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ABSTRACT 16 
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In this manuscript, we established some common fixed-point (FP) theorems in 

generalized-fuzzy metric spaces (M-FMS) by considering compatible self-maps of 

type (𝐾). FP theory is widely extended and know-legible concept for research in 

various metric spaces and generalized fuzzy metric spaces in the similar sense, these 

results improve some existing theorems of literature. Some related examples are 

also proved. 
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1. INTRODUCTION 22 
 23 
Fixed point theory (FPT) is one of the most expanding fields in pure and applied mathematics. 24 
Many new nonlinear problems have been encountered in various branches of mathematics 25 
and sciences domain. FPT for solving various kind of problems in sense of uniqueness and 26 
existence of solution is very wide and interesting field. The theory of fuzzy set was initially 27 
introduced by Zadeh [16] (1965). Many authors, extend fuzzy set-in different sense like fuzzy 28 
differential operator, fuzzy integral norm and fuzzy metric space (FMS). FMS was initially 29 
defined by Kramosil and Michalek [6] (1975) using 𝑡-conorm, further by George and 30 
Veeramani [1] (1994), the modified form of the FMS was given.  31 
Jungck [4] (1986), introduced compatible maps and proved some results in the context of 32 
metric space (MS) and in FMS given by Mishra et al. [8] (1994). Sedghi and Shobe [13] (2006), 33 
introduced a new space as 𝑀-FMS (Generalized FMS) and prove some FP results. Pant [9] 34 
(1994), established CPT for map which are non-commutative. Compatible maps of type (𝐴) 35 
was firstly given by Jungck et al. [5] (1993). Pathak et al. [10] (1996), established common FP 36 
(CFP) results for compatible maps of type (𝑃). Many mathematicians gave FP theorems in 37 
FMS in different topological properties (ref: [2], [11], [14]). Manandhar et al. [7] (2014), in FMS 38 
gave some FP results compatible maps of type (𝐸).  39 

Jha et al. [3] (2014), prove CFP theorems for compatible maps of type (𝐾) in MS, further Rao 40 

and Reddy [11] (2016), extend the work in FMS for compatible maps of type (𝐾). 41 
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In this paper, we extend FP results of Swati et al. [15] (2016), in generalized FMS for 42 
compatible of type (K) and prove FPT for self-map in 𝑀-FMS with some examples. 43 
 44 

2. Preliminaries 45 

 46 

Definition 2.1: [12] A continuous 𝑡-norm (𝑡-conorm) is a binary operation �̂�: [0,1]2 → [0,1] 47 
which satisfies the following conditions for all 𝔡1, 𝔡2, 𝔡3, 𝔡4 ∈ [0,1]: 48 

(𝑇1) �̂� is continuous, commutative and associative, 49 

(𝑇2) �̂�(𝔡1, 1) = 𝔡1, 50 

(𝑇3) �̂�(𝔡1, 𝔡2) ≤ �̂�(𝔡3, 𝔡4) whenever 𝔡1 ≤ 𝔡2 and 𝔡3 ≤ 𝔡4. 51 

Definition 2.2: [1] The 3-tuple (�̌�, �́�, �̂�) is known as FM space if �̌�  is an arbitrary set, �̂� is a 52 

𝑡-conorm, �́� is a fuzzy set in �̌� × �̌� × [0,∞) satisfies the following axioms for every 𝜛,𝓌, 𝜉 ∈53 

�̌� and 𝓈, 𝓉 > 0: 54 

(FM1)   �́�(𝜛,𝓌, 𝓉) > 0, 55 

(FM2)   �́�(𝜛,𝓌, 𝓉) = 1 if and only if 𝜛 = 𝓌, 56 

(FM3)   �́�(𝜛,𝓌, 𝓉) = �́�(𝓌,𝜛, 𝓉), 57 

(FM4)   �̂� (�́�(𝜛,𝓌, 𝓉), �́�(𝓌, 𝜉, 𝓈)) ≤ �́�(𝜛, 𝜉, 𝓉 + 𝓈), 58 

(FM5)   �́�(𝜛,𝓌,∙) ∶ [0,∞) → [0,1] is continuous. 59 

Definition 2.3: [8] A pair of self-maps (℘̃, �́�) of a FMS (�̌�, �́�, �̂�) is said to be compatible if 60 

lim
𝑚→∞

�́�(℘̃�́�𝔭𝑚, �́�℘̃𝔭𝑚, 𝓉) = 1 for 𝓉 > 0, whenever sequence {𝔭𝑚} from �̌� s.t. lim
𝑚→∞

�́�𝔭𝑚 =61 

lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 62 

Definition 2.4: [5] A pair of self-maps (℘̃, �́�) of a FMS (�̌�, �́�, �̂�) is said to be compatible of 63 

type (A) if lim
𝑚→∞

�́�(℘̃�́�𝔭𝑚, �́��́�𝔭𝑚, 𝓉) = 1 and lim
𝑚→∞

�́�(�́�℘̃𝔭𝑚, ℘̃℘̃𝔭𝑚, 𝓉) = 1 for 𝓉 > 0, whenever 64 

sequence {𝔭𝑚} from �̌� s.t. lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 65 

