Gaussian Numbers with Generalized Pandita Numbers Components

Abstract: In this study, we introduce and investigate a new class of numerical sequences in the com-
plex domain—Gaussian generalized Pandita numbers—which extend the classical theory of linear recurrence
relations. In particular, we focus on two distinct cases: the Gaussian Pandita numbers and the Gaussian
Pandita-Lucas numbers. For these sequences, we derive and present a comprehensive set of mathemati-
cal results, including recurrence relations, closed-form expressions via Binet-type formulas, ordinary and
exponential generating functions. In addition, we establish various algebraic identities, provide matrix rep-
resentations, and prove generalized forms of Simpson’s formula. Summation identities are also developed to
further explore the structural and analytical properties of these numbers. The findings contribute to the
broader theory of Gaussian integer sequences and open new directions for applications in discrete mathe-
matics and computational number theory.
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1. Introduction

In this section, we give some preliminary result on Pandita numbers.
The generalized Pandita sequence {W,, },,>0 = {W,,(Wy, W1, Wa, W3) },>0 is defined by the fourth-order

recurrence relations as
Wo=2W,_ 1 —W, o4+W,_3—W,_4. (11)

with the initial values Wy, Wy, Wy, W3 are not all being zero.

The sequence {W,, },,>0 can be extended to negative subscripts by defining

Won = =W (uor) + 2W_(uo2) + W) = Weua):
1
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for n = 1,2,3,.... Therefore, recurrence (1.1) holds for all integer n. Soykan has conducted a study on this
particular sequence, for more details, see [47]

Characteristic equation of {W,,} is
gt =23t —x+1=(2® -2 - 1)(z—-1)=0.

whose roots are
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where
w= %\/3 = exp(27i/3).
Note that
atf+y+d = 2
af+ay+ad+py+pi+v = 1,
afy+aBd+ayd+pys = 1,
afyé = 1.
Note also that
atf+y = 1,
af+ay+py = 0,
afy = 1.

For n = 1,2,3.... Hence, recurrence (1.1) is true for all integer n.
For the fourth-order recurrence relations has been studied by many authors, for more detail see [54, 55,
49, 50, 53, 52, 59, 48, 47, 56].

We now present Binet’s formula for the generalized Pandita numbers.
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THEOREM 1.1. [47]Binet formula of generalized Pandita numbers can be presented as follows:

(aWs3 — a2 — a)Ws + (—a? + a+ 1)W; — Wy)a™

Wn = 3a—2
L (BWs = B(2 = B)Ws + (=B + B+ HWy — Wp)B"
33—2
L OWs =72 =)Wa + (92 +9 + W1 = Wo)y"
3y —2
—Ws5 + Wa + W

Now we define two special cases of the sequence {W,,} as follows: The Pandita sequence {P,},>0 and

the Pandita-Lucas sequence {5, },>0 are respectively defined by the fourth-order recurrence relations as:

P, 2Pp 1 =Py o+ P 3—Pry, PR=0P=1~R=2"P=3, (1.2)

Spn = 28,1 —Spn—2+ Sn—3 — Sn—4, So=4,51=2,5=2,5 =5. (1.3)

The sequences { P, }n>0, {Sn}n>0, can be extended to negative subscripts by defining,

P_y,

P_n1) = P_(n—2) + 2P_(n—3) = P_(n—1),
S_n = S_(n-1) = S—(n-2) T25_(n—3) = S_(n-9)-

for n = 1,2,3, ... respectively. As a result, recurrences (1.2)-(1.3) hold for all integer n. Binet’s formulas of

P, and S,, are given as follows.

COROLLARY 1.2. For all integers n, Binet’s formula of Pandita and Pandita-Lucas numbers are

n+3 n+3 n+3
Po = 3aoé—2+3€3—2+377—2 -1
and
Sp=a"+ 8" +9" + 1.
respectively.

o0
Next, we give the ordinary generating function Y W,a" of the sequence W,.
n=0

o0
LEMMA 1.3. Suppose that fw, (z) = > W,a™ is the ordinary generating function of the generalized
n=0
o0
Pandita sequence {Wy}. Then, >, Wyx™ is given by
n=0

iW o Wo + (Wi — 2Wo)x 4+ (Wo — 2W1 + Wo)a? + (W3 — 2Wy + Wy — Wy)a®
~ e 1—2z+ a2 — 23+ 24 ’

Proof. Take r =2,s = —1,t =1,u = —1 in Lemma 47. O
Next, we give some information about Gaussian sequences from literature.

We provide some Gaussian numbers that satisfy second-order and third-order recurrence relations.
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e Horadam [20] introduced Gaussian Fibonacci numbers and defined by
GF, =F, +iF, 1

where F,, = F,,_1 + F,,_2, Fy =0, F1; = 1 (in fact, he defined these numbers as GF,, = F,, +iF), 1
and he called them as complex Fibonacci numbers.).

o Pethe and Horadam [31] introduced Gaussian generalized Fibonacci numbers by

GF, = F, +iF,_1
where Fn == anl + Fn72; FO = 0, F1 =1.

e Halict and Oz [19] studied Gaussian Pell and Pell Lucas numbers by written, respectively,

Gpn - Pn+ZPn—l
GQn - Qn +iQn—1
where PnZQPnfl"'_Pana P0207 P =1 and Qn :2Qn71+Qn72a QO:27 Ql =2.

e Agc and Giirel [1] presented Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers given

by, respectively,
GJ, = Jp+idn_
Gjn = Jn+ijn-
where J,, = J,_1+2J,_2, Jo =0, Jy =1and j, = jn_1 + 2Jn_2, jo =2, j1 = 1.
e Tagq [64] introduced and studied Gaussian Mersenne numbers defined by
GM, =M, +iM,_1

where Mn = 3Mn_1 - 2Mn_2, MO = 0, M1 = 1.
e Tagq1 [66] introduced and studied Gaussian balancing and Gaussian Lucas Balancing numbers given

by, respectively,

GB,

Bn + ianl

GC,

Cn + Z.Cnfl

where B,, = 6B,,_1 — BJ,,_2, By =0, By =1and C,, =6Cj,_1 — C,_2, Co =1, C; = 3.

e Ertag and Yilmaz [17] studied Gaussian Oresme numbers and defined them as
GS, =85, +1Sh—1

where oresme numbers are given by S,, = S,_1 — %Sn—Za So=0, 51 = %

Now, we present some Gaussian numbers with third order recurrence relations.
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e Soykan at al [57] presented Gaussian generalized Tribonacci numbers given by
GW,, =W, +iW,_1

where W,, = W,,_1 + W,,_s + W,,_3, with the initial condition Wy, Wy, Ws.

e Tagc [65] studied Gaussian Padovan and Gaussian Pell- Padovan numbers by written, respectively,

GP,

Pn+iPn71

GRn Rn + ZRnf 1

where Pn = n72+Pn737 PO = ]., P1 = 1, P2 = 1, and Rn = 2Rn,2 +Rn,3, RO = ]., R1 = ].,
Ry =1.
e Cerda-Morales [7] defined Gaussian third-order Jacobsthal numbers as

GJp=dJdp+iJn_1

where J, = J,_1+ Jn_o+2J,_3,J1 =0, o =1, Jo =1.
e Yilmaz and Soykan [73] presented Gaussian Guglielmo and Guglielmo-Lucas numbers by written

respectively,

GT, = T,+1T,_1
GH, = H,+iH, 4
where T,, = 3T,,_1 — 3T,,_o +T,,_3,17p = 0,7y = 1,15 = 3, and H,, = 3H,_1 —3H,,_s + H,_3,Hy =
3, H, — 3, Hy — 3.

e Dikmen [13] presented Gaussian Leonardo and Leonardo-Lucas numbers by written respectively,

Gl, = l,+il,1
GHn = Hn +7:an1
where Zn = 2ln_1 - ln_g,lo = 1,11 = 1,[2 = 3, and Hn = QHn_l - Hn_g,Ho = 3,H1 = 2,H2 =4.

e Ayrilma and Soykan [2] presented Gaussian Edouard and Edouard-Lucas numbers by written re-

spectively,

GEn En + ZEn— 1

GK,

Kn + iKn—l

where E’n = 7En—1 - 7En—2 + En_g, EO = O7 El = 1, E2 = 77 and Kn = 7Kn—1 - 7Kn—2 + Kn_g, K(] =
3,K1 =17,Ky = 35.
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e Soykan at al [58] presented Gaussian Bigollo and Bigollo-Lucas numbers by written respectively,

