—W0 +] (4W2—W1—2W0) +e€ (7W2—2W1—4W0) +j€ (12W2—4W1—7W0)

AWo—W1—2Wqy+j (7W2*2W1*4W0) + € (12W2*4W1*7W0) + je (20W2*7W1*12W0)

TWo—2W1—4Wy+j (12W2—4W1—7W0) +e (20W2—7W1—12W0) + je (33W2—12W1—20W0)

12Wo—4aW 1 —TW o + 4 (20W2—7W1—12W()) +e (33W2—12W1—20W0) + je (54W2—20W1—33W0)

20Wo—TW1—12W¢o + 5 (33Wo—12W1—20W ) + € (54W 2 —20W 1 —33W ) + je (88W 3 —33W 1 —54W )

oo -~ D ot =~ w \V] = jan)} 3

33Wo—12W1—-20W¢ + 3 (54W2—20W1—33W0) +e (88W2—33W1—54W0) + je (143W2—54W1—88W0)

Table 3.The first few dual hyperbolic generalized Leonardo numbers with positive subscript.

n an

1 2W1 — Wy + jWo + eWq + jeWs

2Wo — Wi+ (2W1 — WQ) + Wy + jeWy

4W1 — WO — 2W2 +] (2WO — Wl) + €(2W1 — Wz) +j€W0

AWo — AW + Wo + 5 (4W1 — Wy — 2W2) + e (2Wo — Wl) + je (2W1 — WQ)

9W1 — 4VV() — 4W2 +] (4I/V0 — 4W1 + Wz) +e (4W1 — VV() — 2W2) +j€ (QVV() — Wl)

9W0 — 12W1 + 4W2 —|—j (9W1 — 4W0 — 4W2) +e (4W0 — 4W1 + Wg) +j€ (4W1 — Wo — 2W2)

22W1 — 12Wy — 9Wo + 4 (9WO — 12W4 + 4W2) +¢€ (9W1 —4Wy — 4W2) + je (4WO —4Wy + WQ)

[ N | O | O =W N

22Wy — 33W1 + 12Ws + 5 (22W1 — 12Wy — 9W2) + e (9W0 — 12W; + 4W2) + je (9W1 —4Wy — 4W2)

Table 4.The first few dual hyperbolic generalized Leonardo numbers with negative subscript.

Dual hyperbolic modified Leonardo numbers, W,, (j +2e+4je, 1425 +4e+Tje,2+4j+ Te +12je) = én,
are defined by

Gpn=2Gn 1 —Gps (2.4)

with the initial conditions
Go=j+2e+4je,Gy =14 2j + 4 + Tje, Gy = 2+ 4j + T= + 12je.

Dual hyperbolic Leonardo-Lucas numbers, W,I,(2j +4e+5je+3,2+4j+5c+8je, 4+ 55+ 8+ 12j¢) = H,,
are defined by

Hn = 2ﬁ7l—1 - ﬁn—B (25)
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with the initial conditions
Ho =3+ 2j +4e + 5je, Hy = 2+ 4j + be + 8je, Hy = 4 + 5j + 8 + 12je.

and dual hyperbolic Leonardo numbers , W, (1 + j + 3¢ + 5je, 1 4+ 3j + 5 + 9je, 3+ 5j + 9¢ + 15j¢) = I,,, are
defined by

ln =2l 1 — L3 (2.6)
with the initial conditions
lo=14j+3c+5je,ly = 1+ 3j + be + 9je, Iy = 3+ 55 + 9= + 15je.
The sequences {én}nzo, {ﬁn}nzo and {an}nZO can be extended to negative subscripts by defining,
Gon = 2G_(n-2)—G_(n_3),
H., = 2H (no—H (3,

,lvfn = 27—(7L—2)_7—(7L—3)a

for n = 1,2,3, ... respectively. As a result, recurrences (2.4)-(2.6) hold for all integer n.

Note that for all integers n, we have

G, = G,+ jGn-‘,-l + €Gn+2 + jEGn+3,
ﬁIn - Hn +.an+l + 5Hn+2 + jEHn+37
Tn = ln +jln+1 + Eln+2 +j€ln+3~

The first few values of dual hyperbolic modified Leonardo numbers, dual hyperbolic Leonardo-Lucas numbers

and dual hyperbolic Leonardo numbers with positive and negative subscript are given in the following Tables.