Definition 2.5: [10] A pair of self-maps (℘̃, �́�) of a FMS (�̌�, �́�, �̂�) is said to be compatible of 66 

type (P) if lim
𝑚→∞

�́�(℘̃℘̃𝔭𝑚, �́��́�𝔭𝑚, 𝓉) = 1 for 𝓉 > 0, whenever sequence {𝔭𝑚} from �̌� s.t. 67 

lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 68 

Definition 2.6: [7] A pair of self-maps (℘̃, �́�) of a FMS (�̌�, �́�, �̂�) is said to be compatible of 69 

type (E) if lim
𝑚→∞

�́�(℘̃℘̃𝔭𝑚, ℘̃�́�𝔭𝑚, 𝓉) = �́�𝜛 and lim
𝑚→∞

�́�(�́��́�𝔭𝑚, �́�℘̃𝔭𝑚, 𝓉) = ℘̃𝜛, for all 𝓉 > 0, 70 

whenever sequence {𝔭𝑚} from �̌� s.t. lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 71 

Definition 2.7: [11] A pair of self-maps (℘̃, �́�) of a FMS (�̌�, �́�, �̂�) is said to be compatible of 72 

type (K) iff lim
𝑚→∞

�́�(℘̃℘̃𝔭𝑚, �́�𝜛, 𝓉) = 1 and lim
𝑚→∞

�́�(�́��́�𝔭𝑚, ℘̃𝜛, 𝓉) = 1, for any 𝓉 > 0, whenever 73 

sequence {𝔭𝑚} from �̌� s.t. lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 74 

Definition 2.8: [13] A 3-tuple (�̌�, ℳ́, �̂�) is said to be a generalised FMS (ℳ-FMS) if �̌� ≠ {∅}, 75 

�̂� is a 𝑡-conorm, ℳ́ is a fuzzy set on �̌�3 × (0,∞) satisfies the following axioms for 76 

every 𝜛,𝓌, 𝜉, 𝑢 ∈ �̌� and 𝓈, 𝓉 > 0: 77 

(MFM1)  ℳ́(𝜛,𝓌, 𝜉, 𝓉) > 0, 78 

(MFM2)  ℳ́(𝜛,𝓌, 𝜉, 𝓉) = 1 ⇔  𝜛 = 𝓌 = 𝜉, 79 

(MFM3)  ℳ́(𝜛,𝓌, 𝜉, 𝓉) = ℳ́(𝑝{𝓌,𝜛, 𝜉}, 𝓉) where 𝑝 is a permutation, 80 

(MFM4)  �̂� (ℳ́(𝜛,𝓌, 𝑢, 𝓉), ℳ́(𝑢, 𝜉, 𝜉, 𝓈)) ≤ ℳ́(𝜛,𝓌, 𝜉, 𝓉 + 𝓈), 81 

(MFM5)  ℳ́(𝜛,𝓌, 𝜉,∙) ∶ (0,∞) → [0,1] is continuous. 82 

Lemma 2.9: [13] If (�̌�, ℳ́, �̂�) be a generalized ℳ-FMS then ℳ́(𝜛,𝓌, 𝜉, 𝓉) is non-decreasing 83 

with respect to 𝓉, for all 𝓉 > 0. 84 

Definition 2.10: [13] Let (�̌�, ℳ́, �̂�) be an ℳ-FMS, for some 𝜛 ∈ �̌� and {𝔭𝑚} be a sequence 85 

in �̌�. Then 86 
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(i) A sequence {𝔭𝑚} is said to converge to 𝜛 if for every 𝓉 > 0, 87 

lim
𝑚→∞

(
1

ℳ́(𝔭𝑚,𝜛,𝜛,𝓉)
− 1) = 0 i.e., lim

𝑚→∞
𝔭𝑚 → 𝜛 or 𝔭𝑚 →  𝜛 as 𝑚 → ∞. 88 

(ii) A sequence {𝔭𝑚} is said to be a Cauchy sequence if for all 𝓉 > 0 and 𝑛 ∈ ℕ we have 89 

lim
𝑚→∞

(
1

ℳ́(𝔭𝑚+𝑛, 𝔭𝑚, 𝔭𝑚, 𝓉)
− 1) = 0. 90 

(iii)  ℳ-FMS (�̌�, ℳ́, �̂�) in which every Cauchy sequence is convergent is said to be complete. 91 

Lemma 2.11: [13] Let (�̌�, ℳ́, �̂�) be a generalized ℳ-FMS and if ∃ 0 < 𝑘 < 1 satisfying 92 

ℳ́(𝜛,𝓌, 𝜉, 𝑘𝓉) ≥ ℳ́(𝜛,𝓌, 𝜉, 𝓉), for every 𝜛,𝓌, 𝜉 ∈ �̌� and 𝓉 ∈ (0,∞) then 𝜛 = 𝓌 = 𝜉. 93 
 94 

3. Main Results:  95 

In this section, we firstly state compatible maps of type (K) in ℳ-FMS (�̌�, ℳ́, �̂�) and we prove 96 

CFP results in ℳ-FMS (�̌�, ℳ́, �̂�) for the compatible of type (K) map. 97 

Definition 3.1: A pair of self-maps (℘̃, �́�) of a ℳ-FMS (�̌�, �́�, �̂�) is said to be compatible of 98 

type (K) iff lim
𝑚→∞

�́�(℘̃℘̃𝔭𝑚, �́�𝜛, �́�𝜛, 𝓉) = 1 and lim
𝑚→∞

�́�(�́��́�𝔭𝑚, ℘̃𝜛, ℘̃𝜛, 𝓉) = 1, for every 𝓉 > 0, 99 

whenever sequence {𝔭𝑚} from �̌� s.t. lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