GBn Bn + iBn—l

GCn Cn + ZCnf 1

where Bn = 4Bn_1 — 5Bn_2 + QBn_g,BO = 0, Bl = 1, BQ = 4, and Cn = 4Cn_1 - 5Cn_2 + QCn_g, CO =
3,C1 =4,Cy =6.

e Eren and Soykan [16] describe Gaussian Woodall and Woodall-Lucas numbers by written respec-

tively,
GRn = Rn + Z.Rnfl
Gcn = OIL + Z'C(n—l
where R, = 5R,_ 1 — 8R,_ 2+ 4R, 3, Rp = —1,R; = 1,Ry, = 7,, and C, = 5C,_1 — 8C,,_o + 4C,,_3,

Co=1,C1=3,C9=09.

o0
Next, we give the exponential generating function of ) W, %+ of the sequence W,.
n=0

o0
LEMMA 1.4. Suppose that faw, (x) = > W, %y is the exponential generating function of the generalized

n=0
Pandita sequence {Wp, }.
Then Y Wn% is given by
n=0
i W .’177'” . (OéWg — a(2 — Ot)WQ + (—a2 + o+ 1>W1 — Wo) ax
"nl 3a—2 N
n=0
(BW3 — B(2 — BYWa + (=% + B+ L)Wy — W) B
+ e
368 —2
L OWs =72 =)We + (92 +9 + YW1 = W) e
3y—2

+(—W3 + Wa 4+ Wy)e®.

Proof: Using the Binet’s formula of generating Pandita numbers we get

0 n e o 9 _ 2 1 o n
ZWn% _ Z((QW;; a2 — o)Wy + ( _oz +a+ )W, — Wha
n! 3a—2
n=0 n=0
(BWs = B2 = B)Wa + (=5 + B+ 1)W1 — Wy)5"
Jr
365 —2
W3 —~(2 —~v)W- —~2 W — Wo)y™ "
LOWs =12 =7) 2+3(v_72+7+ YW1 — Wo)y _W3+W2+WO)%
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(aW3 —a(2 — a)Wa + (—a? + a+ )W — W) i nt"
3a— 2

n=0
(BW3 = B(2 = B)Ws + (=% + B+ 1)W1 — W) iﬁnﬁ

+
_ |
38 —2 —  nl
L (OWs =52 =))W + (=9° 4+ + 1)W1 = Wo) f: nz"
3y—2 n207 n!
oo xn
+(=Ws + Wa + Wo) Z:O —

(aW3 — (2 — )Wy + (—a? + a+ 1)W; — W)

- 3a—2 €
(BWs3 — B(2— B)Wa + (=B% + B+ 1)W1 — Wy) 4,
+ &P
33—2
Wy — (2 — 7)Wo + (—~2 W, — W,
W =12 =) 2;(_; T E DW= W0) v |y, 4wy 4 Wo)er. O

The previous Lemma 1.4 gives the following results as particular examples.

COROLLARY 1.5. FExponential generating function of Pandita and Pandita-Lucas numbers

o) " 00 an+3 Bn+3 ,yn+3 " a3eaw 536536 ’736"@

: P, % = -1)— = —
a) nz::o B ,;0(3@—2+35—2+37—2 )n! 3a—2+35—2+3’y—2 ¢
b): Y SpZr= 3 (a" + B" 4"+ 1)L = e 4 P74 T e

n=0 n=0

2. Gaussian Generalized Pandita Numbers

This section introduces the Gaussian generalized Pandita numbers and explores key properties, including
Binet’s formula and their generating function.

Gaussian generalized Pandita numbers {GW,, },,>0 = {GW,,(GWy, GW1, GW5, GW3) } >0 are defined by

GW,, =2GWy,_1 — GWy_9 + GW,,_3 — GW,,_4. (2.1)
with the initial conditions
GWy = Wo+i(Wy — Wi+ 2W, — W),
GW, = Wi +iW,,
GWy = Wy +iWy,
GW3 = Ws+iWs.

not all being zero. The sequences {GW,,},>0 can be extended to negative subscripts by defining
GW_, = GW,(n,l) — GW,(n,Q) + ZGW,(n,g,) — GW,(n,4). (2.2)
for n =1,2,3,.... Thus, recurrence (2.1) hold for all integer n. Note that for all integers n, we get

GW, = Wy, + iWn_1, (2.3)
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and
GW_,=W_, +iW_, 1. (2.4)

The first few generalized Gaussian Pandita numbers with positive subscript and negative subscript are
presented in the following table.

Table 1. The first few generalized Gaussian Pandita numbers with positive subscript

n GW,

0 Wo + i(Wy — W1 4 2Wo — W3)
1 Wi +1iWy

2 Wy + Wy

3 Ws +iWs

4 Wi — Wy — Wa 4+ 2W3 + W3

5 Wi —2Wy— Wy + 3Ws + (W1 — Wy — Wa + 2W3)
and with a negative subscript shown in Table 2
n GW_,
Wo +i(Wo — Wi + 2Wz — W)
L Wo— Wy +2Wo — Wa +i(Wy + Wy — Ws)
2 Wy + Wy — Ws +i(Wo + Wh — Wa)
3 Wy + Wy — Wy +i(2Wy — 2W7 + 2Wy — W)
4 2Wy — 2W5 + 2Wo — W3 + 4(3Wo — 2W5)
5 3Wy — 2W5 + i(3W7 — 2Ws)
We can define two special cases of GW,, : GW,(0,1,2 + 4,3 4+ 2i) = GP, is the sequence of Gaussian

o

Pandita numbers , GW,, (4+1, 2444, 2424, 5+2i) = GS,, is the sequence of Gaussian Pandita-Lucas numbers.

So Gaussian Pandita numbers are defined by
GP,=2P, 1 —P, 2+ P,_3— P,_4. (2.5)
with the initial conditions
GPy=0,GP, =1,GPy =2 +i,GP3 = 3+ 2.
Gaussian Pandita-Lucas numbers are defined by
GS, =25,-1—Sn—2+ Sn_3— Sn—4. (2.6)
with the initial conditions
GSy=4+4+1,GS1 =24+41,GSy =2+ 2i,GS3 =5+ 2i.

That for all integer we have

GPTL = Pn+iP7L—17

GS, =Sy, +15,-1.
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The initial values of the Gaussian Pandita and Gaussian Pandita—Lucas numbers, for both positive and
negative subscripts, are presented in Table 3.
Table 3. Gaussian Pandita numbers, Gaussian Pandita-Lucas numbers, with positive and negative

subscripts, special cases of generalized Pandita numbers.

n 0 1 2 3 4 ) 6
GP, 0 1 2+ 3+2t 543t 8+5t 12488
GP_, 0 0 —1 -1-7 -1 —1 —1-2

GS, 4+i 2+4 2+2 5421 645 7461 11+7¢
GS_, 4+¢ 1—1¢ —1+4+4 4431 3—-4 —4+20 248

Next, we present the Binet’s formula for the Gaussian generalized Pandita numbers.

THEOREM 2.1. The Binet’s formula for the Gaussian generalized Pandita numbers is

(aWs3 — a2 — a)Ws + (—a? + a+ 1)W; — Wy)a™

GWn 3a— 2
(BW5 = B(2 = B)Wa + (=" + B+ 1)W1 — Wy)B"
+
36 —2
_ _ _ A2 _ n
LO0Ws =92 = 1)Ws g(7 j2+ Y+ DW= Wo)y" Wy 4+ Wa 4+ Wo
(aW3 — a2 — )Wy + (—a® + a+ )Wy — Wy)a" !
+i(
3a—2
(BWs — B2 = B)Wa + (=2 + B+ 1)W1 — Wp)B" !
+
35— 2
_ _ _ A2 _ n—1
L OWs =12 =)W +;Pyv_2+v+ DW= Woy" ' Wi+ Wa + Wo).

Proof. The proof follows from (1.1) and (2.3). O

The following results are immediate consequences of the preceding Theorem.

COROLLARY 2.2. For all integers n, we have following identities:

an+3 IBn+3 ,yn+3 an+2 ﬂn+2 ’)/

P GFR = —1l+i —1).
(a) 303 7352 "33 +z(3a72+3572+3772 )
(b): GS, =a" +6n +"+1 +i(an—1 _i_ﬁnfl +7n_1 + 1).

n+2

The next Theorem presents the generating function of Gaussian generalized Pandita numbers.

