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Associative Algebras Satisfying Quadratic Equations

Abstract

In this work, we classify Quadratic Algebras that are generated by a set G = {z1, z2,...,z,}, Over
afield K that satisfy a polynomial identity of the form X2 = aX +b, where a,b € K and X can vary
over the elements of A or over the elements of the multiplicative semigroup S generated by G.
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1 Introduction

Associative algebras play a crucial role in algebraic structures and have numerous applications in
various fileds of mathematics and physics. When a field F' has characteristic 0 and A is an F-
algebra, we define A aas a nil-algebra if there exists a positive integer n such that «™ = 0 for every
ainA. In this case, n is called the nil-index of A. An algebra A is said to be nilpotent of index m if any
product of m elements of A is zero.

In [1], Nagata proved that is A is a nil-algebra with nil-index n, then A is nilpotent of index N (n) for
some N(n) € N. Higman [2] provide a refined result, showing that n? < N(n) < 2™ — 1. Razmyslov
[3] improved Higman’s upper bound to N(n) > n?, and Kuzmin [4] enhanced the lower bound to
N(n) > ™™D Woo Lee [5] demonstrated that a nil-algebra A with nil-index 3 is nilpotent of index 6.

This paper focuses on classifying and characterizing associative algebras generated by a set
G = {x1,20,--- , .} Over a field K that satisfy a quadratic polynomial identity of the form X2 =
aX + b, where a,b € K and X can vary over the elements of A or a multiplicative semigroup S
generated by G.

2 Thecase X’ =F

Lemma 2.1. Let S be the set of words in {z1,x2, -+ ,zm} and A an Associative Algebra over a field
K containing S satisfying X* = k, VX € S, forsome k € K. Thenk € {0,1}.

Proof. Since k = (x?)? = k?, then k € {0,1}. O
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2.1 Thecase X?2=0

Theorem 2.2, Let A = (x1,%2,3,...,%m) OVer a field of characteristic p # 2, satisfying X* = 0,

VX € A, then A is nilpotent of index at most 3 and the dimension of A is at most w

Proof. Letx,y,z € A, then

x4y’ =4ay+yr+y°=0=ay=—yx (2.1)
and
(x+yz)? =2 +oyz +yze + (y2)° = zyz + yze = 0 = xyz = —yzx (2.2)
Now observe that
(2.1) (2.1)
wyz =" —(yrz) =" —(y(—2z)) = yzz (2.3)

By (2.3) and (2.2), we obtain that
2zyz = 0. (2.4)

As A is an Algebra of characteristic p # 2 and 2zyz = 0, it follows that xyz = 0. Therefore A is
nilpotent of index at most 3.
By (2.1), (2.2) and (2.3),it follows that the basis of A is subset of

(Ui u( U, o)

which has ™(+1) elements. Hence, the dimension of A is at most ™%+

O

Example 2.3. Consider A = (x,y), where every element of the Associative Algebra satisfies the
condition X? = 0.
Thus,

(:c+y)2:x2+y2+xy+yx:0$xy:—yx

(x+ay)’ =2" + (zy)> + 2’y +ayr = 0= zyz = 0

Indeed, we obtain that words of length greater than 2 in the semigroup S generated by x and y
are equal to zero.
In this case, any element w € A can be written as

w = ax + by + cxy,
where a,b,c € K.

o O O O
o O O
OO oo
o= oo

o O oo

o O OO

S O O
o
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Theorem 2.4. Let A = (x1,x2,x3,...,Tm) Over a field of characteristic 2, satisfying X 2=0,VX € A,
then A is nilpotent of index at most m + 1 and the dimension of this Algebra is less than or equal to
2m — 1.

Proof. By (2.1), we obtain that a basis of A over a field F' of characteristic 2, satisfying X2 = 0,
VX € A, is formed by elements of the form z§*252 ... 25", where &1, ..., & € {0,1} and not all &

are zero. Therefore, dim(A) < 2™ — 1. O

2.2 Thecase X?2=1

Theorem 2.5. Let S be the set of words in {z1,z2,...,zm} and A an Associative Algebra over a field
K generated by S and satisfying X*> = 1,VX € S, then A is an Abelian Algebra and dim(A) = 2™.