℘̃𝔭𝑚 = 𝜛, for some 𝜛 ∈ �̌�. 100 

 101 

Example 3.2: Consider �̌� = [−1,6] be a complete in ℳ-FMS and two self-maps ℘̃, �́�: �̌� → �̌� 102 

be defined as: ℘̃(𝜛) =

{
 
 

 
 3 if 𝜛 ∈ [−1,3] − {

1

6
}

6 if 𝜛 =
1

6
(4−𝜛)

6
if 𝜛 ∈ (3,6]

 and �́�(𝜛) =

{
 
 

 
 𝜛
3

if 𝜛 ∈ [−1,
1

6
)

if 𝜛 =
1

6

6
𝜛

18

if 𝜛 ∈ (
1

6
, 2]

if 𝜛 ∈ (2,6]

 . 103 

Now, consider a sequence 𝔭𝑚 = 3 +
1

6𝑚
 from �̌�, for each non-negative integer 𝑚 then  104 

lim
𝑚→∞

℘̃𝔭𝑚 = lim
𝑚→∞

℘̃ (3 +
1

6𝑚
) = lim

𝑚→∞

1

6
(1 −

1

6𝑚
) =

1

6
 and 105 

lim
𝑚→∞

�́�𝔭𝑚 = lim
𝑚→∞

�́� (3 +
1

6𝑚
) = lim

𝑚→∞

1

18
(3 +

1

6𝑚
) =

1

6
. 106 

Thus, both ℘̃𝔭𝑚 and �́�𝔭𝑚 converges to 
1

6
 i.e., lim

𝑚→∞
℘̃𝔭𝑚 = lim

𝑚→∞
�́�𝔭𝑚 =

1

6
. As, ℘̃ (

1

6
) = 6 and 107 

�́� (
1

6
) = 3, therefore lim

𝑚→∞
�́�℘̃𝔭𝑚 = lim

𝑚→∞
�́�℘̃ (3 +

1

6𝑚
) = lim

𝑚→∞
�́� (

1

6
−

1

36𝑚
) =

1

6
, 108 

lim
𝑚→∞

℘̃�́�𝔭𝑚 = lim
𝑚→∞

℘̃�́� (3 +
1

6𝑚
) = lim

𝑚→∞
℘̃ (

1

6
+

1

108𝑚
) = 3, 109 

lim
𝑚→∞

℘̃℘̃𝔭𝑚 = lim
𝑚→∞

℘̃℘̃ (3 +
1

6𝑚
) = lim

𝑚→∞
℘̃ (

1

6
−

1

36𝑚
) = 3 = �́� (

1

6
), 110 

lim
𝑚→∞

�́��́�𝔭𝑚 = lim
𝑚→∞

�́��́� (3 +
1

6𝑚
) = lim

𝑚→∞
�́� (

1

6
+

1

108𝑚
) = 6 = ℘̃ (

1

6
). 111 

Hence, the maps are compatible of type (K) but not compatible, compatible of type (A), (P) 112 
and (E). 113 
 114 

Theorem 3.3: Consider (�̌�, ℳ́, �̂�) be a complete ℳ-FMS (generalized-FMS) defined the  115 

𝜁1, 𝜁2, 𝜁3, 𝜁4, ∆5 and ∆6 be six self-maps on �̌� s.t. they satisfies the following property: 116 

(A3.3.1) 𝜁1(�̌�) ⊂ ∆5𝜁3(�̌�) and 𝜁2(�̌�) ⊂ ∆6𝜁4(�̌�), 117 

(A3.3.2) 𝜁1𝜁4 = 𝜁4𝜁1, 𝜁2𝜁3 = 𝜁3𝜁2, 𝜁3∆6= ∆6𝜁3, and 𝜁4∆5= ∆5𝜁4, 118 

(A3.3.3) (𝜁1, ∆5𝜁4), (𝜁2, ∆6𝜁3) are compatible of type (K) where one of them is continuous, 119 

 (A3.3.4) for all 𝜛,𝓌, 𝜉 ∈ �̌� and 0 < 𝜆 < 2 there exists constant 0 < 𝑘 < 1 s.t.: 120 

ℳ́(𝜁1𝜛, 𝜁2𝓌, 𝜁2𝓌,𝑘𝓉) 121 

≥ min {
ℳ́(∆5𝜁4𝜛, 𝜁1𝜛, 𝜁1𝜛, 𝓉), ℳ́(∆6𝜁3𝓌, 𝜁2𝓌, 𝜁2𝓌,𝓉), ℳ́(∆5𝜁4𝜛, ∆6𝜁3𝓌,∆6𝜁3𝓌,𝓉),

ℳ́(∆6𝜁3𝓌, 𝜁1𝜛, 𝜁1𝜛, 𝜆𝓉), ℳ́(∆5𝜁4𝜛, 𝜁2𝓌, 𝜁2𝓌, (−𝜆 + 2)𝓉)
}. 122 

Then, six self-maps 𝜁1, 𝜁2, 𝜁3, 𝜁4, ∆5 and ∆6 have unique CFP in �̌�. 123 
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Proof: Suppose 𝔭0 ∈ �̌�. From given hypothesis (A3.3.1): 𝜁1(�̌�) ⊂ ∆5𝜁3(�̌�), 𝜁2(�̌�) ⊂ ∆6𝜁4(�̌�), 124 

then ∃ 𝔭1, 𝔭2 ∈ �̌� s.t. 𝜁1(𝔭0) = ∆5𝜁3(𝔭0) = 𝔮0 and 𝜁2(𝔭1) = ∆6𝜁4(𝔭2) = 𝔮1. 125 

Now, we generate two-sequences {𝔭𝑚} and {𝔮𝑚} from �̌� in such a way that 126 
𝜁1(𝔭2𝑚) = ∆5𝜁3(𝔭2𝑚+1) = 𝔮2𝑚 and 𝜁2(𝔭2𝑚+1) = ∆6𝜁4(𝔭2𝑚+2) = 𝔮2𝑚+1.           (3.1) 127 

for each non-negative integer 𝑚 and 𝜆 = −𝜇 + 1, where 0 < 𝜇 < 1.  128 

Now, we show that {𝔮𝑚} is Cauchy in �̌�. From (A3.3.4), we have 129 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) = ℳ́(𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1, 𝑘𝓉) = ℳ́(𝜁1𝔭2𝑚, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝑘𝓉), 130 
Therefore, one can have 131 

