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Numerical resolution of the hepatitis C model using the
SOME Blaise ABBO numerical method

Abstract
We have described a VSEACTR model of hepatitis C (HCV). It is a system of nonlinear frac-
tional differential equations. We studied convergence and then used the SOME Blaise ABBO
(SBA) method to successfully apply to this system.
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1 Introduction

Hepatitis C is a viral disease transmitted mainly by blood. HCV is a public health problem
because chronic viral hepatitis C affects 71 million people worldwide, most of whom contracted
the disease through blood. It is responsible for excess mortality, mainly due to cirrhosis, followed
by hepatocarcinoma.

The main objective of this paper is to determine a model of hepatitis C (HCV) in the form
of a system of nonlinear fractional differential equations. We will also use the SOME Blaise
ABBO (SBA)[1, 2, 3, 8, 11, 17] method, to solve this model, as it is a numerical method that
bypasses the computation of Adomian polynomials.

2 Description of the proposed hepatitis C model

To realize the HCV model, we will combine the work of our predecessors to develop a mathe-
matical model to assess the effect of vaccination and antiviral treatment on the spread of HCV.
This model is denoted VSEACTR (vaccinated, susceptible, exposed, acute, chronic, treated
and resistant).

To build the model, we will consider a population of size N subdivided into seven compart-
ments, that is seven sub-populations:

vaccinated individuals
susceptible individuals

exposed individuals

infected individuals acute
chronically infected individuals
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treated individuals
resistant individuals

vl

Figure 1: Schematic diagram of the proposed model

This defines the parameters of the proposed model:

Parameters Parameter name
51 rate of transmission among the acutely infected
o)) transmission rate of chronically infected
B3 treaty transmission rate

vaccine failure rate
rate of progession to acute stage from exposure
rate of transition from acute to chronic stage
without vertical transmission rate
treatment rates for chronically infected patients
treatment rate for acutely infected patients
cure rate for treated individuals
immunity loss rate
vaccine efficacy
natural recovery rate for acute state

OIS E|S[S|F (A>3

Table 1: The table of parameters for the proposed model

The mathematical formulation of this diagram is represented by the system of non-linear dif-
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ferential equations defined on [0; 7| by:

da;;St) = D= (u+7) V()= (1 =) [B1E(t) + B2A(t) + BsC ()] V(1)
dadfit) = T+V(t) = (n+ N)S(t) = [BLE(t) + B2A(t) + B3C ()] S(t) + wR(t)
Tnd = 1B+ BA) + SOOI SE) + (1= ) [LEE) + AW + HCE] V()
— (7 + ) E(t)
dadixy) = TE(t)— (e +p+r+0)Al) (1)
dadfy) = gA(t) — (1 +p+7)C(1t)
daiit) = 7C(t) + kA®) — (n+ p) T(t)
dadlfa(t) = nT(t) +eA(t) — (w+ p) R(1)

with 8 = (81 E(t) + B2A(t) + BsC(1))

3 Definitions

3.1 Gamma function

Function I'(«). It is defined by the following integral [6, 7, 9, 16, 18]
+o00
(a) = / ot 2)
0

where « is a complex number such Re(a) > 0. The Gamma function I is decreasing on [0, 1].
Gamma function I'(«) satisfies [6, 7, 9, 16, 17, 18]:

IFa+1) =al(a), where a>0 (3)

3.2 Beta function
The beta function is defined by the Euler integral of the first kind[7, 9, 16, 17]

1
Blp.g)= [ #7007t Vp.g >0 (@)

3.3 Mittag-Leffler function
For z € C, the Mittag-LefHler function E,(2) is defined as follows [7, 9, 16, 18]:

00 Zlc

E.(2) = g::o Tha 1 1) where a >0 (5)

3
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In particular,
Ei(z)=¢*

This function can be generalized for two positive parameters o and 3 as follows:

00 Zk

Eap(z) =) (ko £ 5) (6)

k=0

4 Fractional integral

A primitive of a continuous function on [a;b] is given by the expression [7, 9, 16, 18]:

(1oh)(0) = [ hla)dz ")

For a primitive of order 2, we have

e = [ t ( I h(s)ds) dr= [ (= 2)h(x)de (8)
If h(t) = C with a constant C', then we have

°(C) = F(Stjl) (9)

5 Convergence and uniqueness

Consider the general form of the following fractional ordinary differential equation system:

d* f;
WO _ R+ NG
(9) : , Vi=1,...,n (10)
fi(0) = p;
with0<a<1
Let’s put L, f;(t) = d d];io@
we have:
Lfi(t) = R(fi(t)) + N(fi(t)), Vi=1,..,n (11)
Let’s apply L; '(.) = I§(.) the fractional integral to (11), we have:
fit) = pi + I5 (R(fi(1))) + I8 (N (fi(1))), Vi=1,...n (12)
Applying the method of successive approximations to (12), we have:
fE#) = pi+ I§RUFO) + IE(N(FFTH), Vi=1,m k>1 (13)

From (13), we obtain the following SBA algorithm:

Ho(t) =pi+ IEIN(fTH (), YVi=1.n k>1

(SBA) : { (14)
ffn+1(t) = I (R( zkn(t)))a Vi=1,...,n;, n>0

Theorem

M, T
Suppose that Vk > 1, N(fF(t)) =0, .

m <1, p; € C(R"),

4
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fi(t) € C(Q), the p; and f; are respectively bounded by m; and M; such that
Im; = sup|p;| and IM; = sup|f;(t)] >0or Q =R" x [0;T]; Vi=1,...,n
teQ

then the SBA algorithm is convergent and problem (S) has a unique solution.

Proof: we have the following SBA algorithm:

{ k() = ps + IG(N (f’“(t))), V s k>1
z’fnﬂ( ) = I§(R(fF, (1)), = .n; n >0

{ K =pi Yi=1,..n k>1
zn+1() ( ('Ln<t)))7 V’L:].,,’I'L, n>0

or even

o = Ipil <mg i=1,..n; k>1
M, T* B .
lefl(t) = I (R( zO(t))) < mﬂ - 17 ceey TV k > 1
0| = [BEREEO)] < (e g i=1,.,n k>1
7,2 - 7,1 —= F(Oé—|—1) ) — Lyl -
MiTa 3. ; .
0] = [REON] < (g ) = T k21
o M;T> \"
lkn(t)‘ ‘[O‘ m 1(75)))‘ < (I‘(a—l—l)) ci=1,...,n, k>1;, n>0

Summing member by member (17), we obtain:

M, T ,
=m; sr=1,...,n; k> 1; 0
Z\ (t)] = m+F(a—|—1)—MiTa i n n >

+o0o +o0
from Y |fF.(t)] is absolutely convergent by series »_ fF (¢) is simply convergent.
n=0

Uniqueness of solution
Let be fF,(t), g/, (t) two solutions of (10) with
F.(t) # gr,(t) and for f and g we have the following algorithms:

@A) =pi, YVi=1..n; k>1
{ £ ()_IQ(R(m(t))), Vi=1..n n>0

2,n+1

and
{ gﬁo(t) =p;, Vi=1..n k>1

Jinn(t) = I§(R(g:,(1))), Vi=1,...n;n>0
Differentiating between (18) and (19) yields:

fo(t) — gfo(t) = pi—pi=0= fio(t) = gfo(t)
fia@®) =gt (1) = IS (R(f(1)) — 1§ (R(gp(1) = 0= f1 () = g7 (1)
fia(t) = gis(t) = IS(R(fE(1) — I§(R(gi (1) = 0= fla(t) = g5(1)
fis(t) — gis(t) = f“(R( i5(1)) — 1§ (R(gi,(1) = 0= fl5(t) = g5(1)

() —gifn(tj = fa(R(fm 1)) = I (R(gi 1 (1)) = 0 = f1,(t) = g7 (t)

5
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therefore Vn > 0 we have fF (t) — gF,(t) = 0 = f,(t) = gF,(t); or according to the hypothesis
fh.(t) # gf,(t); which is contradictory, so the system solution is unique.