[ee]
THEOREM 2.3. Let fow,(z) = >, GW,a" donate the generating function of Gaussian generalized
n=0

Pandita numbers is given as follows:

few, (Z) = Z GWypa™ = WGWO + (GWl - QGWQ)Z‘ + (GWQ —2GW1 + GWO)x2 + (GWg —
n=0
2GWy + GWy — GWQ)l‘B.
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Proof. Using the definition of Gaussian Pandita numbers, and substracting = f(x), 2% f(x) and 23 f(z)

from f(x) we obtain (1 — 2z + 2% — 2% + z%) faw, (z)

(1 -2z + 2% — 2° + 2 faw, (v)

o0 o0 o0 (o] o0
= Z GW,z" — 2z Z GW,z" + z° Z GW,z" — 3 Z GW,z" + z* Z GW,z",

nO:oO ;:0 O::O OQn:O OOn:O

= Y GWpa" —2> GW,a™ T 4+ Y GW,a™? =Y GWoa P 4y T GWatt,
nO:oO n;O n:fo n:O(><J n=0 N

= Z GW,z" —2 Z GW(nfl)JZn + Z GW(n,g)l‘n — Z GW(n,g,)x" + Z GW(W,ZL)Z‘R,
n=0 n=1 n=2 n=3 n=4

= (GWO + GWl.’IJ + GWQJJ2 + GW3$3) — 2(GWO.’L' + GW1$2 + GW2$3) + (GWOZIZ2 + GW1x3) — GW().’,E?’

+ > (GW, = 2GW, .y = GWy g — GWy_s + GW,_y)a",

n=4

= GWy+ (GW; — 2GWy)z + (GWa — 2GW; + GWy)a? + (GW3 — 2GWo + GW; — GWy) ™.

And rearranging above equation, we get (2.3). O

The following results are immediate consequences of the preceding Theorem.
COROLLARY 2.4. For all integers n, we have following identities:

= ix? +x
. = P n — .
@): far.(2) = 2 Gl = o a1

. _ - L (1—d9)a®—(2-5i)a% + (6 —2)z—4—3i
(b): stn(Z)—nXZ:OGSnx B xt— a3+ 22 -2z 41 ’

Theorem (2.3) gives the following results as special cases,

(1 -2z +2%— 2%+ 2% fop, () = GPy + (GP1, — 2GPy)z + (GPy — 2GPy + GPy)x? + (GP3 — 2GPy +
GP, — GPRy)z® = ix® + =,

(1 -2z + 22 — 2% +2) fas, (v) = GSy + (GS1 — 2GSp)z + (GSy — 2GS + GSp)z? + (GS3 — 2G S5 +
GS1—GSp)rd=—(1—i) x>+ (2—-5i)a? — (6 —2i)x + 4+

[ee]
Next, we give the exponential Gaussian generating function of > GW,a™ of the sequence GW,,.
n=0

oo
LEMMA 2.5. Suppose that fow, (x) = Y. GW, %y is the exponential Gaussian generating function of
n=0

the generalized Pandita sequence {GW,}.

Then > Gann—T is given by

n=0
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iGan;: _ (aW3—a(2—a)W2+(—a2+a—|—1)W1—Wo)eam
= n! 3a—2
(BWs = B2 = B)Wa + (=B + B+ 1)W1 = W) 4,
+ e
38-2
Ws — (2 — v)W, -2 Wy — W, ;
L OWs =72 =) 2;<; Y DW= Wo) ooy (w4 + Wy et
L1 (aWs—a2—a)We+ (—a? + a+ L)Wy — Wo) ..
+i(— e
o 3a—2
1(BW3 — B2 - B)Wa + (=5 + 5+ YW1 — Wo) pa
15} 36—2
1 (YWs — (2 —v)W: -2 W, — W,
+7(7 3 =7(2=9) 2;(_g T IWL = Wo) ve |y, 1w, 4 Wo)er).

Proof. The proof follows from the Binet’s formula of GW,, and GW,, = GW,, +iGW,,_; (Lemmal.4). O

The previous Lemma 2.5 gives the following results as particular examples.

COROLLARY 2.6. FExponential Gaussian generating function of Pandita and Pandita-Lucas numbers

o0
n n+3 n+3 n+3 n+2 n+2 n+2 n 3 ax 3 _Bx
" B Y _ . B ot _ 2" _ a’e B’e
n! ZO(Ba 2 38—2 3v—2 1 (3a 2 38—2 3v—2 1)) n! 3a—2 38—2

n

3;’ ePe 2w =

;'7*2 B = gﬁ—z + 5= —€)

b): 3 GSuZp = 3 (0" + B 4"+ 1 i(an 4 BT 1)
n=0 n= O

(e + 577 + 21T 4 ef).

(o3

= e +ePT 4+ &7 4 e +

3. Obtaining Binet Formula From Generating Function

We next find Binet’s formula generalized Gaussian Pandita number {GW,} by the use of generating

function for GW,,.

THEOREM 3.1. Binet’s formula of generalized Gaussian Pandita numbers)

W, = Qo n q20" q37" n qa0" .
@-Aa-Na-0  B-aB-NB-9)  G-ah-Hr—-0  B-a0-Hi —(g.)l)
where
= Woa 4+ (W —2Wo) &® + (W — 2W1 + Wa) a — Wy + Wy — 2Wo + W,
@ = WoB*+ (Wi —2Wp) B + (Wo — 2W1 + Wa) B — Wy + Wy — 2Wa + W,
g3 = Woy® + (Wi — 2Wo) 2 + (Wo — 2Wy + Wa) vy — Wy + Wy — 2Wa + W,

@ = Wob + (Wy —2W0) 6% + (Wo — 2W1 + Wa) 6 — Wo + Wy — 2Wy + Wi,
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Proof. Let

h(z) =2t — 2% + 2% — 2z + 1.
Then for some «, 3,7 and § we write

h(z) = (1 - az)(1 - Bz)(1 —yx)(1 — 0x).

ie.,

et 2t a2 -2 +1=(1-ax)1 - Bz)1 —~z)(1 - éx). (3.2)
Hence é, %, % and % are the roots of h(z). This gives «, 3, and § as the roots of
1 1 2 1 1
M=)=—=--—-—4—+1=0.
(x) x2  x ad + x4 +

This implies * — 23 + 22 — 22 + 1 = 0. Now, by it follows that

i W, 2" — (GW1 — GWy — 2GWo + GWg) 3+ (GWO —2GW7 + GWQ) x4+ (GW1 - QGWQ) x+ GWy
e = 0 —an)(1— Ar)(1 )1 — o) '

n=0

Then we write

(Wl — Wy —2Ws5 + W3) 3+ (WO —2W1 + WQ) 2+ (Wl — QWO) z+ Wy . B4 " Bs (3 3)
0 —an( 0 721 5) = Tan T
B B
+ 3 4

(—v2)  (—6a)
So

(W1 — Wy — 2Wa + W) 2® + (Wo — 2W1 + Wa) 2 + (Wh — 2Wo) z + Wy

= Bi(l-pz)(1—~vz)(1—0x)+ Ba(l — az)(l —yz)(1 — z)

+Bs(1 — ax)(1 — Bz)(1 — dx) + B3(1 — az)(1 — Bx)(1 — yz).
If we consider z = é7 we getWy + % (Wo — 2W1 + W) — % (Wo — Wy 4+ 2Wo — W3) + é (W1 —2W) =
~Bi(f-1) (G- (GI-1).

This gives

1 1 1
By = a}(GWo+ =5 (GWy — 2GWi + GWa) + — (GWy = 5GWy — AGW; + GWW) + — (G — 2GTWy))
GW0a3 + (GWl — 2GWO) o? + (GWQ —2GW7 + GWQ) a— GWy + GW7 —2GWs + GW5
(a—=B)(a—7)(a—9) .