ℳ́(𝜁1𝔭2𝑚, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝑘𝓉) 132 

≥ min{

ℳ́(∆5𝜁4𝔭2𝑚, 𝜁1𝔭2𝑚, 𝜁1𝔭2𝑚, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁2𝔭2𝑚, 𝜁2𝔭2𝑚, 𝓉),

ℳ́(∆5𝜁4𝔭2𝑚, ∆6𝜁3𝔭2𝑚+1, ∆6𝜁3𝔭2𝑚+1, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁1𝔭2𝑚, 𝜁1𝔭2𝑚, 𝜆𝓉),

ℳ́(∆5𝜁4𝔭2𝑚, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, (−𝜆 + 2)𝓉)

}, 133 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {

ℳ́(𝔮2𝑚−1, 𝔮2𝑚 , 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1, 𝓉),

ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚, 𝔮2𝑚, (−𝜇 + 1)𝓉),

ℳ́(𝔮2𝑚−1, 𝔮2𝑚+1, 𝔮2𝑚+1, (𝜇 + 1)𝓉)

}. 134 

By equation (2.1), we get 135 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {
ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1, 𝓉),

ℳ́(𝔮2𝑚−1, 𝔮2𝑚+1, 𝔮2𝑚+1, (𝜇 + 1)𝓉)
}, 136 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {
ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1, 𝓉),

ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚, 𝔮2𝑚, 𝜇𝓉)
}. 137 

Letting as 𝜇 assumes to 1 and using ℳ́-FMS axioms, we obtain 138 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min{ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́(𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1, 𝓉)}      (3.2) 139 

Replacing 𝓉 with 𝓉/𝑘 in equation (3.2), we have 140 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝓉) ≥ min {ℳ́ (𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚,
𝓉

𝑘
) , ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,

𝓉

𝑘
)}, 141 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) 142 

≥ min {ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́ (𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚,
𝓉

𝑘
) , ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,

𝓉

𝑘
)}, 143 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,
𝓉

𝑘
)}, 144 

i.e., ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) 145 

≥ min {ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́ (𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚,
𝓉

𝑘2
) , ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,

𝓉

𝑘2
)}, 146 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,
𝓉

𝑘2
)}. 147 

Similarly, one can get 148 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min {ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), ℳ́ (𝔮2𝑚, 𝔮2𝑚+1, 𝔮2𝑚+1,
𝓉

𝑘𝑚
)}. 149 

As, limit 𝑚 tending to ∞, we have 150 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ min{ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉), 1}. 151 

ℳ́(𝔮2𝑚+1, 𝔮2𝑚, 𝔮2𝑚, 𝑘𝓉) ≥ ℳ́(𝔮2𝑚−1, 𝔮2𝑚, 𝔮2𝑚, 𝓉) for 𝓉 > 0. 152 

Thus, for every 𝑚 and 𝓉 > 0, we say ℳ́(𝔮𝑚+1, 𝔮𝑚, 𝔮𝑚, 𝑘𝓉) ≥ ℳ́(𝔮𝑚 , 𝔮𝑚−1, 𝔮𝑚−1, 𝓉). Therefore, 153 

ℳ́(𝔮𝑚+1, 𝔮𝑚 , 𝔮𝑚, 𝓉) ≥ ℳ́ (𝔮𝑚, 𝔮𝑚−1, 𝔮𝑚−1,
𝓉

𝑘
) 154 

> ℳ́ (𝔮𝑚−1, 𝔮𝑚−2, 𝔮𝑚−2,
𝓉

𝑘2
) > ⋯ > ℳ́ (𝔮1, 𝔮0, 𝔮0,

𝓉

𝑘𝑚
).  155 

lim
𝑚→∞

ℳ́(𝔮𝑚+1, 𝔮𝑚, 𝔮𝑚, 𝓉) = 1 for 𝓉 > 0. 156 

For any 𝑝 integer, we have 157 

ℳ́(𝔮𝑚, 𝔮𝑚+𝑝, 𝔮𝑚+𝑝, 𝓉) 158 

≥ �̂�(ℳ́ (𝔮𝑚 , 𝔮𝑚+1, 𝔮𝑚+1,
𝓉

𝑘
) , ℳ́ (𝔮𝑚+1, 𝔮𝑚+2, 𝔮𝑚+2,

𝓉

𝑘
) , … , ℳ́ (𝔮𝑚+𝑝−1, 𝔮𝑚+𝑝, 𝔮𝑚+𝑝,

𝓉

𝑘
)) 159 

lim
𝑚→∞

ℳ́(𝔮𝑚+1, 𝔮𝑚, 𝔮𝑚, 𝓉) ≥ �̂�(1,1, ,1… ,… ,1,1) = 1 for 𝓉 > 0. 160 
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Hence, {𝔮𝑚} is Cauchy sequence in �̌�, which is complete ℳ-FMS. Therefore, there exists 𝜉 ∈161 