n| G G
J+ 2 +4j¢e Jj+2e+4j¢
1| 1+25+4e+ 7j¢e €+ 2j¢e
2| 2445 + Te + 12je —1+ je
3| 4475+ 12¢ + 20je —j
4 | 74125 4 20¢ 4 33j¢ —2—c
5 | 124205 4 33¢ + 54j¢ 1—-2j—je
6 | 20 4 335 + 54¢ + 88j¢ —447—2
7| 33+ 545 + 88 + 143jc | 4 —4j + e — 2je
8 | 54 + 885 + 143¢ + 232je | =9 + 45 — 4e + je

Table 5. Generalized Modified Leonardo numbers with positive and negative subscripts.
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i, H_,

3425+ 4e + 5je 3425+ 4e + 5je
2445 + e + 8j¢ 37 + 2¢ + 4j¢e
4+ 55+ 8+ 125¢ 44 3¢ + 2j¢
5485 4+ 12¢ + 19j¢ -3+ 45+ 3je

8 + 125 + 19¢ + 30je 8+ 4e — 3§

12 + 195 + 30 + 48je | —10 + 85 — 3¢ + 4je
19 + 305 + 482 + 77je | 19+ 8¢ — 10j — 3je
30 4 485 + T7e + 124je | —28 + 195 — 10¢ + 8je
48 + T7j + 124¢ + 200j¢ | 48 + 192 — 285 — 10je

o | N|jlo|la|le|lw| v~ |lo]|s

Table 6. Special cases of generalized Leonardo-Lucas numbers with positive and negative subscripts.

I, I

25+ 41j + 67¢ + 1095 | 9 — 75 + 3¢ — 3je
41 + 67j + 109 + 177je | —17+ 95 — Te + 3je

n
0|14+7+3+575¢ 1475+ 3¢+ 5j¢
1| 1+35+ 5+ 9j¢ —1+j+¢e+3j¢e
2 | 3+ 55+ 9 + 15j¢ 1—j+ e+ je

3| 5495+ 15e + 255¢ —3+j—¢e+j¢
4 19+ 157 + 25¢ + 41j¢e 3—3j +¢e—je

5 | 15+ 255 +41e + 67j¢ —7+ 35 — 3¢ + je
6

7

8

67 + 1095 + 177= + 287je | 25 — 17j+ 9 — Tje

Table 7. Special cases of generalized Leonardo numbers with positive and negative subscripts.

We fix the following notations:

a = l4ja+ed®+je(20®—1), (2.7)
B = 1+jB+eb’+je (28— 1),
7 = l+jy+er’+je (297 -1),

I = 14j+e+je (2.8)
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where
& = (1+a?) +2aj+ (100 — 20 —4) £ + je (8a% — 4)
B = (148 +28j+e (1082 — 28— 4) +je (362 — 4) ,
7% = 12 =242j +4e +4je,
ap = j+3je,
&y = al=(1+a)+jla+1)+e(3a+a)+je(3a° +a),

By = Bl=(+p8)+j(1+8)+e(362+8) +je (36° + B)

GF = B+j+e(282+38—1)+je (82 +3)
B&® = a+j+e(20+3a—1)+je (a® +3)
a7 = al’=2a+2+¢ (60 +4a+2) + 5 (20 +2) + je (60 + da + 2)
7 = BI2=28+2+¢ (66 +48+2) + (26 +2) + je (66% + 46 +2)

Next, we present Binet’s formula for dual hyperbolic generalized Leonardo numbers.

THEOREM 2.1. Binet’s formula of dual hyperbolic generalized Leonardo mumbers can be presented as
follows:
= zaa” n 2BB" + z3Y"
(a=P)la=y) B-a)f-7) (O-a)ly—-75)

znaamt! — 238"

- — T
where z1, zo and z3 are given as
z1 = Wo—2—-a)Wi1+(1—a)Wy
z = Wo—(2-8)W1+(1-75)W,
zz = Wy—W; —W,.

Proof. Since Wn =Wy 4+ iWhi1 +eWppo + jeW, 13 and

B za™ zo " zgy"
O R I R Ry ey e
we have
—~ zia” . .
Wn:m(1+]a+5a2+35a3)
N N RN o L 2, 3
+(5—0¢)(ﬁ—7) (1+jB+¢eB +385)+(7_a)(7_5) (1+jv+ev? +jer?) .
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Using the notations given in (2.7) we have the result. O
Now we define three particular cases of the sequence {Wn} as follows: the dual hyperbolic modified
Leonardo sequence {én}nzo, the dual hyperbolic Leonardo-Lucas sequence {fI n tn>0, and the dual hyperbolic

Leonardo sequence {Zn}nZO are defined, respectively, by the third-order recurrence relations,