6 Application of the SBA method to the resolution of
the VSEACTR model of hepatitis C

Numerical resolution of the nonlinear fractional model of hepatitis C using the SBA method.
Let’s start by reviewing the system:

dacxft) = M= (u+7) V()= (1 -v) [BE({) + 5A[R) + BsC(1)] £(E)
dadigt) = H+V(t) = (p+A)S(E) = [Bi1E(t) + B2A(t) + BsC(4)] S(t) + wR(t)
TEO — (5B () + mA) + HOOLSE) + (- ) [3E0) + BA®) + 500V D)
(4 ) ()
@ digt) = TE(t) (e 4 ptrto) AD) 20)
PO~ oaw) =+ p+2) 00
ta
TIW )+ rA®) -+ 1) T)
TRO 1)+ eAl) — @+ 1) BE)
V(0) = Vo, S5(0) =S5, E(0)=Ey, A0)= 4
C0) = Co, T(0) =Ty, R(0)=Ro
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Assuming there are no newly infected individuals, we will assume that IT = 0.

The equation system becomes:

TV~ V) — (= 9 BB + AW + HOWD)] EQ)
PO~ ()~ TS0~ [BEW) + BaAWD) + BOW) () + wR(D)
TEU — BB + BAWD + HOWISWO + (1~ 0) BB + HAWD + 5O V(D)
(7 + 1) ()
¢ A(t) = TE({t)—(e+p+r+0)A)
die (21)
TCU — oa@) (x4 nt7) )
ta
TIO — 200) + AW ~ (14 0 T()
TRE — yr() +2A0) - @+ ) RO)
V(0) = Vo, S(0)=25y, E(0)=E, A0)=A
C(0) = Cop, T(0)=T), R(0)=R,
let’s talk:
Ni(E,A,C) = —(1—=9)[BiE(t) + B2A(t) + B3C(t)] E(t)
No(E, A, C) = —[BE() + BA([) + B:C(1)] S(t)

N3(E, A,C) = [BiE(t) + P2A(t) + BsC(8)] S(8) + (1 = ) [BLE() + B2A(E) + BsC ()] V (2)

Assuming the initial conditions are the same and the other parameters are expressed as a func-
tion of u, then we have:

p=7=¢;

1
K=0 =g n=2u w=3y

‘/():SOZRo; E():AQZCO:TQ:RO; /\:6,uet

o) = T ris) = T2 ) = T2 pag) = CA0
uc@p:fﬂw,L@@y:fg”,Lm@%:fﬂﬂ
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the system (20) then becomes:

LV(t) = —2uV(t)+ Ni(E, A,C)

L(S(t)) = pV(t) —TuS(t) + 3uR(t) + No(E, A, C)

L(E(t)) = N3(E,AC)-2uE()

L(A(t)) = uE(t)—3uA() (22)
L(C(t)) = suA(t) — 3pC(t)

L(T(t)) = 3pC(t)+ 2uz‘l()—SMT(t)

L(R(t)) = 2uT(t)+ pA(t) — 5uR(t)

Let’s apply L7!(.) = I$(.), the fractional integral to (22), we obtain:

Vo —2uls(V () + I§(N1(E, A, O))

So + pI§(V (1)) — Tulg(S(1)) + 4pls(R(1)) + 15 (N2(E, A, C))

Eo+ I§(N3(E,A,C)) — 2ul§(E(t))

Ag + plg (E(t)) — 3ulg(A(t)) (23)
Co + 3l (A(1)) = Sl (C(1))
To + 5ulg (C(1) + sul§ (A(t)) — 3ulg (T(t))
Ro +2ulg (T (1)) + plg (A1) — 5ulg(R(1))