�̌� and the sub-sequences {𝜁1(𝔭2𝑚)}, {∆5𝜁3(𝔭2𝑚+1)}, {𝜁2(𝔭2𝑚+1)}, {∆6𝜁4(𝔭2𝑚+2)} also converges 162 

to 𝜉 ∈ �̌�. 163 
lim
𝑚→∞

𝜁1(𝔭2𝑚) = lim
𝑚→∞

∆5𝜁3(𝔭2𝑚+1) = lim
𝑚→∞

𝜁2(𝔭2𝑚+1) = lim
𝑚→∞

∆6𝜁4(𝔭2𝑚+2) = 𝜉.            (3.3) 164 

Case (i) (𝜁1 , ∆5𝜁4) is compatible of type (K) and either ∆5𝜁4 or 𝜁1 is continuous. Now, we have 165 

lim
𝑚→∞

𝜁1(𝔭2𝑚) = lim
𝑚→∞

∆5𝜁4(𝔭2𝑚+2) = 𝜉 i.e., lim
𝑚→∞

𝜁1(𝔭2𝑚) = lim
𝑚→∞

∆5𝜁4(𝔭2𝑚) = 𝜉, 166 

since, (𝜁1 , 𝜁5𝜁4) is compatible of type (K), we get 167 

lim
𝑚→∞

𝜁1𝜁1(𝔭2𝑚) = ∆5𝜁4𝜉 and lim
𝑚→∞

∆5𝜁4∆5𝜁4(𝔭2𝑚) = 𝜁1𝜉. 168 

Now, if map 𝜁1 is continuous then lim
𝑚→∞

𝜁1(𝔭2𝑚) = 𝜉 i.e., lim
𝑚→∞

𝜁1𝜁1(𝔭2𝑚) = 𝜁1𝜉.  169 

Therefore, 𝜁1𝜉 = ∆5𝜁4𝜉.  170 

Similarly, if ∆5𝜁4 is continuous, then lim
𝑚→∞

∆5𝜁4(𝔭2𝑚) = 𝜉 i.e., lim
𝑚→∞

∆5𝜁4∆5𝜁4(𝔭2𝑚) = ∆5𝜁4𝜉. 171 

Therefore, 𝜁1𝜉 = ∆5𝜁4𝜉.                     (3.4) 172 

Considering 𝜉 = 𝜛 and 𝓌 = 𝔭2𝑚+1 in (A3.3.4), one can have 173 

ℳ́(𝜁1𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝑘𝓉) 174 

≥ min{

ℳ́(∆5𝜁4𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝓉),

ℳ́(∆5𝜁4𝜉, ∆6𝜁3𝔭2𝑚+1, ∆6𝜁3𝔭2𝑚+1, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉),

ℳ́(∆5𝜁4𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, (−𝜆 + 2)𝓉)

}. 175 

Since by equation (2.4), we get 176 

ℳ́(𝜁1𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝑘𝓉)  177 

≥ min{

ℳ́(𝜁1𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝓉),

ℳ́(𝜁1𝜉, ∆6𝜁3𝔭2𝑚+1, ∆6𝜁3𝔭2𝑚+1, 𝓉), ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉),

ℳ́(𝜁1𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, (−𝜆 + 2)𝓉)

}. 178 

ℳ́(𝜁1𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝑘𝓉) 179 

≥ min {
1, ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, 𝓉), ℳ́(𝜁1𝜉, ∆6𝜁3𝔭2𝑚+1, ∆6𝜁3𝔭2𝑚+1, 𝓉),

ℳ́(∆6𝜁3𝔭2𝑚+1, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(𝜁1𝜉, 𝜁2𝔭2𝑚+1, 𝜁2𝔭2𝑚+1, (−𝜆 + 2)𝓉)
}. 180 

by letting limit 𝑚 tend to ∞, we arrive at 181 

ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝑘𝓉) 182 

≥ min{1, ℳ́(𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(𝜁1𝜉, 𝜉, 𝜉, (−𝜆 + 2)𝓉)}. 183 

Since by from equation (2.3), when 𝜆 tend to 1, one can get 184 

ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ min{1,1, ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝓉)}, 185 

ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ min{1,1, ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝓉)}, 186 

ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ ℳ́(𝜁1𝜉, 𝜉, 𝜉, 𝓉). 187 

From using Lemma 2.11, we say 𝜁1𝜉 = 𝜉.  188 

Therefore, 𝜁1𝜉 = ∆5𝜁4𝜉 = 𝜉.                       (3.5) 189 
Case (ii) (𝜁2, ∆6𝜁3) is compatible of type (K) and either ∆6𝜁3 or 𝜁2 is continuous. Now, we get 190 

lim
𝑚→∞

𝜁2(𝔭2𝑚+1) = lim
𝑚→∞

∆6𝜁2(𝔭2𝑚+1) = 𝜉, 191 

since, (𝜁2, ∆6𝜁3) is compatible of type (K), then we get 192 

lim
𝑚→∞

𝜁2𝜁2(𝔭2𝑚+1) = 𝜁6𝜁3𝜉 and lim
𝑚→∞

∆6𝜁3∆6𝜁3(𝔭2𝑚+1) = 𝜁2𝜉. 193 

Now, if 𝜁2 is continuous then lim
𝑚→∞

𝜁2(𝔭2𝑚+1) = 𝜉 i.e., lim
𝑚→∞

𝜁2𝜁2(𝔭2𝑚+1) = 𝜁2𝜉. 194 

Also, if ∆6𝜁3 is continuous, we obtain 195 

lim
𝑚→∞

∆6𝜁3(𝔭2𝑚+1) = 𝜉 i.e., lim
𝑚→∞

∆6𝜁3∆6𝜁3(𝔭2𝑚+1) = ∆6𝜁3𝜉. 196 

Therefore, 𝜁1𝜉 = ∆5𝜁4𝜉.                     (3.6) 197 

Put 𝜉 = 𝜛 = 𝓌 in (A3.3.4), one can have 198 

ℳ́(𝜁1𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) 199 

≥ min {
ℳ́(∆5𝜁4𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉), ℳ́(∆5𝜁4𝜉, ∆6𝜁3𝜉, ∆6𝜁3𝜉, 𝓉),