_ a2 — Bﬁn+2 _

~ . n _ _ A an+l _ . _
a—pf
- ~ n _ 9ppntl _
R J: - ;6/3 -1 (2.10)

The next Theorem presents the generating function of dual hyperbolic generalized Leonardo numbers.

oo
THEOREM 2.2. Let f5 (x) = ana:” denote the generating function of dual hyperbolic generalized
n=0
Leonardo numbers. Then,

Wo + (Wy — 2Wo)z + (Wa — 2W; )22
fig, (@) = — S 1_02)x+£32 1z (2.11)

Proof. Using the definition of dual hyperbolic generalized Leonardo numbers, and substracting 2z f;; ()

and f:cgfwn (z) from fi (z) we obtain
o0 . o0 __ o0 __
(1-2z— x?’)fwn () = Z Wya™ — 2z Z Wa" — 2° Z W™,

n=0 n=0 n=0

= i Wnl‘n -2 i ann—b—l - i ann+35
n=0 n=0 n=0

= i an" -2 i Wn_lx" — i Wn_ga:",
n=0 n=1 n=3

= (WO + Wlm + WQ.’L‘Q) — Q(Wol‘ + ,V[71x2) + Z(Wn - Q,V\[?n_l — Wn_g)x’L,

n=3

= (Wg + Wlx + WQ.’L‘2> — Q(Wo.’lﬁ + /V‘[}:l.IQ),
= Wg + (Wl — 2W0)£C + (WQ — 2W1)1’2,

and dividing boths sides with 1 — 2z — 23 above equation, we get (2.11). O

Theorem 2.2 gives following results as special cases,

>~ (7 + 2¢ + 4je) + (1 — je) = — (¢ + 2je) 22
el = Gn "= - ’
a. (@) Zf) v 1— 2z +2°

> = (3427 + de + 5j¢) — (4 + 3¢ + 2je) x — (35 + 2¢ + 4je) 22
=~ = H’I’L TL: - 5
i,() T;) ’ 1— 2z + 3

G (1+j+3e+5je)—(1—j+e+je)x+ (1 —j—e— 3je)a?
L) = Y -
n=0
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3. Some Identities About Recurrence Relations of Dual hyperbolic generalized Leonardo

Numbers

In this section, we present some identities on dual hyperbolic modified Leonardo, dual hyperbolic

Leonardo-Lucas and dual hyperbolic Leonardo numbers.

THEOREM 3.1. The following equations hold for all integer n

H, =3Gps+1 — 4G, (3.1)

5Gn = 9H, 45 — 6H, 1 — 8H, (3.2)
2G,, = —lnta + 21 + In, (3.3)
I = =Gy +3Gni1 — G, (3.4)
2H, = Alpis — 5lps1 — In, (3.5)
5l, = 11H, 49 — 9Hp 1 — TH,,. (3.6)

Proof. To prove identity (3.1), we can write GH,, = aGGp42 + bGG 41 + ¢GG,, and put n = 0. Then

we get,
GHy = aGG3+bGG + cGGy,
34+2j+4e+5je = a(2+45+Te+12je) +b(1+ 25+ 4de + Tje) + ¢ (j + 2¢ + 4je),
and
3 = 2a+b
2 = 4a+2b+c
4 = Ta+4b+2c
5 = 12a+ 7b+4c.
Hence, we obtain a = 0,b = 3,¢ = —4. The other identities can be found similarly. [

oo
LEMMA 3.2. (See [23])We assume that f,, (z) = Zanaxn is the gemerating function of the sequence
n=0

{an}n>0. Then the generating functions of the sequencesi{agn}nzo and {azn4+1}n>0 are stated as

fagn (55) = Zagnx" = f(ﬁ) +2f(_\/5)
n=0

and
fWz) - f(=V2)
2Vz

oo
fa2n+l($) = Z agpt12" =
n=0

respectively.
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The generating functions of the even and odd-indexed dual hyperbolic generalized Leonardo sequences

are provided by the following theorem.

THEOREM 3.3. The generating functions of the sequence Wgn and W2n+1 are provided by

o . /V‘[}:O + (—4W0 + WQ) x + (QWO - /V‘[?l) x?
i, (@) = nZ:o Wana"™ = —x8 + 42?2 — 4z + 1 ’ (37)
. W1 - (W/() + 4W1 — QWQ) T + (2%1 — Wg) x?
fpn @) = T;J Wansiz" = —z8 4+ 4x? — 4o+ 1 (3:8)

Proof. We only prove (3.7). From Theorem 2.2 we can obtain following identities:
Wo + (Wi —2Wo ) Va + (W2 — 21 ) @
1— 2z 42
Wo — (Wl - QWO) VE + (W — 201z

142z — a3 .
Then, using Lemma 3.2 identity (3.7) can be proved . The other identity can be proved similarly. O

fiw,, (V)

)

fw, (=Vz) =

From Theorem 3.3, we get the following corollary.