Similarly, we obtain

GWopB? + (GW, — 2GWy) B2 + (GWy — 2GW, + GWs) B — GWoy + GW, — 2GW, + GWs

b = CEDCEDICED

B, — GWoy? 4+ (GWy — 2GWo) ¥% 4 (GWo — 2GW + GWo) vy — GWy + GW, — 2GWa + GW3
(v =)y = B) (v —9) ’

B, — GWyd® + (GWy — 2GWy) 62 + (GWy — 2GW, + GWy) 6 — GWy + GWy — 2GW, + GWs

(0 —a)(6 =)0 —7)
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Thus (3.3) can be written as

> GWoa" = Bi(1 - az)™ + By(1 - )" + Bs(1 —ya) "' + By(1 - 62) "

n=0
This gives
Z GW,x™ = By Z a"x"+ By Z B"z"+ Bs Z ~"x" + By Z xt = Z(Bloz"Jngﬁ"+B37”+B45”)x”.
n=0 n=0 n=0 n=0 n=0 n=0

Therefore, comparing coefficients on both sides of the above equality, we obtain
GWn = Bloz" + Bzﬁn + Bg’}/n + B4§n

and then we get (3.1). O

4. Some Identities About Recurrence Relations of Gaussian Generalized Pandita Numbers

In this section, we present some identities on Gaussian Pandita, Gaussian Pandita-Lucas,

THEOREM 4.1. The following equations hold for all integer n

54 41 6 50
GPy = 37GSuia— 57GSuia + 57GSmi1 — 57 G5, (4.1)

GS, = —GPui3+3GP, s+ GP,. 1 —A4GP,.

Proof. To proof identity (4.1), we can write
GP, =aGSn43 +bGSp42 + cGSpi1 + dGS,,.
Solving the system of equations

GPy = aGSs+bGSs +cGS1 +dGSy,
GP, = aGS4+bGSs+ cGSy +dGSh,
GP, = aGS5+bGSy+ cGS3+dGSs,
GP; = aGSe+bGSs + cGSy + dGSs.

54 p_ 41 . _ 6 g_ 50

we get a = 37, =3

The other identities can be found similarly.

GSn = aGPn+3 + bGPn+2 + CGPn+1 + dGPn

GSO = aGP3 + bGP2 + CGP1 + dGP(),
GS1 = aGPy+ bGP+ cGPy, +dGP;,
GSy = aGPs + bGP+ cGP;+ dGPs,

GSg CLGPG + bGP5 + CGP4 + dGP3
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we get a =—1,b=3,c=1,d = —4.

o0
LEMMA 4.2. 18, Let’s assume that f(x) = > anx™ is the generating function of the sequence {an}n>o0-
=0

e
Then the generating functions of the sequences {azn tn>0 and {aant1}tn>0 are stated as

faza (T) = Zagnx” = f(Vz) "‘210(_\/5)7
n=0

and

Fazs (@) = Y agnira™ = f(\/i); Vgﬁ)'

n=0

respectively.

The generating functions of the even and odd-indexed Gaussian generalized Pandita sequences are pro-

vided by the following theorem.

THEOREM 4.3. The generating functions of the sequance GWa,, and GWay, 11 are provided by
B GW, (ac3 + 322 — m) + GW, (2x2 + 22 — 1) - GW, (m2 — 333) — GW3 (x?’ + 29&2)

fGWzn ($) x4 3 + 22 +2x—1 ’ (42)
; (z) = GWy (2% + 222) — GW3 (2 + 2% + z) — GW; (2 — 2z + 1) + GW, (223 + 2?) (4.3)
GWansa \T) = —at—ad a2+ 221 ' '

Proof. We only proof (4.2). From Theorem (2.3) we can obtain following identities.
1

T) = GW1 + GWy — GW3)Va3 + (2GWy + GWy — GW3) @
faw, (V) @—x2+m+2f—1(( 1 2 3) (2GWo 2 3)
+ (—=GWy + 2GWy) /z — GW),
fow, (—VT) = — _m_ﬁimﬁ_l (GWy — GW; + 2GWy — GW3)V 3
+ (—GW3 — 3GWy 4+ 2GW7 + QGWO) T + (2GW1 — GW3) \/> — GWl)
Thus, the result follows from Lemma (4.2). and the other identity can be derived analogously. O

From Theorem (4.3), we get the following Corollary.

COROLLARY 4.4.

i+ (1+i)z2+ (2+40)x
fap, (I) = )
" 4 ad—22-2r+1
1+ +(1+2)z+1
zt+ 2% — 2?2 -2z 41
1—4i)a® 222 — 6z +4+1i
fGS2n('r) = ( 4) 3 P) )
zt+ a2’ -4 -2 +1
(~1+d)a®+ (=5 —20)a? + (1 —6i)x +2+4i
T4 —22 —2x+1 '

)

fGP2n+1 (.’E)

fGSQn+1 (:E) =

From Corollary 4.4 we can obtain the following Corollary which presents the identities on Gaussian

Pantida sequences.

COROLLARY 4.5. a): (2 + i)GSgn_g + (1 + ’L) GSop—4 +1iGSo—6 = (4 + Z)GPQn + (—6) GPyp_o+
(-2)GP2n_4 + (1 - 42) GPsy_g-
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b): GSa, + (1 + 2i)GSon—2 + (14+4) GSap—g = (4 + 1)GPapt1 + (=6) GPay—1 + (—2)GPyy—3 +
(1 — 4§) GPap_s.

C): (2+4i)GSQ7,+(1 — 62) GSQn_2+(*5 — 21) GSQn_4+(71 + Z) GSoyp_g = (4+i)G52n+1+(*6) GSon1

+(=2)GSan_3 4 (1 — 4i) GSp_s.
d): GSapi1+(1 4 2i) GS2p—1+(1 +4) GSap—3 = (2449)G Papy1+(1 — 6i) GPayp—1+(—5 — 2i) GPa,—3+
(=1 +414) GPap_s.
e): (2+1)GSan_1+(1 +14) GS2p—3+iGSa,_5 = (24+41)GPap+(1 — 6i) G Pyy—o+(—5 — 2i) GPyy_s+
(=1 +14) GPyy_s.
£): GPyy 4+ (1+20)GPop_o+ (1 +49)GPoy_y = (24 1) GPap_1 + (1 + 1) GPap_g + iGPyy_s5.

Proof. From corollary (4.4) we obtain

(i2® + (14 0) 2° + (2+1) @) fgs5,, (x) = (1 — 4i) 2® — 207 — 62 + 4+ 1) fap,, ().

LHS is equal to

LHS = (iz®+(1+i)a>+2+i)x ZGSQ,L;E

n=0

= 249z ZGSgnx +(1479) 2iGSgnx”+ix3iGSgn:c”

n=0 n=0 n=0

= (241) ) GSna"™ + (14+1) Y GGz +i Y  GSppa™

n=0 n=0 n=0

= (241) ) GSyn 23"+ (1+1) > GSon_az" +iy  GSyp_gz",

n=1 n=2 n=3

= (T+6i)z+(G+11) 2% + > ((2+1)GS2n—2 + (1+1) GSan_a + iGS2n_g)2"

n=2
Whereas the RHS is equal to
RHS = ((1-4i)2®—22> 62+ (4+1)) ) GPpa”,
n=0

(4 +1) i GPy,a" — 6 i GPypx™ — 227 i GPapx™ + (1 — 4i) 2® i G Py, "

n=0 n=0 n=0 n=0

(441 Z GPypz™ + ( Z GPpa™ ' 4 (=2) Y GPypa™™ + (1 — 4i) Z GPypa™t
n=0

n=0

4+Z ZGPan + ZGPQW QI + ZGPQn 433 + 1742 ZGPQn 6IE

n=0 n=1 n=2 n=3

= (T+6)z+(6+11)2% + Y ((4+19)GPay + (—6) GPayz + (—2)GPop_s + (1 — 4i) G Pa,_g)
n=3



16 FATIH ZAHID KALCA,YUKSEL SOYKAN

By comparing the coefficients, the proof of the first identity (a) is done. We can prove other identity similarly.
O
The following identity establishes a relationship between the Gaussian Pandita numbers and the Pandita—

Lucas numbers.