ℳ́(∆6𝜁3𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(∆5𝜁4𝜉, 𝜁2𝜉, 𝜁2𝜉, (−𝜆 + 2)𝓉)
}. 200 

Since by equation (3.5) and (3.6), we obtain 201 
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ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) ≥ min {
ℳ́(𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(𝜁2𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉), ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉)

ℳ́(𝜁2𝜉, 𝜉, 𝜉, 𝜆𝓉), ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, (−𝜆 + 2)𝓉)
}. 202 

as 𝜆 tend to 1, we have 203 

ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) ≥ min{1,1, ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉), ℳ́(𝜁2𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉)}, 204 

ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) ≥ ℳ́(𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉), 205 
by using Lemma 2.11, implies that 𝜁2𝜉 = 𝜉.  206 

Therefore, 𝜁1𝜉 = ∆5𝜁4𝜉 = 𝜁2𝜉 = ∆6𝜁3𝜉 = 𝜉.                          (3.7) 207 

Now, put 𝜉 = 𝜛 and 𝓌 = 𝜁3𝜉 in (A3.3.4), we obtain 208 

ℳ́(𝜁1𝜉, 𝜁2𝜁3𝜉, 𝜁2𝜁3𝜉, 𝑘𝓉) 209 

≥ min{

ℳ́(∆5𝜁4𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝜁3𝜉, 𝜁2𝜁3𝜉, 𝜁2𝜁3𝜉, 𝓉),

ℳ́(∆5𝜁4𝜉, ∆6𝜁3𝜁3𝜉, ∆6𝜁3𝜁3𝜉, 𝓉),

ℳ́(∆6𝜁3𝜁3𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(∆5𝜁4𝜉, 𝜁2𝜁3𝜉, 𝜁2𝜁3𝜉, (−𝜆 + 2)𝓉)

}, 210 

from given (A3.3.2), we get 211 

ℳ́(𝜁1𝜉, 𝜁3𝜁2𝜉, 𝜁3𝜁2𝜉, 𝑘𝓉) 212 

≥ min{

ℳ́(∆5𝜁4𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(𝜁3∆6𝜁3𝜉, 𝜁3𝜁2𝜉, 𝜁3𝜁2𝜉, 𝓉),

ℳ́(∆5𝜁4𝜉, 𝜁3∆6𝜁3𝜉, 𝜁3∆6𝜁3𝜉, 𝓉),

ℳ́(𝜁3∆6𝜁3𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(∆5𝜁4𝜉, 𝜁3𝜁2𝜉, 𝜁3𝜁2𝜉, (−𝜆 + 2)𝓉)

}. 213 

By equation (3.7), one can have 214 

ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝑘𝓉) ≥ min {
ℳ́(𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜁3𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝓉), ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝓉),

ℳ́(𝜁3𝜉, 𝜉, 𝜉, 𝜆𝓉), ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, (−𝜆 + 2)𝓉)
}. 215 

Considering as 𝜆 tend to 1, 216 

ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝑘𝓉) ≥ min{1, ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝓉)}, i.e., ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝑘𝓉) ≥ ℳ́(𝜉, 𝜁3𝜉, 𝜁3𝜉, 𝓉). 217 

Form Lemma 2.11, we have 218 
𝜉 = 𝜁3𝜉 and 𝜉 = ∆6𝜁3𝜉 i.e., 𝜉 = ∆6𝜉. 219 

Therefore, 𝜉 = 𝜁3𝜉 = ∆6𝜉.                 (3.8) 220 

Again, if we put 𝜁4𝜉 = 𝜛 and 𝓌 = 𝜉 in (A3.3.4), we obtain 221 

ℳ́(𝜁1𝜁4𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) 222 

≥ min{

ℳ́(∆5𝜁4𝜁4𝜉, 𝜁1𝜁4𝜉, 𝜁1𝜁4𝜉, 𝓉), ℳ́(∆6𝜁3𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉),

ℳ́(∆5𝜁4𝜁4𝜉, ∆6𝜁3𝜉, ∆6𝜁3𝜉, 𝓉),

ℳ́(∆6𝜁3𝜉, 𝜁1𝜁4𝜉, 𝜁1𝜁4𝜉, 𝜆𝓉), ℳ́(∆5𝜁4𝜁4𝜉, 𝜁2𝜉, 𝜁2𝜉, (−𝜆 + 2)𝓉)

}. 223 

By, given hypothesis (A3.3.2), one can get 224 

ℳ́(𝜁4𝜁1𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝑘𝓉) 225 

≥ min{

ℳ́(𝜁4∆5𝜁4𝜉, 𝜁4𝜁1𝜉, 𝜁4𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝜉, 𝜁2𝜉, 𝜁2𝜉, 𝓉),