COROLLARY 3.4.

(a):
J+2e+4je+ (2—e—4je)x + (—1 + je) 2?
Ja., (@) = —z3 +42? — 4z +1 ’
142§ +4e + Tje + (—j — 4e — 8je) v + (¢ + 2j¢) a?
féznﬂ(x) - —3 4+ 422 -4z +1 ’
(b):
3425 +4e + 55 — (8 4+ 35 + 8 + 8je) w + (4 + 3¢ + 2je) 22
T, (@) = —x3 4422 — 4+ 1 ’
2+ 4j + 5e + 8je + (=3 — 85 — 8¢ — 13j¢e) & + (35 + 2¢ + 4je) a?
fﬁ2n+1 () —x3 +4x2 —4x + 1 ’
(c):
14+j+3c+5je+(—=1+j—3c—5je)x+ (1 —j+e+je)z?
Tn, (@) = —x3 4+ 422 — 4x + 1 ’
14+3j+5c+9je+ (1 —3j —5e —1lje)x + (=1 +j + & + 3je) 22
AN —23 +42? —4dx +1 '

From Corollary 8.4 we can obtain the following corollary which presents the identities on dual

hyperbolic generalized Leonardo sequences.

COROLLARY 3.5.

((1,).’ (—1 +j5)’lv2n—4 + (2 — & 4.].6)72n—2 + (] + 2e + 4].6)2/2’”

= (1—j+e+je)Gons+ (=147 —3c — 5je) Gan_o + (1 + j + 3¢ + 5je) Gan
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(b):

(c):

(d):

(e):

(f):

CAN MURAT DIKMEN

(=14 j&) Hop—g + (2 — € — 4j€) Hon_o + (j + 2¢ + 4je) Hay,

= (4+ 3 +2j2) Gan_a — (8 + 3§ + 8 + 8je) Gan_o + (3 4 2j + 4e + 5je) Gan

(4+ 3¢+ 2j2) lap—y — (8 4 37 + 8¢ + 8je) lan_o + (3 + 2j + 4 + 5je) lon

=(1—j+e+je)Hops+ (—1+j—3c —5je) Hon_o + (1 + j + 3¢ + 5je) Hap

(e + 2je) Hap_s + (—j — 4 — 8je) Hop_1 + (1 + 25 + 4e + 7je) Honin

= (3] + 2& + 4j&) Gon_3 + (=3 — 8j — 8 — 135&) Gan_1 + (2 + 4] + be + 8j&) Gans1

(=1 + j + &+ 3je) Gan_s + (1 — 3j — 5e — 11je) Gan_1 + (1 + 35 + 5e + 9je) Gant1

= (e + 2j€) lon—3 + (—j — e — 8j€) lan—1 + (1 + 2j + 4e + 7je) lans1

(35 + 2& + 4j€) lan_s + (=3 — 8f — 82 — 13j€) lan_1 + (2 + 4j + 5e + 8j) It

= (=1+j+4¢e+3je) Hon_s + (1 — 3j — be — 11j¢) Hap—_1 + (1 + 35 + 5e + 9je) Honi1

Proof. From Corollary 3.4 we obtain

(442 +4je + (2 - e —4je)a + (-1 4 jo)o?) fr, (@)

= (1+j+3e+5je+ (-1+j—3c—5je)a+ (1 —j+e+je)2?) fg, (v).

The L.H.S. (left hand side) is equal to

LHS = (j+2+4je+(2—c—4je)a+ (~1+je)x Zlgnx

(—1442) D lana™ 2 + (2 — & — 4je) Z lona™ ™+ (j + 26 + 4j2) Y lona™
n=0 n=0 n=0

(—1472) D lon-aa™ + (22 —4je) Y lpu—oa™ + (j + 26 +4j2) Y _ Iz

n=2 n=1 n=0

= (j+2¢ + 4j) (lo + b ) + (2 — & — 4je) low

+Z -1+ je) lgn4+(27574j5)l2n2+('+25+4j5)2;n)m”

= (1+j+11e +9je) + (7 + 55 + 42¢ + 36j¢) x

+Z 1+]5 lQn 4+(2_5_4]€)l2n 2+(]+25+4.75)l2n)
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whereas the R.H.S. (right hand side) is equal to