COROLLARY 4.6. For all integers m,n the following identities holds:
GWm-i—n = P7n—2GWn+3 + (Pm—4 - Pm—S - Pm—5)GWn+2 + (Pm—3 - Pm—4)GWn+1 - GWan—3-

Proof. First we assume that m,n > 0.The Theorem (4.6) can be proved by mathematical induction on

m. If m =0 we get
GW, = P_osGW, 43+ (P_4 —P 53— P_5)GWH+2 + (P_3 - P_4)GWTL+1 - GW, P_s.

which is true since P = 0,P = —1,P_4 = —1, P_5 = 0. Assume that the equality holds for m < k. For
m=k+ 1, we get

GWigi4n = 2GWiih — GWiyp—1 + GWigg—2 — GWiyp_3,
2(Po—2GWis + (Pt — Pt — Pon5)GWisa + (P — Pona)GWis1 — GWy Pro_s)
(Por_3GWiis + (Prs — Pt — Pon_g)GWoso + (Pov_s — Por_5)GWos1 — GWyPo_s)
H(Pm—aGWyy3 + (Pri6 — Pr—s5 — Pru7)GWiyo + (Pms — Pru6)GWyy1 — GW, Py _5)
(Pr5GWnss + (Pt — Pries — Pon—g)GWiis + (P — Ponr)GWii1 — GWoPrn_).

Consequently, by mathematical induction on m, this proves Theorem 4.6.
The other cases of m,n can be proved smilarly for all integers m,n. O

Taking GW,, = GP,, or GW,, = G'S,, in above Theorem, respectively, we get:

COROLLARY 4.7.

GPonin = Pn2oGPyi3+ (Pn-a—Pn3— Pns5)GPui2+ (Pn-3— Pn-4)GPyy1 — GP, Py 3,

GSpmin = Pn-2GSpis+ (Pm—a— Pn—3— Pn_5)GSni2+ (Pm—3 — Pri—4)GSni1 — GSy Pr—3.
5. SIMSON’S FORMULA

This section is devoted to the presentation of Simson’s formula associated with the generalized Gaussian

Pandita numbers. This is a special case of [51, Theorem 4.1].

THEOREM 5.1. For all integers n, we can write the following equality:

CWiss GWiss GWppr GW, GWs GW. GW, GW,
GWass GWarr GW, GW.oi | | GWo GWi  GW, GW_
GWoir GW, GWo GWao| |GWi GWy GW._, GW._,
GW,  GWnr GWno GW,_s GWo GW_, GW_o GW_s
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= (GW3 — 2GW> + GWy)(GW3 — 2GW; + GWy)(GW3 — GW3

+GWE — GWE — GWaGWs3 — 2GW1GWs3 + GW1GWa + GWoGWs + 2GWoGWo — GWoGWr).
Proof. Using Theorem 2.1 it can be proved by using induction use [51, Theorem 4.1]

From the Theorem 5.1 we get the following Corollary.

COROLLARY 5.2. For all integers n, the Simson’s formulas of Pandita and Pandita Lucas numbers are
given as respectively.
GP,+3 GP,i2 GP,.1 GP,
GP,y2 GP,y1 GP, GP,1
GP,y1 GP, GP,.1 GP,_o
GP, GP,.1 GP, o GP,_3

GS7L+3 GSn+2 GSn+1 GSn
GS, GS, GS, GS,-
b): 2 A bl =31+ 314
GSn+1  GS, GS,—1 GS,_o

GSn GSn—l GS7L—2 GSTL—3

6. SUM FORMULAS

In this section, we identify some sum formulas of generalized Gaussian Pandita numbers.

THEOREM 6.1. For all integers n > 0, we get sum formulas below

a)kio CWi = — (1 + 3)GWss + (n+4)GWoya + (n+ 4)GW, + 3GWs — 4AGW, — 3GW,.

b) > GWap = L(=3(n+2)GWansz + (31 + 8)GWayi1 + 2GWay + (3n+ T)GWap_y + TGW; — 8GW, —
GWy — 6CWo).

)3 GWars = L(—(3n+4)GWapsa + (3n+8)GWans1 + GWap + 3(n +2)GWan_1 + 6G W5 — SGWa +
Wy S 76w,

Proof. It is given in Soykan [53, Theorem 3.12]. O

As a special case of the theorem 6.1, we present the following Corollary.
COROLLARY 6.2. For all integers n > 0, we get sum formulas below:
a)>. GP,=—-(n+3)GPyi3+ (n+4)GPui2 + (n +4)GP, + 1 + 2i.

k=0

b) Z GPyy, = %(*3(71 + 2)GP2n+2 + (3n + 8)GP2n+1 + 2G P, + (37’L + 7)GP2H_1 + 4+ 62)
k=0

n
C) Z GP2k+1 = %(—(?ﬂl + 4)GP2n+2 + (Sn + 8)GP2n+1 + G.Pgn + 3(7’L + 2)GP2n71 + 3 + 47,)
k=0

As a special case of the theorem 6.1, we present the following Corollary.

COROLLARY 6.3. For all integers n > 0, we get sum formulas below:



18 FATIH ZAHID KALCA,YUKSEL SOYKAN

)Y GSp = —(n+3)GSn 13+ (n+4)GSpys + (n+4)GS, — 5 — 5i.

k=0
n

b) Z GSQk = %(*3(’” + 2)GS2n+2 + (311 + 8)G82n+1 + 2G52n + (3n + 7)GSQ7,,_1 -7 121)
k=0

C) Z GSQk+1 = %(*(3” + 4)GSQn+2 + (371 + 8)G52n+1 + GSy, + 3(Tl + Q)GSQn_l —12 — 72)
k=0
Next, we give the ordinary generating functions of some special cases of Gaussian generalized Pandita

numbers.

THEOREM 6.4. The ordinary generating functions of the sequences Way,, Wap 41 are given as follows:

oo - GWs (Jc3 + 322 — x) + GW, (2:102 + 22 — 1) - GW; (m2 - x3) — GWs (373 + 25(12)
e e e+ 321) W (A4 1) G 2041 + a2
oo ., GWo(2® +227°) — GW3 (2° +2° + ) — GWq (2° — 22+ 1) + GW2 (22° + o
b)Zn:O GW2"+1x = —.’E4 _ .’ES + .’E2 + 2¢ — 1

From the last Theorem, we have the following Corollary which gives sum formula of Gaussian Pandita

numbers (Take W,, = GP,, whit GPy =0,GP, =1,GP, =2+1i,GP; =3+ 21 ).

COROLLARY 6.5. For n > 0 Gaussian Pandita numbers have the following properties.

i +(1+i)z?+ (2 +i)x

4+’ —a2 20 +1

142+ (1+2)z+1
t+ a3 —a22 -2z +1

a)d g GPopa" =

b)Y oo GPons1a™ =

7. Matrix Formulation of GW,,

In this section, we present the matrix representation of generalized Gaussian Pandita numbers

We define the square matrix A of order 4 as

2 -1 1 -1
1 0 0 O
A =
0 1 0 O
0 0 1 0
such that detA = 1. Note that
Pn+1 _P7L+P7L—1 _Pn—2 Pn_Pn—l _Pn

Pn *Pn—1+Pn—2*Pn—3 Pn—l *Pn—2 —In-1
Pnfl — 2+ Pn73 - Pn74 Pn72 - Pn73 —4n-2
Pn72 —Ip-3+ Pn74 - Pn75 Pnf?) - Pn74 —4n-3

for the proof see [56].

Then we present the following lemma.
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For n > 0 the following identitiy is true:

CWiss 2
Wz | | 1
awnn || o

aw, 0

—_
= o O =

n

GWs
GWs
GW;
GWy

Proof. The identitiy (7) can be proved by mathematical induction on n. If n = 0 we obtain

W 2
aw, | |1
aw, | | o
W, 0

-1 1
0 0
1 0
0 1

-1

0
0
0

0

GWs
GWs
GWh
GWy

19

which is true. We assume that the identity given holds for n = k, we deduce that the following identitiy is

true

GWiqs 2
GWigz | | 1
GWita o
GWy 0
For n =k + 1, we obtain
k1

2 —1 1 -1 GWs

1 0 0 O GW, B

0 1 0 0 owm, |

0O 0 1 O GWy

-1 1

2
1
0 1
0

GWiia
GWiya
GWiyo
GWii

= o O =

-1

GWs
GWs
GW,
GWy

S O = N
—

GWi1

1
0
0
1
GWiqs
GWiqa
GWy,

Consequently, by applying mathematical induction on n, the proof completed. [J

GW3
GWs
GW;
GWy
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We define

GWs GW, GWi GW,
GWo GW, GW, GW_,

Ngw = , (7.1)
GW, GW, GW_., GW_,

GWy GW_i GW_y GW_3

GWyis GWypio GWapr  GW,
GW, GW, GW,, GW,,_

Eaw = +2 +1 L (7.2)
GWpyr  GW,  GW,_1 GW,_s

GWn GWn—l— GWn—Q GW7L—3

Now, we have the following theorem with Ng,, and Fgy,

THEOREM 7.1. Using NGy and Egy, , we get

AnNGw = EGUJ'
Proof. Note that we get
Poyw —P,+P,_1—P, o P, — P, -P, GWs GW, GWp  GW,
A"N. Pn —Lfp-1+ Pn—2 - Pn—3 Pn—l - Pn—2 —In-1 GW2 GWl GWO GW—I
Gw —
P,y —P,o+P, 3-P,y P, 2—PFP, 3 —P, GW, GWy, GW_; GW_,
P,y —-P,3+P,4—P,s5 P,3—P,_y —P,3 GWo GW_1 GW_o GW_3

ailr a2 aiz ai4
a1 Aa22 G23 A24
azr as2 G33 Aa34

41 QA42 Q43 Q44



where

a11

@12

a13

a14

a21

a22

a23

a24

a3

a32

a33

a3q

a41

42

a43

Q44
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Wy (P = Pa_t) — GWy (Pa— Py + Pa_s) — GWo Py + GWsPyyy = GWs,