Applying the method of successive approximations to (23), we obtain:

VE@) = Vo 2uIg(VE(D) + g (N(BFL, AL CF D), > 1
SH(t) = So+ pulg(VF(t) — Tulg (S* (1)) + 4pulg (R*(1))
+IQ<N2(E]€ 1 Ak 1 Ck; 1))7 ]{Z> 1
Ek(t) = E0+I°‘(N3(E’“ ! Ak LOF1)) —2ulg(E*(t), k>1 (24)
AND) = Ao+l (BH(0) = 3l (A1), k> 1
CHt) = Co+ Sulg(AR(R)) — Sl (CH(D), k> 1
THEt) = To+ 3uls(CH(t) + u[a( (1) = 3ulg (TH(t), k>1
RHt) = Ro+2ulg(T*(t)) + uf“(Ak(t)) —5ulg(RMN), k=1
The solution of (20) is sought in the form:
:ZVk ;o k=1;2:3;...
ZSk kE=1;2;3;..
Z:El€ k=1;2;3;...
= ZAﬁ ) k=1;2;3;... (25)

= ZC’S(t); kE=1;2;3;..

TRE) =S THt);  k=1;2;3;...
n=0
RF(t) = Z RE(t); k=1;2;3;...

n=0
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by introducing (25) into (24), we obtain the following SBA algorithm:

Vb ( ) Vo +[[?(N1(Ek717*’4k7170k71))a k>1
Vi () = =2ul§ (VE(t); n=0

So + IS (Noy(EF-1, AF1 CF1)), | > 1
— PIG(VE(t)) — Tulg (SE(1)) + 4ud§ (RE(1), n >0

= By + I¢(N3(E*1 AL k1)) k> 1
n+1 ) - _QMIOC(E]C( ))7 n > O

(SBA): — pIg(EL(®) — 3ulg (AL(D), n >0

n+1
(JO, k> 1

5)
Oy (1) = Gul§(AS(H) — Jplg(ChH), n >0

TH( TO, E>1
1
T (1) MI"(C’“( ) + §u18“(AZ(t)) = 3ulg (T, (1), n>0

L
{
{A = Ay, k>1
[
it

{ RE(t) = Ry, k>1
Ry 1 (t) = 20d8 (T (1) + plg (AR (1)) — Sulg (R (t), n >0
(26)
At step k£ = 1, we obtain:
{ Vo (t) = Vo + Ig (N1 (E°, A%, C7))
anﬂ( )= —2ulg(V,(t); n=0

Sg(t) = So + Ig(No(E, A, CY))
Sy (t) = pl§ (Vi (1)) = Tl (S, (1)) + 4pdg (Ry (£)), n =0

= By + I§(N3(E°, A, C°))
—2ul§ (E,(t), n =0

D]
II\"

ni1(t) = pl§ (E, (1)) = 3ul§(AL(t), n >0

1 )
Clanlt) = SuIg (AL1) = SHIE(CAD), >0

Thoa (1) = Sl (CX0) + Jul§(ALH) — BuIG(TL(D), n >0

{ R(l)(t) = Ry
Ry (t) = 20l (TR (1)) + plg (A (1) — Spd§ (R (t)), n >0
(27)
Applying Picard’s principle to (27), we find E°; S% V9 A% C° and T° such that
Ny (E°, A% C°) = No(E°, A%, C°) = N3(E°, A, C°) = 0, we choose

9
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=80=V0=A"=C"=T"=0.
The algorithm (27) becomes:

{ Vi) = Vo
Vi) ==2ulg(VEt); n>0

Sy (t) = So
Siﬂ( ) = pdg (Vi (1) = Tul§ (S, (1) + 4plg (R, (1), n =0

AL\ (1) = pIg(BX(1)) — BuIg(AL(D)), n >0

Co(t) = Co
Chialt) = SuIg(AL(D) — I (D), >0
i) = T,
{ Thoa (1) = ST (CX(0) + Gul§(ALH) — BuIG(T(D), n >0
{ Ry(t) = Ry
RL, 1 (8) = 2l (T2 (8)) + plg (AL() = Sul§ (RL(®), n >0

(28)
Let’s calculate Vi}(t); Si(t); EL(t); Al(t); CL(t); T} (t) and Ri(t)

We have:

(=2pt”)

Vi) = =2udg (Vo (1)) = =2l (Vo) = Vo =)

Si(t) = pIg (Vg () — Tulg (Sy(t)) + 4pdg (Ry(t))
te te o (—2ut®)

et —_ _— 4 _—
MO 1) T Tt T O e ) T T+ 1)
a « _2/'Lta
BY0) = 2013 (E)0) = ~2ulf (Eo) = Eury e

Al(t) = pI§(Eg(t) — 3ulf (Ay(t)) = plg (Eo) — 3ulf (Ao)
to o (=2ut)
“Aom a 3“A°r(a +1) Ila+1)

Cll(t) = 5#—,0 (A(l)(t)) - 5#10 (Oé(t)) = 5,“]0 (Ag) — 5#-]0 (Co)
1 5 o (=2t
= O rn s 2" Tar - et 1)

THE) = Sl (CA) + G (AN) — BuIE(TY(0) = Sl (Co) + Sl (Ao) — Bl (Th)
! o 1 o (2
= oMore Tt ey M) T P +1)

10
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Ri(t) = 2uI5(Ty () + plg (Ag(t)) — 5plg (Ro(t)) = 2uls (To) + plg (Ao) — 5plg (Ro)
to o o (—2ut%)

= A T M) T T )
In summary, we have:
e = ((jlf?)
Sit) = Sé(jlf?
Ei(t) = EOI%
ALt) = Aom
0 = Gy
THt) = T%
RO = Ropos
Let’s calculate V3 (t); Si(t); Ei(t); AL(t); C3(t); T (t) and Ri(t)

We have:

Sa(t) = g (Vi (6)) = Tulg (S (D)) + 4plg (Ry (1))
> 2 2 e (=2ut)?

41442 — S < el s
F(2a 1) 1o ;A G ) P Tt 1)

= 245 _
Ho0 T(2a+ 1

B3 () = —2ul§ (B(0) = =215 (Eézjlfl)) ) = B s 1

AY(t) = pIg(EL() - 3ul§ (AL®) = ulg (EOHW)> P (EO(—M‘))

['a+1) T(a+1)
= 2org oy O Ao ) = Al
CHE) = SuIo(AN®) — 2uIs(CL(t) = SpIe <A0<—2/”°‘>> 5 (CO(—M“))
’ 2 2 Ma+1)) 2 (o + 1)

TH0) = GuI(CL) + Gl (ALH) — 3uTg (TL()

2
1 (=2m%)\ |1 (—2pu2%) (—2ut%)
= —ple (ot e (Ag~ L) e (1 )
2“0< T(a +1)>+2“0< Ta+r1)) Ho\"'Tar)
t2a t2a t2a (_2ﬂta)2
= Ty PTy 62T -
Pt oa+n) " Taax D) " Toar D) °TRa+1)

11
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RY(t) = 2uIg(TH(t) + ul (AL(1)) — 5ulf (RY (1))
= 2ulg (TOHM + g (AO(QWQ)> — 5ulC (RO(QW&)>

I'a+1) ['(a+1) [(a+1)
%0 % %0 o, a2
= —4,;23%(2:51“) — 2u2RoF(22+1) + 10”2]%01“(22“) = 0%
In summary, we have:
Vi = Vgt
%) = Or((_zzuflg
Ei(t) = Eolm
Al(t) = AOF((_;cff)l)
oo = a2
Ti(t) = TO%
RO = Rojmes
Let’s calculate V3'(t); Sa(t); Ea(t); AS(t); Ca(t); Ti(t) and Ri(t)

We have:

Vi (t) = —2ul§ (Vi (1) = —2ulg <v0< 2’”“>2> _ oy (220%)°

S3(t) = pIg (Ve (5) = Tulg (S (1) + 4plg (Ra(t)
5 3 e (—2ut*)?