RHS. = (14j+3e+5je+(-1+j—3e—5je)x+(1—j+e+je)a?) Dy Gapa”
n=0

(1+j+3c+5j2) Y Gana™ + (—=1+j — 32— 5je) > Gona™ ™ + (1= j+e+je) > Gopa™™?

n=0 n=0 n=0

= (14j+3e+5je) Y Gona" + (—1+j—3c—5j2) Y Ganoz"+ (1 —j+e+je) Y Gap_sa”

n=0 n=1 n=2
= (14 + 3¢ + 5je) (éwégz) + (=14 j — 3¢ — 5j¢) Gox
+y ((1 —j+e+je)62n_4+(—1+j—3a—5js)(?2n_2+(1+j+35+5je)é2n)x"
n=2

= (14+j+11le+9je) + (7T+ 55 + 42¢ + 36j¢) x

+y ((1 —j+e+7) Gana + (=1 + 5 — 3¢ — 5j¢) Gan_a + (1 + j + 3¢ + 5j¢) égn) "

n=2

Comparing the coefficients and the proof of the first identity (a) is done. We can prove other identities
similarly. OJ
We can get an identitiy related to dual hyperbolic generalized Leonardo numbers and numbers given

below.

THEOREM 3.6. For all integers m,n the following identity holds:

Wm+n - WnG7n+1 - Wn—le—l - /W/n—ZGm~

Proof. First, we assume that m,n > 0. We prove Theorem 3.6 by mathematical induction on m. If m = 0

we get

W, = WoGi—W, 1G_ —W, »G

= W’I‘L
since G; = 1,Gp =0,G_1 = 0.If m = 1 we get

WnJrl - WnGZ - anlGO - Wn72G1

= oW, — Wy_s.
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since Go = 2,G; = 1, Gy = 0. We assume that the identity given holds for m < k. For m = k + 1, we get

W(k+1)+n = 2Woi — Waihoo
= 2(W,Grp1 — Wi 1Gro1 — Wi oGy) — (WyGi1 — Wiy 1Grog — Wiy _2Gli_o)
= W, (2Gr41 — Gi—1) — ,anq(?qu — Gi_3) — Wy_s (2Gr — G—2)
= W,Gryz — Wao1Gr — Wi—2Grt1

= WnG(k+1)+1 - anlG(k—H)—l - van72G(k+1)

Consequently, by mathematical induction on m, this proves Theorem 3.6. The case m,n < 0 can be proved

similarly. [J

For all integers m,n taking Wn = én or Wn = f[n or Wn = l~n, respectively, we get,

Gm+n = 6/;n(;rn+1 - én—le—l - én—QGnu

Hm+n - ﬁnGm-i-l - ﬁn—le—l - ﬁn—QGma

lm+n - TnGm+1 - Flvnflefl +Flvn72Gm~

4. Simpson’s Formula
In this section, we present Simpson’s formula of generalized Leonardo numbers. This is a special cases
of [24, Theorem 4.1]. We give the proof by calculating determinant and using Binet’s formula of generalized

Leonardo numbers.

THEOREM 4.1 (Simpson’s formula of generalized Gaussian Leonardo numbers). For all integers n, we

can write following equality

Wn+2 Wn+1 Wn WQ Wl WO
Wn+1 Wn qu = (*1)11 W1 Wo Wq
,V\[//Yn Wn— 1 ,V\[;n—2 WO ,V\[;— 1 W—2

= (—l)n —,V\[//v(? + 2WOW1W_1 + WQW_QWO — W_QWIQ — WQWEI} .

Proof. Using Theorem 2.1 we obtain the proof.

From the Theorem 4.1 we get the following corollary.

COROLLARY 4.2. For all integers n, we get the following identities:

(a): énJrl én én71 = (_1)n [—é% + 26’0@1671 + 6257260 - 6726% — 6262_1

= (=1)" (1 +j + 4e + 4j¢),
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(b): ﬁn—&-l ﬁn ﬁn—l = (—1)n [—ﬁg + 2]?[0]’:71]:’71 + 1’172]:7,2]:’0 — 1’17,2]:712 — ﬁzﬁzl]
=5(=1)"(1+j + 4e + 4je),
@5 | Tupr o Tuer | = (=) [+ 2ohla +Blalo — 128 — bE2,

= 4(=1)"" (1 +j + 4e + 4je) .
5. Sum Formulas

In this section, we identify some sum formulas of generalized Leonardo numbers.