GWo (Py — Pot) — GWy (P — Pa1 + Po_s) — GPaW_1 + GWaPoyy = GWo,

GW_1 (Py — Pu_1) — GWo (Py — Pay + Po_s) — GPaW_o + GW1 Prsy = GW1,

GW 5 (Py— Pot) — GW 1 (P — Po_1 + Po_s) — GPaW_5 + GWoPps1 — GWo,

GW3 Py — GWa (Po_t — Pos + Po_3) + GWi (Pt — Pp_3) — GWoPo_1 = GWo,
GWaPy — GW_1 Py — GWy (Pacy — Pars + Pa_s) + GWo (Pay — Po_s) = GW1,
G(Pyt = Py o)W1 — GW_ 3Pyt + GWiPy — GWo (Pa_i — Po_s + Po_s) = GWo,

G (Pt — Pog)Wog — GW_3Po_y + GWoPp — GW_1 (Pa_y — Pas + Po_s) = GW_1,
GWy (P_s — Pr_3) — GWa (Pa_s — Pos + Pos) — GWoPp_s + GWaPo_y = G,
GWo (Pos — Pa_s) — GWi (Po—s — Pasg + Po_s) — GW_1 Po_s + GWaPp_1 = GWo,
G(Pas — Pog) W1 — GW_3Po_s — GWoy (Po_z — Pog + Pa_s) + GWi Py = GW_1,
G(Pys— Pog)W_g—GW 3Py — GW_1 (Py_s — Pag + Po_a) +GWoPu_1 = GW_s,
QWi (Po—s — Pas) — GWa (Pa—s — Pas + Pos) — GWoPp_s + GW3Py_s — GWo,
GWo (Pa_s — Pos) — GWy (Pas — Pos + Pos) — GW_1Py_s+ GWaPp_s — GW 1,
G(Py—3—Pog) W1 —GW_oP,_ 3 —GWy (Pr—3 — Py_sa + Pp_5) + GW1P,_o = GW_y,

G (Pn,;g — Pn,4) W_o—GW_3P,_3—GW_q (Pn73 — P4+ Pnfg,) + GWoP,—o—GW_3.

Using the Theorem 4.6 the proof is done. [
By taking GWn :GPn with GP(), GP]_7 GPQ, GP3 in 7.1 and 72,

and

GW,, =GS,, with GSy,GS1,GS5,GS3 in 7.1 and 7.2.

respectively, we get:

Ngp

Ngs

342 247 1 0 GPpis GPnis GPoii  GP,
24i 1 0 0 GPuio GPoi  GP, GPo,
1 o 0o - | Fao = GPyyv  GPy, GPyy GPys
0 0 —i —1-i GP, GPy1 GPy_y GP,_s
542 242% 244 A+i GSnss GSnpz GSni1  GSn
2420 2440 ki 1=i || GSup GSan GS) o GSan
24 4i A+i  1—i —1+4i GSus1  GSn  GSu_i GSp_s
Atvi 1—i —1+4i —4+3 GS,  GSp_i GSn_o GSn_s

From Theorem 7.1, we can write the following corollary.

21
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COROLLARY 7.2. The following identities are hold:

a): AnNGP = EGP-
b): AnNGS = Egs.

8. Conclusions

Sequences defined by recurrence relations have long been a focal point of mathematical inquiry, due to
their inherent structure and wide applicability across diverse fields such as physics, engineering, architecture,
biology, and the arts. Classical examples include second-order integer sequences like the Fibonacci, Lucas,
Pell, and Jacobsthal numbers. Notably, the Fibonacci sequence—introduced by Leonardo of Pisa in his 1202
treatise Liber Abaci—was initially formulated through a rabbit population problem, and has since become
a cornerstone in the study of recursive patterns and mathematical identities.

In this context, we propose a novel extension of recurrence relations to fourth-order systems: the Gaussian
generalized Pandita numbers, along with two distinguished subclasses. For these newly defined sequences,
we derive Binet-type expressions, ordinary and exponential generating functions, and generalized Simson-
type identities. Additionally, we present closed-form summation formulas, recurrence properties, algebraic
identities, and matrix representations.

Given their foundational role in both theory and application, recurrence-based sequences offer powerful
tools for modeling and analysis. Therefore, we first examine the practical uses of second-order sequences

before situating our fourth-order generalizations within this broader mathematical landscape.

e For the applications of Gaussian Fibonacci and Gaussian Lucas numbers to Pauli Fibonacci and
Pauli Lucas quaternions, see [3].

e For the application of Pell Numbers to the solutions of three-dimensional difference equation sys-
tems, see [6].

e For the application of Jacobsthal numbers to special matrices, see [69].

e For the application of generalized k-order Fibonacci numbers to hybrid quaternions, see [25].

e For the applications of Fibonacci and Lucas numbers to Split Complex Bi-Periodic numbers, see
[70].

e For the applications of generalized bivariate Fibonacci and Lucas polynomials to matrix polynomi-
als, see [71].

e For the applications of generalized Fibonacci numbers to binomial sums, see [68].

e For the application of generalized Jacobsthal numbers to hyperbolic numbers, see [33].

e For the application of generalized Fibonacci numbers to dual hyperbolic numbers, see [34].

e For the application of Laplace transform and various matrix operations to the characteristic poly-
nomial of the Fibonacci numbers, see [11].

e For the application of Generalized Fibonacci Matrices to Cryptography, see [32].


demir
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e For the application of higher order Jacobsthal numbers to quaternions, see [30].

e For the application of Fibonacci and Lucas Identities to Toeplitz-Hessenberg matrices, see [21].

e For the applications of Fibonacci numbers to lacunary statistical convergence, see [5].

e For the applications of Fibonacci numbers to lacunary statistical convergence in intuitionistic fuzzy
normed linear spaces, see [26].

e For the applications of Fibonacci numbers to ideal convergence on intuitionistic fuzzy normed linear
spaces, see [27].

e For the applications of k-Fibonacci and k—Lucas numbers to spinors, see [28].

e For the application of dual-generalized complex Fibonacci and Lucas numbers to Quaternions, see
[63].

e For the application of special cases of Horadam numbers to Neutrosophic analysis see [23].

e For the application of Hyperbolic Fibonacci numbers to Quaternions, see [10].

e For the application of Pell numbers to Gaussian Hyperbolic numbers, see [24].