= 4pPSy—— — 2812y + 161 Sy = Sy
P Batr) P TBarn) P TBar D) TBa+ )

a e (_2:u’ta>2 (_Ql’bta)g

E3(t) = —2ul§ (Ey(t)) = —2ul§ (EOF(QOH‘U = Eom

A0 = Wg(EH) I A0 = i (B ) = sty (B 2

['(20r+1 (20 + 1)
3 £3a (—2ut®)?
= 4PAy——— — 12°A —
PTBat+1) M TBa+1)  T(Ba+1)

Clt) = SuI(AYD) — SuI§(CH) = Sl (A%) ot (0%)

tSa t3a (_ZMta)S
= 2Com—— — 10p°Co——~ = Comr——~
P GBatr) M TBa+ 1)~ °TBa+ 1)
1 1 (e 1 1 a 1 (e 1
T3(t) = 5#10 (Cy(t)) + 5#10 (Ax(t)) — 3ulg (15 (1))
1 (=2pt%)*\ 1 (—2put®)? (—2put%)?
= —ple (G ) e (Ag ) —spre (T
oo ( Tea+n) 2"\ Tt )) T\ T2a+
t3a t3o¢ t3a (—2Mta)3
= 2Ty + 23Ty — 121°T, =
P rGar ) T T Bar ) O TBar)  TBat D)

12
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Ry(t)

2uIs (T3 (1)) + plg (Ay(t)) —

In summary, we have:

Recursively, we have:

o (_2luta)2
= 2k <T°r(20z+1)>Jr
8’“‘33%(3;: TR
V3 (t)
S5(t)
E5(t)
A3(t)
C3(t)
T5(t)
Ri(t)
Vo) = W
i = Vol(“(_jﬁ—tl))
V0 = Virgasy
1 - (_2ﬂta)
i) = Vor(3a+1)
1 | i (—2put”)
Valt) = OF(nole)
Ey(t) = Ep
Eit) = Eoé(_jlfl))
B = B,y
By - Eoé(‘;“? :
1 | i (—2put®)
Ea() = I'(no+1)

o
0

I'Ba+1)

Suls (Ry(t))
(—2p2%)
(Aor(za +1)

3a

(—2put)°
‘TBa+1
(—2put)
‘T(3a + 12
(—2pt®)
F 3a+1
( 2put®)
‘T (3a + 1;
( 2pt™)
?(304 +)1)
20t)3
T“r(:m +1)
Ro (—2p2%)
I'Ba+1)

=

CQ

&

So(t)
Si(t)

(1)

S5(t)

13

)

— QOMBRU

— 5#[8 <R0

3a

FBa+1)

(—2ut*)? >
I'2a+1)

(—2pt)°

‘T(Ba+1)
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Colt) = Co( ) Th(t) = To( i)
_ Mta Mta
Gilt) = Corat 0O = g
L L o (22p20)% Ly o (22u)?
Gt = F2a+12 L) = F2a+12
(—2ut*)® > (—2ut®)
1 _ 1 _

Gl = ‘T(Ba+1) L) = ‘T(3a+1)
1 _ (—2pt*) 1 B (—2put®)
Calt) = OF(na +1) ) OF(na +1)