Proof. First, observe that yz = 2*yzy® = z(zy)’y = zy,Va,y € {21, -+ ,Tm }.
Therefore, the generators of A are of the form z$' 252 - - - 25, where &1, - -+ , &, € {0,1}.
Thus, dim(A) = 2™. O

Example 2.6. If S is the set of words in {z,y} and A is an Associative Algebra over a field K
generated by S satisfying X? = 1, VX € S, then there exists a basis {1, z,y, xy} where any element
w € A can be written as

w = a1 + a2 + a3y + a4y,

where a1, a2, a3, a4 € K.
Ifwy = a1 + azz + asy + asxy and we = B1 + B2x + Bsy + Laxy, then

(a1B1 + a2fB2 + as3fs + auafa)
(182 + @21 + aszfa + auafs)x
(1 B3 + a2fs + asfi + auf2)y
(181 + @23 + a3fz + auafi)x

wi1w2

|

Y
In this case, we can take

0 1 0 O
[ 1 0 0 0
10 0 0 1
0 0 1 0
and
0 0 1 0O
0 0 0 1
Y=1 10 0 0
0 1 0 O
3 Thecase X?=kX
Lemma 3.1. Let S be the set of words in {z1,z2,...,zm} and A an Associative Algebra over a field

K containing S satisfying X* = kX,VX € S, forsomek € K. Thenk € {0,1}.

Proof. K’z = k(kx) = ka? = (2%)? = (kx)? = K* ()’ =Kz = k*(k— 1)z =0=k € {0,1}. O
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3.1 Thecase X?=X

Theorem 3.2. If S is the set of words in {z,y} and A is an Associative Algebra over a field K
generated by S satisfying X? = X, VX € A, then

* A is Abelian;
* A has characteristic 2;
+ dim(A) < 3.

Proof. Let w € A. Thus, (2w)? = 4w and (2w)?® = 2w, which implies 2w = 0. Therefore, A has
characteristic 2.

Since
(z+y)’=z+y (3.1)
and
(z+y)’ =2+’ +ay+yr=a+y+ay+yx (3.2)
then
Ty = yx. (3.3)

Therefore, A is an Abelian algebra.
By (3.3) e by definition of A, it follows that a basis for A is a subset of {z, y, xy}. Thus, dim(A4) <

O
1 0 O
Example 3.3. The Algebra over Z. generated by © and y, where x = | 0 0 1 | andy =
0 0 1
0 0 1
0 1 0 | satisfies the hypotheses of Theorem 3.2 and has dimension 3 as a vector space.’
0 0 1

Theorem 3.4. If S is the set of words in {z1,z2,...,zm} and A is an Associative Algebra over a field
K generated by S satisfying X*> = X, VX € A, then

« A is Abelian;
* A has characteristic 2;
o dim(A) < 2™ —1;

Proof. By Theorem 3.2, it follows that A is Abelian and A has characteristic 2. As A is Abelian and
by definition of A, it follows that a base of A is a subset of

{xiylmgz~~~$g{” |Oél>‘“7a'm 6{0,1},06?-‘1--’-053,1750}

Thus, A has dimension at most 2™ — 1. O

Theorem 3.5. If S is the set of words in {z,y} and A is an Associative Algebra over a field K
generated by S satisfying X*> = X,VX € S, then dim(A) < 6.

Proof. It suffices to observe that the set {z, y, zy, yz, zyx, yry} generates the Algebra A. Note that
if A= (x,y), where
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0 1 0 0 0 0 07
01 0 0 0O 0 O
0O 0 0O1 0 0 O
z=|(0 1 0 1 0 0 O
0O 0 0 0 O 1 0
0O 0 OO 0O 1 0
00 0 1 0 0 0]
and _ 1
0O 0 1 0 0 0 O
0O 0 0 0 1 0 O
0 0 1 0 0 0 O
y=|0 0 0 0 0 0 1|,
0O 0 0 0 1 0 O
0 0 0 0 1 0 O
L0 0 0 0 0 0 1|

then A satisfies the conditions of the proposition, and g = {z,y, zy, yz, zyz, yzy} is a basis for A
with dim(A) = 6. O

4 The case X? =aX + b, witha,b € K*

Theorem 4.1. If S is the set of words in {z,y} and A is an Associative Algebra over a field K with
characteristic 2 generated by S satisfying X*> = X 4+ 1,VX € S, then A is the field GF(4) with four

elements {0,1,z,1 + z}.

Proof. We have

(ny)Q:x2y+1:(x+1)y+1:xy+y+1 (4.1)
and ) o )
@) = (e +1y)
= (zy +y)
= (zy)® +y° + zy” + yay (4.2)

vy+1+y+1+az(y+1)+yzy
=2xy+2+y+rtyry=y+x+yxry

By (4.1) and (4.2), we have

yry =zy+x+1 (4.3)
Voy=yry+yrt+y=ay+a+lt+yr+y (4.4)
y2my:(y+1):cy:ymy+my:2xy+:v+1:x+1 (4.5)

By (4.4) and (4.5), we have
zy=yr+y (4.6)

Thus, by simmetry,

yr=zxy+x (4.7)
O

By (4.6) and (4.7), we have that z = y.