In the following, we explore several applications of third-order recurrence sequences across various math-

ematical and applied contexts.

e For the applications of third order Jacobsthal numbers and Tribonacci numbers to quaternions, see
[9] and [8], respectively.

e For the application of Tribonacci numbers to special matrices, see [72].

e For the applications of Padovan numbers and Tribonacci numbers to coding theory, see [60] and
[4], respectively.

e For the application of Pell-Padovan numbers to groups, see [12].

e For the application of adjusted Jacobsthal-Padovan numbers to the exact solutions of some differ-
ence equations, see [22].

e For the application of Gaussian Tribonacci numbers to various graphs, see [62].

e For the application of third-order Jacobsthal numbers to hyperbolic numbers, see [14].For the
application of Narayan numbers to finite groups see [29)].

e For the application of generalized third-order Jacobsthal sequence to binomial transform, see [46].

e For the application of generalized Generalized Padovan numbers to Binomial Transform, see [35].

e For the application of generalized Tribonacci numbers to Gaussian numbers, see [36].

e For the application of generalized Tribonacci numbers to Sedenions, see [37].

e For the application of Tribonacci and Tribonacci-Lucas numbers to matrices, see [38].

e For the application of generalized Tribonacci numbers to circulant matrix, see [39].

e For the application of Tribonacci and Tribonacci-Lucas numbers to hybrinomials, see [67].

e For the application of hyperbolic Leonardo and hyperbolic Francois numbers to quaternions, see

[15].
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In the following lists, we outline several applications of fourth-order recurrence sequences across theo-

retical and applied domains.

e For the application of Tetranacci and Tetranacci-Lucas numbers to quaternions, see [40].
e For the application of generalized Tetranacci numbers to Gaussian numbers, see [41].
e For the application of Tetranacci and Tetranacci-Lucas numbers to matrices, see [42].

e For the application of generalized Tetranacci numbers to binomial transform, see [43].
We now explore several applications of fifth-order sequences.

e For the application of Pentanacci numbers to matrices, see [61].
e For the application of generalized Pentanacci numbers to quaternions, see [44].

e For the application of generalized Pentanacci numbers to binomial transform, see [45].

References

[1] Asct M., Giirel E., Gaussian Jacobsthal and Gaussian Jacobsthal Lucas numbers, Ars Combinatoria, 111, 2013.
[2] Ayrilma, E.E., Soykan, Y., A Study On Gaussian Generalized Edouard Numbers, Asian Journal of Advanced Research
and Reports, 19(5), 421-438, 2025.
[3] Azak, A.Z., Pauli Gaussian Fibonacci and Pauli Gaussian Lucas Quaternions. Mathematics, 2022, 10, 4655.
https://doi.org/10.3390/math10244655
[4] Basu, M., Das, M., Tribonacci Matrices and a New Coding Theory, Discrete Mathematics, Algorithms and Applications,
6 (1), 1450008, (17 pages), 2014.
[5] Bilgin, N.G., Fibonacci Lacunary Statistical Convergence of Order v in IFNLS, International Journal of Advances in
Applied Mathematics and Mechanics, 8(4), 28-36, 2021.
[6] Biiyiik, H., Tagkara, N., On The Solutions of Three-Dimensional Difference Equation Systems Via Pell Numbers, European
Journal of Science and Technology, Special Issue 34, 433-440, 2022.
[7] Cerda-Morales, G., On Gauss third-order Jacobsthal numbers and their applications, , Annals of the Alexandru Ioan Cuza
University-Mathematics, 67(2), 231-241, 2022.
[8] Cerda-Morales, G., On a Generalization of Tribonacci Quaternions, Mediterranean Journal of Mathematics 14:239, 1-12,
2017.
[9] Cerda-Morales, G., Identities for Third Order Jacobsthal Quaternions, Advances in Applied Clifford Algebras 27(2), 1043~
1053, 2017.
[10] Dagdemir, A., On Recursive Hyperbolic Fibonacci Quaternions, Communications in Advanced Mathematical Sciences,
4(4), 198-207, 2021. DOI1:10.33434/cams.99782
[11] Deveci, O., Shannon, A.G., On Recurrence Results From Matrix Transforms, Notes on Number Theory and Discrete
Mathematics, 28(4), 589-592, 2022. DOI: 10.7546 /nntdm.2022.28.4.589-5924
[12] Deveci, O., Shannon, A.G., Pell-Padovan-Circulant Sequences and Their Applications, Notes on Number Theory and
Discrete Mathematics, 23(3), 100-114, 2017.
[13] Dikmen, C.M., Properties of Gaussian Generalized Leonardo Numbers, Karaelmas Science and Engineering Journal,15(1),
134-145, 2025. DOI: 10.7212 /karaelmasfen.1578154
[14] Dikmen, C.M., Altinsoy, M.,On Third Order Hyperbolic Jacobsthal Numbers, Konuralp Journal of Mathematics, 10(1),
118-126, 2022.


demir
Vurgu


(25]

(26]

27]

(35]

(36]

GAUSSIAN NUMBERS WITH GENERALIZED PANDITA NUMBERS COMPONENTS 25

Digkaya, O., Menken, H., Catarino, P.M.M.C., On the Hyperbolic Leonardo and Hyperbolic Francois Quaternions, Journal
of New Theory, 42, 74-85, 2023.

Eren, O., Soykan, Y., Gaussian Generalized Woodall Numbers, Archives of Current Research International, 23(8), 48-68,
2023. DOI: 10.9734/ACRI/2023/v23i8611 DOI: 10.7212/karaelmasfen.1578154

Ertas A., Yilmaz F., On Quaternions with Gaussian Oresme Coefficients, Turk. J. Math. Comput. Sci., 15(1), 192-202,
2023.

Frontczak, R., Convolutions for Generalized Tribonacci Numbers and Related Results, International Journal of Mathemat-
ical Analysis, Vol. 12, 2018, no. 7, 307 - 324.

Halic1 S., Oz S., On Some Gaussian Pell And Pell-Lucas Numbers, Ordu Univ. J. Sci. Tech., 6(1), 8-18, 2016.

Horadam, A.F., Complex Fibonacci Numbers and Fibonacci Quaternions, Amer. Math. Monthly, 70 , 289-291,1963.

Goy, T.,Shattuck, M., Fibonacci and Lucas Identities from Toeplitz-Hessenberg Matrices, Appl. Appl. Math, 14(2), 699—
715, 2019.

Gocen, M., The Exact Solutions of Some Difference Equations Associated with Adjusted Jacobsthal-Padovan Numbers,
Kirklareli University Journal of Engineering and Science 8(1), 1-14, 2022. DOI: 10.34186/klujes. 1078836

Gokbag, H., Topal, S., Smarandache, F., Neutrosophic Number Sequences: An Introductory Study, International Journal
of Neutrosophic Science (IJNS), 20(01), 27-48, 2023. https://doi.org/10.54216 /IJNS.200103

Gokbag, H. Gaussian-Hybrid Numbers Obtained From Pell and Pell-Lucas Sequences. Journal of Advances in Mathematics
and Computer Science, 37(11), 1-9, 2022. https://doi.org/10.9734/james/2022/v37i111719

Giil, K., Generalized k-Order Fibonacci Hybrid Quaternions, Erzincan University Journal of Science and Technology, 15(2),
670-683, 2022. DOI: 10.18185/erzifbed.1132164

Kisi, O., Tuzcuoglu, 1., Fibonacci Lacunary Statistical Convergence in Intuitionistic Fuzzy Normed Linear Spaces, Journal
of Progressive Research in Mathematics 16(3), 3001-3007, 2020.

Kisi, O., Debnathb, P., Fibonacci Ideal Convergence on Intuitionistic Fuzzy Normed Linear Spaces, Fuzzy Information and
Engineering, 1-13, 2022. https://doi.org/10.1080/16168658.2022.2160226

Kumari, M., Prasad, K., Frontczak, R., On the k-Fibonacci and k—Lucas Spinors, Notes on Number Theory and Discrete
Mathematics, 29(2), 322-335, 2023. DOI: 10.7546 /nntdm.2023.29.2.322-335

Kuloglu, B., Ozkan, E., Shannon, A.G., The Narayana Sequence in Finite Groups, Fibonacci Quarterly. 60(5), 212-221,
2022.

Ozkan, E., Uysal, M., On Quaternions with Higher Order Jacobsthal Numbers Components, Gazi University Journal of
Science, 36(1), 336-347, 2023. DOI: 10.35378/gujs. 1002454

Pethe, S., Horadam, A.F., Gaussian Generalized Fibonacci Numbers, Bull. Austral. Math. Soc., 33 , 37-48., 1986.
Prasad, K., Mahato, H., Cryptography Using Generalized Fibonacci Matrices with Affine-Hill Cipher, Journal of Discrete
Mathematical Sciences & Cryptography, 25(8-A), 2341-2352, 2022. DOI : 10.1080/09720529.2020.1838744

Soykan, Y., Tagdemir, E., A Study On Hyperbolic Numbers With Generalized Jacobsthal Numbers
Components, International Journal of Nonlinear Analysis and Applications, 13(2), 1965-1981, 2022.
http://dx.doi.org/10.22075/ijnaa.2021.22113.2328

Soykan, Y., On Dual Hyperbolic Generalized Fibonacci Numbers, Indian J Pure Appl Math, 2021.
https://doi.org/10.1007/s13226-021-00128-2

Soykan, Y., Tagdemir, E., Okumus, 1., A Study on Binomial Transform of the Generalized Padovan Sequence, Journal of
Science and Arts, 22(1), 63-90, 2022. https://doi.org/10.46939/J.Sci.Arts-22.1-a06

Soykan, Y., Tagdemir, E., Okumus, 1., Gocen, M., Gaussian Generalized Tribonacci Numbers, Journal of Progressive

Research in Mathematics(JPRM), 14 (2), 2373-2387, 2018.