—2ut
R%(t) - Olg oz/j- 1))
Ly (F2ut%)?
B(t) = r 20 + 12
(—2ut®)
1 _
B5(t) = ‘T(3a+1)
1 - (_QUta)
Ru(t) = "T(na + 1)
The solution of the system at step k =1 is
(o] 2 ta
Vi = vy L n§+ S = Vo Eal-2pt")
n=0
o0 2 ta
s'(t) = SOZOF((n I = S Eal-2ut")
oo 2 tOé
EY(t) = E, Z r( m5+)1) Eo.Eo(—2ut®)
OO 2 tCM
AW = M3 r(<n§+)1> Ao Fol—2011%)
1 _ = (—2pu2%) o, 4a
OO 2 tOé
T't) = Ty F( no/j—i—) 1 = ToFal=20)
nOO 2 tO{
RO = Ry P(<mf+>1) Ro-Bo(~2p1°)

With E,(—2ut*) the Mittag-Leffler function

14
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At step k = 2, we obtain:

|

s
L
L
{

V2(t) = Vo + I&(N, (B, AY,CY))
{ V2+1(t) = =2ulg(V2(t); n>0

= So+ Ig(Ny(EY, AL, CY))

S (t) = plg (V) — 7M1“(52( ) +Apdg(RE(1), n>0

) = Bo+ I (No(B*, 4, CY))
EnJrl = —2ul§(E2(t)), n>0
Ap (¢ M" (ER(t)) = 3ulg(An(t), n>0
2t = S50~ I3, 0
T3(t) = To
T2 (1) = SuI§ (CA0) + Sl (A(0) = 3T (T2(0), 0> 0
{ Ri(t) = Ry
REA(D) = 201§ (T2(0) + pl§ (A2(0) — Sl (R(0), 00

Let’s calculate Ny(E', A',C); No(E', A',C') and N3(E', A, CY)

Let’'sask g1 =P =1—p and 3 =2u — 2
we have:

N (E', AL CH =

|

|
—
@
=
&y
+
=
[N}
Di
_|_
R
Q

E'(t)
(1= w)Eo + (1 = p) Ao + (21 — 2)Co] Eo. (EBa(—2pt%))?
(1= p)Eo + (1= p) Ey + (21 — 2) Ey] Eo. (Eo(—2p1%))
l—p+1—p+2pu—2](Ey.Ey (—2ut°‘))
2 — 2424 — 2u] (Eo. Eo(—2ut%))?

1
|
A~~~ /N /N /N

Ny(E', A, CY) = —[BiE'(t) + B AN (1) + BsC(1)] (1)

— (1= 1) Bo + (1 = p) Ao + (211 = 2)Co] So. (Ea(—201t"))?
— (1= 1) 8o + (1 = p)So + (24 — 2)So] So- (Ea(—2ut%))”
—[1 = p+1— p+ 20— 2] (So.-EBa(—2ut™))*

[2 = 2+ 2p — 21] (So. Bo(—2ut®))”

I
<

15



UNDER PEER REVI EW

Ny(E', AL, CY) = [BEN1) + BA' (1) + B:C(1)] S'(¢) +

(1= ) [BIEY(t) + BoAL(t) + B0 (B)] V(1)
= [(1=wEo+ (1 — p)Ag + (21 — 2)Co] So. (Ea(—2ut*))* +
(1 =) [(1 = ) Eg + (1 — p) Ao + (20 — 2)Co) V. (Ea(—2ut))?
— [(1 = p)So+ (1 — w)So + (21 — 2)S] So. (Ea(—2ut%))* +
(1 =) [(1— Vo + (1 — p)Vo + (2 — 2)Vo] Vo (Ea(—2ut*))°
= [I—p+1—p+2u—2] (S Ea(—2pt%))" +
(1=)[1 = p+ 1 — p+ 2 — 2] (Vo Ea(—2ut%))°
= [2 -2+ 20— 2] (So. Bu(—2ut))* +

1— ) [2 =2+ 2 — 2u] (Vo.Eo(—2ut®))?