ℳ́(𝜁4∆5𝜁4𝜉, ∆6𝜁3𝜉, ∆6𝜁3𝜉, 𝓉),

ℳ́(∆6𝜁3𝜉, 𝜁4𝜁1𝜉, 𝜁4𝜁1𝜉, 𝜆𝓉), ℳ́(𝜁4∆5𝜁4𝜉, 𝜁2𝜉, 𝜁2𝜉, (−𝜆 + 2)𝓉)

}. 226 

From equation (2.7), we get 227 

ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ min {
ℳ́(𝜁4𝜉, 𝜁4𝜉, 𝜁4𝜉, 𝓉), ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝓉),

ℳ́(𝜉, 𝜁4𝜉, 𝜁4𝜉, 𝜆𝓉), ℳ́(𝜁4𝜉, 𝜉, 𝜉, (−𝜆 + 2)𝓉)
}. 228 

ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ min{1,1, ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝜉, 𝜁4𝜉, 𝜁4𝜉, 𝜆𝓉), ℳ́(𝜁4𝜉, 𝜉, 𝜉, (−𝜆 + 2)𝓉)}, 229 

as 𝜆 assumes to 1, 230 

ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ min{1, ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝓉)}, i.e., ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝑘𝓉) ≥ ℳ́(𝜁4𝜉, 𝜉, 𝜉, 𝓉). 231 

By, considering Lemma 2.11, we get 232 
𝜉 = 𝜁4𝜉 and 𝜉 = ∆5𝜁4𝜉 i.e., 𝜉 = 𝜁4𝜉. 233 

Thus, 𝜉 = 𝜁4𝜉 = ∆5𝜉. .                            (3.9) 234 
Using equations (3.7), (3.8) and (3.9), one can obtain 235 

𝜉 = ∆6𝜉 = ∆5𝜉 = 𝜁4𝜉 = 𝜁3𝜉 = 𝜁2𝜉 = 𝜁1𝜉. 236 
Hence, 𝜉 is CFP of six self-maps 𝜁1, 𝜁2, 𝜁3, 𝜁4, ∆5 and ∆6. 237 
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Uniqueness: To show uniqueness of FP, let 𝔲ℴ be another FP of  six self-maps 𝜁1, 𝜁2, 𝜁3, 𝜁4, ∆5 238 
and ∆6 i.e., 𝜁1𝔲ℴ = 𝜁2𝔲ℴ = 𝜁3𝔲ℴ = 𝜁4𝔲ℴ = ∆5𝔲ℴ = ∆6𝔲ℴ = 𝔲ℴ. Put 𝜉 = 𝜛 and 𝔲ℴ = 𝓌 in (A3.3.4), 239 
one can have 240 

ℳ́(𝜁1𝜉, 𝜁2𝔲ℴ , 𝜁2𝔲ℴ , 𝑘𝓉) 241 

≥ min {
ℳ́(∆5𝜁4𝜉, 𝜁1𝜉, 𝜁1𝜉, 𝓉), ℳ́(∆6𝜁3𝔲ℴ , 𝜁2𝔲ℴ , 𝜁2𝔲ℴ , 𝓉), ℳ́(∆5𝜁4𝜉, ∆6𝜁3𝔲ℴ , ∆6𝜁3𝔲ℴ , 𝓉),

ℳ́(∆6𝜁3𝔲ℴ , 𝜁1𝜉, 𝜁1𝜉, 𝜆𝓉), ℳ́(∆5𝜁4𝜉, 𝜁2𝔲ℴ , 𝜁2𝔲ℴ , (−𝜆 + 2)𝓉)
}. 242 

Letting as 𝜆 → 1, we obtain 243 

ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝑘𝓉) ≥ min {
ℳ́(∆5𝜉, 𝜉, 𝜉, 𝓉), ℳ́(∆6𝔲ℴ , 𝔲ℴ , 𝔲ℴ , 𝓉), ℳ́(∆5𝜉, ∆6𝔲ℴ , ∆6𝔲ℴ , 𝓉),

ℳ́(∆6𝔲ℴ , 𝜉, 𝜉, 𝓉), ℳ́(∆5𝜉, 𝔲ℴ , 𝔲ℴ , 𝓉)
}, 244 

ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝑘𝓉) ≥ min {
ℳ́(𝜉, 𝜉, 𝜉, 𝓉), ℳ́(𝔲ℴ , 𝔲ℴ , 𝔲ℴ , 𝓉), ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝓉),

ℳ́(𝔲ℴ , 𝜉, 𝜉, 𝓉), ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝓉)
}. 245 

Then, ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝑘𝓉) ≥ min{1, ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝓉)} i.e.,  ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝑘𝓉) ≥ ℳ́(𝜉, 𝔲ℴ , 𝔲ℴ , 𝓉). 246 

Hence, 𝜉 = 𝔲ℴ. 247 
Thus, we established the uniqueness of CFP 𝜉. 248 
 249 

Example 3.4: Let �̌� = [−3,3] be a complete in ℳ-FMS and two self-maps ℘̃, �́�: �̌� → �̌� be 250 

defined as: ℘̃(𝜛) =

{
 
 

 
 6 if 𝜛 =

1

3

𝜛 if 𝜛 ∈ [−3,2] − {
1

3
}

(4−𝜛)

6
if 𝜛 ∈ (2,3]

 and �́�(𝜛) = {

1

3
if 𝜛 ∈ [−3,2]

𝜛

6
if 𝜛 ∈ (2,3]