THEOREM 5.1. For all integers n > 0, we have sum formulas given below
(a): Z Wk = (’ﬂ + 3) Wn — (n + 2)Wn+2 + (n + 3) Wn-&-l + QWQ — 3W1 — 2WO,
k=0

(b): > Wop = (n+ 1) Wan + (n+ 2)Waps1 — (n+ 1) Wania + Wa — 2007,
k=0

(C): Z W2k+1 = (’I’L =+ 1) W2n+1 =+ (TL + 1) Wgn — HWQnJrQ — Wg.
k=0

Proof. From (2.3) we can write the following sum formulas.

S>oWe = > (Wi + Wit + eWira + jeWiys) - (5.1)
k=0 k=0

Z Wa, = Z (Wak + jWagy1 + eWagyo + jeWagys) (5.2)
k=0 k=0

Z W%-&-l = (Wakg1 + jWapyo + eWapgs + jeWapqa) . (5.3)
k=0 k=0

Using sum formulas in [25] we can write

(@): Y Wi =(n+3)Wn+ (n+3) Was1 — (n+2)Wo 2 + 2Wa — 3W) — 2W,
k=0

Z Wk+1 = (TL + 3) Wn+1 + (TL + 3) Wn+2 — (TL + Q)WnJrg + 2W3 — 3Ws — 2W7,
k=0
Z Wiqo = (n + 3) Wigo + (TL + 3) Wits — (’I’L + 2)Wn+4 + 2Wy4 — 3W3 — 2Ws,
k=0

Z Wits = (n+3) Wiyas + (n+3) Wyta — (n+ 2)Wys + 2W5 — 3W, — 2Ws.
k=0
Using the above equalities in (5.1) we prove (a): .

(b): Y Wap = (n+ 1) Wap + (n+ 2)Wani1 — (n+ 1) Wappa + Wa — 201,
k=0

> Wakgr = (n+1) Wapar + (n+ 2)Wanio — (n+ 1) Wapps + Ws — 213,
k=0
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Z W2k+2 = (n + 1) W2n+2 + (TL + 2)W2n+3 — (TL + 1) W2n+4 + W4 — 2W3,
k=0

Z Wakts = (n+ 1) Wapgs + (n 4+ 2)Wapyy — (04 1) Wapqs + Wi — 2Wy.
k=0
Using the above equalities in (5.2) we prove (b): .

(C): Z W2k+1 = (TL + 1) Wa, + (n + 1) W2n+1 - nW2n+2 - WQ,
k=0
> Wakga = (n+1) Wapar + (n+ 1) Wango — nWapis — W,
k=0

> Wakgs = (n+1) Wansa + (n+ 1) Wangs — nWap g — Wa,
k=0

n
Z Wokya = (n+ 1) Wapys + (n+ 1) Wopya — nWapys — Ws.
k=0
Using the above equalities in (5.3) we prove (c):. O

From the previous theorem, we can give the following three corollaries regarding the sum formulas of the

dual hyperbolic modified Leonardo, dual hyperbolic Leonardo-Lucas and dual hyperbolic Leonardo numbers.

COROLLARY 5.2.

n

(): > Gi=(n+3)Gn— (n+2)Gnia+ (n+3)Gni1 — (—1 422 + 5je) |
k=0

(b): > Hy=(n+3)H, — (n+2)Hypa+ (n+3) Hysy — (4465 + 7e + 10je),
k=0

(€): D Uk =(n+3) 1y — (n+2)lnga+ (n+3) lnp1 — (=1 +j + 32 + Tje).
k=0
COROLLARY 5.3.

(@): Y Gar = (n+1)Gaon + (n+2)Gans1 — (n+ 1) Ganya — (2 + 2je)
k=0

(b): > Hap = (n+1) Hyp + (n+2)Hapy1 — (n+ 1) Hapyo — (35 + 26 + 4je)
k=0

(c): i'z;k = (n+1)lan + (n+ 2lans1 — (0 + 1) longz — (=1 +j +¢ + 3j¢) .
k=0
COROLLARY 5.4.
(a): i Gopt1 = (n+ 1) Gang1 + (0 +1) Gon — nGonya — (j + 26 + 4je)
k=0
(b): Zn:ff%ﬂ = (n+1) Hopyy + (n+ 1) Hyy — nHopyo — (3+ 25 + 4¢ + 5je)
k=0

(€): D lok1 = (n+ 1) lang1 + (n+ 1) oy — nlaniz — (1+j + 32 + 5je).
k=0

5.1. Sums of the squares and other sum formulas. We now give the sums of squares and consec-

utive multiplications of dual hyperbolic generalized Leonardo numbers below.
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THEOREM 5.5. For all integers n > 0, we have sum formulas given below
(a): Y W= (n+3) Wi+ (n+3) Wi+ (n+3) Wi,