Theorem 4.2. If S is the set of words in {z,y} and A is an Associative Algebra over a field K with
characteristic greater than 2 generated by S satisfying X? = aX + b, VX € S witha,b € K*, then
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(i) b=—1lea=20ra=-1;
(i) {1,z,y,zy} is a basis for A as a vector space over K ;
(iii) dim(A) = 4.

Proof. (i) Since X? = aX + b, then

(X%)? = (aX +0b)
=a’X? + 2abX + b*
=a*(aX +b) + 2abX + V?
= (a® + 2ab) X + a®b + b?
and
(X*V¥ =aX’+b=al@X +b)+b=a’X+ab+b
Therefore, we obtain

a? = a® + 2ab N a=a%+2b N b=-1 N b=-1
ab+b=a%b+b? a+1=a’>+b a?—a—-2=0

(i) and (i) For X? = —X — 1, we have

(a?y)? =-—a’y—1
=—(—z-1y-—-1
=zy+y—1

and
(2*y)* = [(~z =1y
= (zy +y)°
= (2y)* +y° +2y® +yzy
=—ay—1l—-y—1+a(-y—1)+yzy
=-2xy—2—y—x+yxy

By (4.11) and (4.12), we obtain

yry =3xy+2y+x+1

Now,
zyry =3ziy+2zy+a2®+a
=3(—z—Dy+2zy+(—z—-1)+=z
=-3zy—3y+2zy—1=—zy—3y—1
and

zyry = —xy — 1

By (4.14) and (4.15),
3y=20

By simmetry, we can prove that 3z = 0. Therefore, K has characteristic 3.
Since K has characteristic 3, we obtain that

yry =2y +ax+1
Thus,

Vey=y2yt+a+1) =20 +yr+y=-2y-2+yr+y=-2+yr+2

(4.8)

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)

(4.18)
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and
vVey=(—y—Day=—yry —ay=—2y+a+1)—ay=—2y—x—1—1xy (4.19)
By (4.18) and (4.19), we obtain that
yr+ay=—dy—z+1=2y+2z+1 (4.20)

For X2 =2X —1.
(z%y)? =22y —1

=22z —-1)y—1 (4.21)
=4ry — 2y —1
and
(z%y)® =2z - 1)y)?
= (2zy —y)*
= 4(zy)? +y* — 22y — 2yzy (4.22)

=8xy—4+2y—1—2212y — 1) — 2yay
=dzxy — 5+ 2y + 2z — 2yzy

By (4.21) and (4.22), we obtain that

yry =2y +x — 2 (4.23)
Now,
nyy = 2y2 + yxr — 2y
=4y —2+yr —2y (4.24)
=2y —2+4+yzx
and

y’zy = (2y — Dy
= 2yxy — xy
=2Q2y+z—2)—zy (4.25)
=4y +4+2x —4 —xy
By (4.24) and (4.25),
yr+axy =2y + 2z —2 (4.26)
Equations (4.11) to (4.25) show that {1, z,y,zy} is a base of A as a vector space over K and
therefore, dim(A) = 4.
Note that if A is an Algebra satisfying the above conditions, then every element w € A can be
written as

w = a1 + a2 + a3y + asxy,

where a1, a2, a3, a4 € K.
Moreover, if w1 = a1 + a2z + asy + aazy and wa = B1 + Bax + B3y + Bazy, then

= (ouf1 — a2f2 — 2382 — asfs — 2a384 — 2a4 2 — afa)

+ (1B + a2 + 2302 + 20282 + a3fa + 204 P2 — aafz)T
+  (01fB3 — a2fa + 20382 + asfB + 2a3Bs + 2a364 + aaf2)y
+ (1B + a2fs + 20004 — azPa + asfi + 20uP3 + 2a4B4)x

In this case, we can take

w1 W2

)

0 1 0 0
. -1 2 0 0
0 0 0 1
0 0 -1 2
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and
0 0 1 0
|l -2 2 2 -1
Y=1 -1 0 2 o
-2 1 2 0
O
Conclusion

In this work, we classify associative algebras that are generated by a finite set of elements and
satisfy specific quadratic polynomial identities. The results presented not only generalize existing
contributions to the theory of nil-algebras but also provide new insights into the structure and dimensional
characteristics of associative algebras under various conditions. Computational validation was performed
using the GAP software package [6], which confirmed the theoretical results.
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