(40]

(41]

42]

(43]

(46]

(47]

(48]

(49]

[50

[51]

[52]

FATIH ZAHID KALCA,YUKSEL SOYKAN

Soykan, Y., Okumus, I., Tasdemir, E., On Generalized Tribonacci Sedenions, Sarajevo Journal of Mathematics, 16(1),
103-122, 2020. ISSN 2233-1964, DOI: 10.5644/SJM.16.01.08

Soykan, Y., Matrix Sequences of Tribonacci and Tribonacci-Lucas Numbers, Communications in Mathematics and Appli-
cations, 11(2), 281-295, 2020. DOI: 10.26713/cma.v11i2.1102

Soykan, Y. Explicit Euclidean Norm, Eigenvalues, Spectral Norm and Determinant of Circulant Matrix
with the Generalized Tribonacci Numbers, Earthline Journal of Mathematical Sciences, 6(1), 131-151, 2021.
https://doi.org/10.34198/ejms.6121.131151

Soykan Y, Tetranacci and Tetranacci-Lucas Quaternions, Asian Research Journal of Mathematics, 15(1): 1-24, 2019;
Article no.,ARJOM.50749.

Soykan, Y., Gaussian Generalized Tetranacci Numbers, Journal of Advances in Mathematics and Computer Science, 31(3):
1-21, Article no.JAMCS.48063, 2019.

Soykan, Y., Matrix Sequences of Tetranacci and Tetranacci-Lucas Numbers, Int. J. Adv. Appl. Math. and Mech. 7(2),
57-69, 2019, (ISSN: 2347-2529).

Soykan, Y., On Binomial Transform of the Generalized Tetranacci Sequence, International Journal of Advances in Applied
Mathematics and Mechanics, 9(2), 8-27, 2021.

Soykan, Y., Ozmen, N., Gécen, M., On Generalized Pentanacci Quaternions, Thilisi Mathematical Journal, 13(4), 169-181,
2020.

Soykan, Y., Binomial Transform of the Generalized Pentanacci Sequence, Asian Research Journal of Current Science, 3(1),
209-231, 2021.

Soykan, Y., Tagdemir, E., Gocen, M., Binomial Transform of the Generalized Third-Order Jacobsthal Sequence, Asian-
European Journal of Mathematics, 15(12), 2022. https://doi.org/10.1142/S1793557122502242.

Soykan Y., Generalized Pandita Numbers, International Journal of Mathematics, Statistics and Operations Research, 3(1),
107-123, 2023.

Soykan Y., Sum Formulas For Generalized Tetranacci Numbers: Closed Forms of the Sum Formulas ZZ:OXka and
Sop_1xFW_j,Journal of Progressive Research in Mathematics 18(1), 24-26, 2021

Soykan, Y., A Study on Generalized Blaise Numbers, Asian Journal of Advanced Research and Reports, 17(1), 32-53, 2023.
DOI: 10.9734/AJARR /2023 /v17i1463

Soykan, Y., Generalized Friedrich Numbers, Journal of Advances in Mathematics and Computer Science, 38(3), 12-31,
2023. DOI: 10.9734/JAMCS/2023/v38i31748

Soykan, Y., Simson Identity of Generalized m-step Fibonacci Numbers, Int. J. Adv. Appl. Math. and Mech. 7(2), 45-56,
2019.

Soykan, Y., Generalized Richard Numbers, International Journal of Advances in Applied Mathematics and Mechanics,
10(3), 38-51, 2023.

Soykan, Y., Sums and Generating Functions of Special Cases of Generalized Tetranacci Polynomials, International Journal
of Advances in Applied Mathematics and Mechanics, 12(4), 34-101, 2025.

Soykan, Y., On Generalized 4-primes Numbers, Int. J. Adv. Appl. Math. and Mech. 7(4), 20-33, 2020, (ISSN: 2347-2529).
Soykan, Y., Generalized Olivier Numbers, Asian Research Journal of Mathematics, 19(1), Page 1-22, 2023. DOL:
10.9734/ARJOM /2023 /v19i1634

Soykan, Y., Properties of Generalized (r,s,t,u)-Numbers, Earthline Journal of Mathematical Sciences, 5(2), 297-327, 2021.
https://doi.org/10.34198 /ejms.5221.297327

Soykan, Y., Tasdemir, E., Okumus, 1.,Gocen, M., Gaussian Generalized Tribonacci Numbers, Journal of Progressive

Research in Mathematics, 14(2) , 2018.



= o
=)

=
=

(62]

[70]

(1]

GAUSSIAN NUMBERS WITH GENERALIZED PANDITA NUMBERS COMPONENTS 27

Soykan, Y., Okumus, I., Bilgin, N.G., On Generalized Bigollo Numbers, Asian Research Journal of Mathematics, 19(8),
72-88, 2023. DOI: 10.9734/ARJOM /2023 /v19i8690

Soykan, Y., Generalized Pierre Numbers, Journal of Progressive Research in Mathematics, 20(1), 16-38, 2023.

Shtayat, J., Al-Kateeb, A., An Encoding-Decoding algorithm based on Padovan numbers, arXiv:1907.02007, 2019.
Sivakumar, B., James, V., A Notes on Matrix Sequence of Pentanacci Numbers and Pentanacci Cubes, Communications
in Mathematics and Applications, 13(2), 603-611, 2022. DOI: 10.26713/cma.v13i2.1725

Sunitha, K., Sheriba. M., Gaussian Tribonacci R-Graceful Labeling of Some Tree Related Graphs, Ratio Mathematica, 44,
188-196, 2022.

Sentiirk, G.Y., Giirses, N., Yiice, S., Construction of Dual-Generalized Complex Fibonacci and Lucas Quaternions,
Carpathian Math. Publ. 2022, 14 (2), 406-418, 2022. d0i:10.15330/cmp.14.2.406-418

Tasg1, D., On Mersenne Numbers, Journal of Science and Arts, 4(57), 1021-1028, 2021.

Tagci, D., Gaussian Padovan and Gaussian Pell- Padovan numbers, Commun. Fac. Sci. Univ. Ank. Ser. A1 Math. Stat.,
67(2), 82-88, 2018.

Tasg1, D., Gaussian Balancing and Gaussian Lucas Balancing Numbers, Journal of Science and Arts, 3(44), 661-666, 2018.
Tagyurdu, Y., Polat, Y.E., Tribonacci and Tribonacci-Lucas Hybrinomials, Journal of Mathematics Research; 13(5), 2021.
Ulutas, Y.T., Toy, D., Some Equalities and Binomial Sums about the Generalized Fibonacci Number uy,, Notes on Number
Theory and Discrete Mathematics, 28(2), 252-260, 2022. DOI: 10.7546 /nntdm.2022.28.2.252-260

Vasanthi, S., Sivakumar, B., Jacobsthal Matrices and their Properties. Indian Journal of Science and Technology 15(5):
207-215, 2022, https://doi.org/10.17485/1JST /v15i5.1948

Yilmaz, N., Split Complex Bi-Periodic Fibonacci and Lucas Numbers, Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
71(1), 153-164, 2022. DOI:10.31801/cfsuasmas.704435

Yilmaz, N., The Generalized Bivariate Fibonacci and Lucas Matrix Polynomials, Mathematica Montisnigri, Vol LIII, 33-44,
2022. DOI: 10.20948 /mathmontis-2022-53-5

Yilmaz, N., Taskara, N., Tribonacci and Tribonacci-Lucas Numbers via the Determinants of Special Matrices, Applied
Mathematical Sciences, 8(39), 1947-1955, 2014.

Yilmaz, B., Soykan, Y., Gaussian Generalized Guglielmo Numbers, Asian Journal of Advanced Research and Reports,

17(12), 1-18, 2023. DOI: 10.9734/AJARR/2023/v17i12581