-2 (TL + 4) /Wn+2wn+3 + 2(” + 5)Wn+1Wn+2 - 2(” + 4)Wn+1Wn+3

+ 6W Wo — 8WoW,y + 6WoWo — SW2 — TW2 — SW2, (5.4)

(6): > WilWipr = (n+ W2+ (n+5) W2, + (n+3) W2,

+ (2n+ ) Wn+1Wn+2 - (2n+3) Wn-{-an-H’) - (2n+ ) Wn+2ﬁ7n+3

— 3WE —AWE — 2W2 — LW W, + W Wa + LW, W,

(c):> WilWis = (n+3) W2y + (n+4) Wiy + (n+2) W2,
k=0

+ (27’l + %) Wn+1Wn+2 - (Qn + %) Wn-{-an-i-?) - (2TL + Lzl) Wn+2Wn+3
— QWG — 3WE — W3 — LW W, + IWoWs + SW1Wa.

As a result of Theorem 5.5, we can give the following corollary.

COROLLARY 5.6.
(a): Zéz =(n+1) G2+3 +(n+2) CNJZH +(n+1) Gn+1 2 (n +4) Gny2Gants

+2(n+5)Gps1Gngz — 2(n + 4) G Gogs — (2+ 2j — 22 — 3je)

N CiGrar=(n+4) G2y + (0 4+5) G2+ (0 +3) G2 g+ (20 + ) Gt Gy

~ ~ ~ ~ 1 11
—(2n+ ) Gri1Gugs — (2n+ ) Grp2Grys — <1 + 5.7' —e— 2j5> )

> GiGriz=n+3)Gi +(n+4) G2+ (n+2) G g+ (2n+ %) Gui1 G

~ ~ ~ ~ 3. 17 .
— (2n + %) G7L+1Gn+3 - (2n + %) Gn+2Gn+3 + <1 + 5] + 5e + 2]6) s

M:

(b): DH2 3+ (n+ ) H2 ,+ (n+ ) H2,, —2(n+4) HypoHops

b
|

+2(n+5)Hpy1 Hyyo — 2(n+ 4)Hy 1 Hy 3 — (17 4 205 + 58¢ + 57je) ,
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> HyHipn=(n+4) H2yy 4+ (n+5) HY o+ (n+3) He g + (20 + %2) Ho 1 Hyo
k=0

~ ~ ~ ~ 43 145 |
— (2'ﬂ + %) Hn+1Hn+3 — (2n + 12*5) Hn+2Hn+3 — <25 + ?] + T8¢ + 2]5) s

ZﬁkﬁkJ& =(n+3) ﬁ721+1 +(n+4) I;'?H_Q +(n+2) ﬁ2+3 + (2n+22) Hyp1Hyyo
k=0

~ ~ ~ ~ 57 . 193 |
— (271 + %) Hn+1Hn+3 — (277/ + %) Hn+2Hn+3 — <29 + ?] + 103 + 2]5) s

(0)5222 =+ DL+ (n+ Db+ (n+ 3 B — 2+ D lngolonys
k=0

+2(n + 5)lna1lnsz — 200+ Dlngalnys — (1 +j — 26 — 6je)

S lklisr =+ DR+ (n4+5) 2+ (n+3) g+ (204 2) lugalnyo
k=0

— (2n+42) lngilngs — (2n+ 22) lnsalnys — (1 —j — 6je).

ZT’J’H? =4 R+ (DB + (n+2) D+ 20+ ) lagalnge
k=0

— (20 4+ W) Lsilogs — (20 4+ 1) Lugalnrs + (21 + 155 + 126 + 104j¢) ,
6. Matrix Formulation of Wn
Consider the triangular sequence {W,,} defined by the third-order recurrence relation following
W, =2W,_1 — W, _3

with the initial conditions
Wo=0, Wy =1, Wy =3.

We define the square matrix A of order 3 as

2 0 -1
A=11 0 0
01 0

such that det A = —1. Then we give the following lemma.