Vi) = Vo Sit) = So

2 _ (—2pt) 9 B (—2ut®)
Vi) = %6a+? S2(t) = S(m+g
2 _ 2ut*)? 9 - 2ut™)?
%@)—-W?@a+; S2(t) = 2a+9
2 _ —2put” 9 B (—2ut®)
W= e ) FO = SGar
WO = gty S0 = St
E5(t) = Ko Aj(t) = A

2 _ (—2pt) 9 B (—2ut®)
Ei(t) = %?m+? A2(t) = %?m+?
2 _ —2put*)? 9 B —2ut®)?
E5(t) = ETQQ+; At) = ATQQ+;
2 _ —2put® 9 - —2ut®
B0 = Brga Al = Aoga )
v 2y v 2y
Bl = Borua ) A0 = AT
ait) = G T3t) = Ty

2 _ (—2p2) 2 B (—2ut®)
Ci(t) = COIE(O‘H)) T2(t) = TOE(O‘H))
2 _ —2ut™)? ) B ~9ute)?
C3(t) = 15(2a+)1 T2(t) = T°F<(2a+>1
2 _ 2pt” 9 - —2ut®
G = Crgat) B = BGar)
2y (2
Gult) = Corge 1) L0 = Torg,

16
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The solution of the system at step k = 2 is:

V3(t) =

EXt) =

A%(t) =

R (t) =

With E,(—2ut*) the Mittag-Leffler function

recursively, we have:

VE(®)
Sk(t)
EX(t)
AR(t)
Ck(t)
(1)

RE(t)

Vi) ==V ni;o r((nz(f t:)n
St = = Soi 1£(n25 t:)n
EA ) = . = By nio 12(_712:?1)
0 == Y =
)= = O oy =
) = = Tog é(nQ:i):)
B = .. = Roni) r(( 2:i)1)

17

R(%(t) = Ro( )
—2ut®
Bi@) = o)
2ut®
m(t) = RO( 207—1— )12
—2ut®)
() = Ror(3a+ 1)
2y o (—2u)"
R0 = ‘T(na +1)
o] (_2Mta)n B B N
o2 Tipn 1) — VorFal=20t%)
o) 2,ut“)”
S%t) = S 2u)" So. Eo(—2ut®
(t) OTLZ;)F(WO‘WL)U 0-Eo (—2pt")
oo 2ILLta n o
On Of(ina—i— 1) Eo.Ea(—Qﬂt )
0 ( 2,uta)n B B N
Aonz_:oiI‘(na—k 1) = Ao.Ea( 2,LLt )
o) Qﬂtoa)n
C%(t) = C <7 Co.Eo(—2ut”
(t) OgF(naqu) 0-Eo(—2put")
> 20t )™
I
oo ( 2Mta)n B B N
R‘];}ir(mm = Ry.En(—2ut%)
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We have:
V()= lim V() = Vp.Ba(-2ut%)
S(t) = Jim Sk(t) So. By (—2ut®)
E(t) = Jim E*(t) = EyE.(—2ut®)
At) = Jim AR(t) = Ag.En(—2ut®)
C(t) = kginoo CH(t) = Co.Eq(—2ut®)
T(t) = lim_ TFt) = To.Eo(—2ut®)
N k _ o o
R(t) = kl_l}I_POOR (t) = Ro.Eo(—2ut*)
The solution of the problem for o« = 1 is:
V(t) = Vye 2
S(t) = S().G_Q”t
E(t) = E0.€_2Mt
A(t) = A0.€_2“t
C(t) = Cpe 2t
T(t) = T0.€72Mt
R(t) = R0.€72“t

7

Conclusion

In this work, we gave a brief review of fractional calculations, then studied the convergence of the
SBA method for a system of nonlinear fractional differential equations and gave a mathematical
model of hepatitis C. Finally, we used the SBA method, which is a numerical solution method,
to apply this non-linear fractional VSEACTR system. The analytical resolution enabled us to
obtain an exact solution.
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