. 251 

Now, consider a sequence 𝔭𝑚 = 2 +
1

6𝑚
 from �̌�, for each non-negative integer 𝑚. Letting as, 252 

𝑚 tends to ∞, both ℘̃𝔭𝑚 and �́�𝔭𝑚 converges to 
1

3
  i.e., lim

𝑚→∞
℘̃𝔭𝑚 = lim

𝑚→∞
�́�𝔭𝑚 =

1

3
. Since, ℘̃ (

1

3
) =253 

6 and �́� (
1

3
) =

1

3
, thus, one can obtain 254 

lim
𝑚→∞

℘̃℘̃𝔭𝑚 = lim
𝑚→∞

℘̃℘̃ (2 +
1

6𝑚
) = lim

𝑚→∞
℘̃ (

1

3
−

1

36𝑚
) =

1

3
= �́� (

1

3
),  255 

lim
𝑚→∞

�́��́�𝔭𝑚 = lim
𝑚→∞

�́��́� (2 +
1

6𝑚
) = lim

𝑚→∞
�́� (

1

3
+

1

36𝑚
) =

1

3
≠ ℘̃ (

1

3
) = 6,  256 

lim
𝑚→∞

℘̃�́�𝔭𝑚 = lim
𝑚→∞

℘̃�́� (2 +
1

6𝑚
) = lim

𝑚→∞
℘̃ (

1

3
+

1

36𝑚
) = lim

𝑚→∞
(
1

3
+

1

36𝑚
) =

1

3
,  257 

lim
𝑚→∞

�́�℘̃𝔭𝑚 = lim
𝑚→∞

�́�℘̃ (2 +
1

6𝑚
) = lim

𝑚→∞
�́� (

1

3
−

1

36𝑚
) =

1

3
.  258 

Hence, the maps not compatible of type (K) in �̌�. 259 
 260 

Corollary 3.5: Consider (�̌�, ℳ́, �̂�) be a complete ℳ-FMS. If 𝜁1, 𝜁2, 𝜁3 and 𝜁4 are self-maps 261 

on �̌� s.t. they satisfies: 262 

(33.5.1) 𝜁1(�̌�) ⊂ 𝜁3(�̌�), 𝜁2(�̌�) ⊂ 𝜁4(�̌�); 263 

(A3.5.2) (𝜁1, 𝜁4), (𝜁2, 𝜁3) is compatible of type (K) where one of them is contionus; 264 

 (A3.5.3) for all 𝜛,𝓌, 𝜉 ∈ �̌� and 0 < 𝜆 < 2, ∃ 0 < 𝑘 < 1 s.t.: 265 

ℳ́(𝜁1𝜛, 𝜁2𝓌, 𝜁2𝓌,𝑘𝓉) 266 

≥ min {
ℳ́(𝜁3𝜛, 𝜁1𝜛, 𝜁1𝜛, 𝓉), ℳ́(𝜁4𝓌, 𝜁2𝓌, 𝜁2𝓌,𝓉), ℳ́(𝜁3𝜛, 𝜁4𝓌, 𝜁4𝓌,𝓉),

ℳ́(𝜁4𝓌, 𝜁1𝜛, 𝜁1𝜛, 𝜆𝓉), ℳ́(𝜁3𝜛, 𝜁2𝓌, 𝜁2𝓌, (−𝜆 + 2)𝓉)
}. 267 

Then, self-maps 𝜁1, 𝜁2, 𝜁3 and 𝜁4 have unique CFP in �̌�. 268 
Proof: If we consider ∆5= ∆6= 𝐼 in Theorem 3.3, one can easily do the proof. 269 
 270 

Corollary 3.6: Consider (�̌�, ℳ́, �̂�) be a complete ℳ-FMS. If 𝜁1, 𝜁2 and 𝜁3 are three self-maps 271 

on �̌� s.t. they satisfies: 272 

(A3.6.1) 𝜁1(�̌�) ⊂ 𝜁2(�̌�) ∩ 𝜁3(�̌�); 273 

(A3.6.2) (𝜁1, 𝜁2), (𝜁1, 𝜁3) is compatible of type (K), where 𝜁1 is contionus; 274 

 (A3.6.3) for every 𝜛,𝓌, 𝜉 ∈ �̌� and 0 < 𝜆 < 2, ∃ 0 < 𝑘 < 1 s.t.: 275 
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ℳ́(𝜁1𝜛, 𝜁1𝓌, 𝜁1𝓌,𝑘𝓉) 276 

≥ min {
ℳ́(𝜁2𝜛, 𝜁1𝜛, 𝜁1𝜛, 𝓉), ℳ́(𝜁3𝓌, 𝜁1𝓌, 𝜁1𝓌,𝓉), ℳ́(𝜁2𝜛, 𝜁3𝓌, 𝜁3𝓌,𝓉),

ℳ́(𝜁4𝓌, 𝜁1𝜛, 𝜁1𝜛, 𝜆𝓉), ℳ́(𝜁2𝜛, 𝜁1𝓌, 𝜁1𝓌, (−𝜆 + 2)𝓉)
}. 277 

Then, self-maps 𝜁1, 𝜁2 and 𝜁3 have unique CFP in �̌�. 278 
Proof: By considering 𝜁3 = 𝜁4 = 𝐼 in Corollary 2.2, one can have the proof. 279 

 280 

4. CONCLUSION 281 

In the manuscript, we established CFP theorems in 𝑀-FMS for self-maps by using compatible 282 

of type (𝐾) with some examples, since FP theory has many applications in various branches 283 
of mathematics and generalized-FMS. These results extend and generalized some FP 284 
theorems existing in the literature. 285 
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