LEMMA 6.1. For n > 0 the following identity is true

n

Wi 2 0 -1 Wo
Weer =] 1 0 0 w |- (6.1)
W, 01 0 Wy
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Proof. The identity (6.1) can be proved by mathematical induction on n. If n = 0 we obtain

0

W 2 0 —1 W,y
W, =110 o W
W, 01 0 Wo

which is true. We assume that the identity given holds for n = k. Thus, the following identity is true.:

k

Wieso 2 0 —1 W
Wit |=]1 1 0 0 Wi
W, 01 0 Wo
Forn =k + 1, we get
k+1 _ k —
2 0 -1 Ws 2 0 -1 2 0 -1 W,
10 0 W, = 10 0 10 0 W,
01 0 Wo 01 0 01 0 Wo
2 0 -1 Wiio
= 10 0 Wit
01 0 Wi
Wiro — Wy Wi
= W;Hg = Wk+2
Wit Wit

Consequently, by mathematical induction on n, the proof is completed. [

Note that
Gny1 —Gno1 -Gy
A" = Gn  —Gn2 -G
Gno1 —Gros —Gr_o
For the proof see [26].
We define
Wy Wi, W
Ngp=|w w w. |,
Wo W_i W,
Wiz Warr W
EW = WnJrl Wn qu
Wo  Wio1 Wis
Now, we have the following theorem with N and Ey;

21
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THEOREM 6.2. Using Ny

Proof. Note that we get

A" N

where

and F—

a1

a12

a13

a21

22

a23

a3

a32

ass

Using the Theorem 3.6 we see that

Hence, the proof is done. [

W’

ai1
@21

asi

ai2
a22

a32
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we get
A”NW:EW.
7Gn—l *Gn WQ Wl
—Gp_2 —Gp_1 W, W
—Gp_z3 —Gpoo Wo W_,
a2 a3
azz  G23
az2 as3

WaGhi1 = WGy — WoGh,
WiGri1 — WoGo1 — W_1Gy,
WoGpi1 — W_1Gpo1 — W_sGn,
WaGr — WiGy g — WoGh1,
WiGp = WoGpg — W_1Gp_1,
WoGyp — W_1Gpg — W_3Gp_1,
WGt — WiGnoz — WoGr2,
WiGp1 — WoGp3 — W_1Gyp_a,

WOGTL—I - W—1G7l—3 - W—QGn—%

a3 Whgo Wppr W,
a923 = Wn+1 Wn anl
ass Wn  Wpa Wihoo
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By taking, W, = G, with Go, Gy, G5 in (6.2) and (6.3), W,, = H,, with Hy, Hy, H in (6.2) and (6.3),

W, = I, with Iy, [, I in (6.2) and (6.3) respectively, we get:

2445 + Te + 12je

1425 +4e+Tje 7+ 2¢+4j¢e

Ng = 1425 +4e+Tje Jj+ 2 +4je €+ 2je )
7+ 2e + 4j¢ €+ 2j¢e -1+ e
5 +8+12je +4 45+ 5e+8je+2 2j+4e+5je+3
Ng=| 4j+5e+8je+2 2j+4e+5je+3  3j+2e+4je )
25 +4e+5je+3 37 + 2¢ + 4j¢ 44+ 3¢ + 2j¢
5] +9¢ +15je +3 3j+5e+9je+1 j+3+5je+1
Nr=1| 3j+5e+9je+1 j+3c+5je+1 —-1+j+¢c+3je )
jH+3+5je+1 —14+j5+e+3je 1—j+e+je

From Theorem 6.2, we can write the following corollary.

COROLLARY 6.3. The following identities are holds:

(a): A"Né = Eé.
(b): A"NH- = Eﬁ.
(b): A"N; = Ey.

7. Conclusion

Gn+2

Gnt1 Gn
Gn  Gni
Gno1 Grs
Hy,po H,
H, H,,
H,_1 H,_,
g1 n

There have been several studies on numerical sequences in the literature, and they have been widely

employed in various scientific disciplines, including physics, engineering, architecture, nature, and art. In

this study, we describe the dual hyperbolic generalized Leonardo sequence and concentrate on three distinct

cases: dual hyperbolic modified Leonardo numbers, dual hyperbolic Leonardo-Lucas numbers, and dual

hyperbolic Leonardo numbers.

e In section 1, we present some background about the generalized Leonardo numbers and give some

information about sequences from literature.

e In section 2, we define dual hyperbolic generalized Leonardo numbers and give some properties

such as Binet’s formula and generating function.

e In section 3,we present some identities, using reccurance relation and generating function, on dual

hyperbolic modified Leonardo, dual hyperbolic Leonardo-Lucas, and dual hyperbolic Leonardo

numbers.

e In section 4, we give Simpson’s formula of dual hyperbolic generalized Leonardo numbers.

e In section 5, we identify some sum formulas of dual hyperbolic generalized Leonardo numbers.

e In section 6, We give the square matrix A™ using triangular sequence {G,} and present some

identies about dual hyperbolic generalized Leonardo numbers.
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