



Mathematical Model of Copper Nanofluid Flow Past a Spherical Enclosure


Abstract
The study examined mathematical models for describing the behavior of copper nanoparticles in water base fluid. Coupled hydrodynamic governing equations of momentum, energy and concentration were non dimensionalized and solved using installed Laplace transform technique in Mathematica 12.3. The solution obtained were used to analyze the effect of the material parameters on the concentration, temperature and velocity profiles of the copper nanofluid. Results of the study using graphs reveal that an enhancement of the nanoparticle size results in a depreciation of the concentration of the copper nanofluid and escalate the temperature and velocity profiles of the copper nanofluid. Also, the twin effect of an increase in Thermophoresis and Brownian motion bring about a decrease in the concentration of the nanofluid and an increase in the temperature and velocity of the nanofluid. An increase in the radiation parameter, enhanced the temperature of the nanofluid and depreciate the concentration and velocity of the nanofluid while an increase in the magnetic Hartmann number inhibits the velocity of the nanofluid, while an enhancement of the Lewis and Prandtl numbers led to a depreciation of the concentration, an increase in the temperature is observed, for the velocity, it is enhanced by sharp increase in the lewis number and accordingly depreciates by an increase in the Prandtl number. The Reynolds number increase also escalates the velocity profile of the copper nanofluid. Generally, it was observed that the copper nanofluid in some cases react abnormally in the presence of some material parameters under investigation which is a reflection of its characteristics.  
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INTRODUCTION
The demand for sustainable manufacturing and for better performance in material processing is the driving force for scientific advancement and technological development. One of the foremost developments in this regard, is in the discovery of nanofluid which has shown to possess improved thermal conductivity and mean viscosity that has enabled its application. 
Nanofluids are made-up of nanoparticles which are added to base fluid such as water, ethylene glycol etc. There have been several published works on the effect of thermal conductivity of fluid containing nanoparticles [1-2] and which has given rise to outstanding discoveries on which recent research on nanofluid are hinged on. The kernel which is the revelation that the exploitations of the properties of the tribo-chemical and thermo-physical properties of nanofluids can be utilized as an effective control of the surface integrity, tool life, generation and removal of heat evolution, energy consumption just to mention but a few, for enhanced performance of these operations[3].
As a result of the myriad of applications of the nanofluid, it has become an area of keen interest by researchers in a bid to expanding its frontiers.  For instance, [4] sought to improve the chilling performance of air conditioning systems. They attempted this by increasing the volume fraction of nanofluid and obtained an increase in its thermal conductivity. Also, From the report  of  [5-6],  better cell phones displays, miniature camera lenses and other fluidic micro-scale devices can be obtained for stability and enhanced performance when electric fields interacts with nanofluid. It is important to state that [7-19] had also chronicled the various applications of nanofluid, ranging from nanofluid as coolant in machining, Nano-refrigerants, space and military,  nanofluid in detecting knock occurrence in a gas powered engines, nanofluids used as heat treatment of materials, Solar applications, and magnetic sealing to transportation. In addition, one of the nanoparticles added to a fluid to make it a nanofluid is copper. Copper (Cu) is particularly attractive because of its high natural abundance, its low cost and its practical and straight forward multiple ways of preparing Cu-based nanomaterials [20-24]. It falls under the category of 3rd transition metal whose physical and chemical property arouses curiosity. As a result of Cu far-reaching accessible oxidation states, this permits reactivity through both one and two electrons pathway. The choice of copper-based nanocatelysts is as a result of its wide applicability in nanotechnology, which includes but not limited to photocatalysis, electrocatalysis and catalytic or gene transformation [25-35].  
Copper has been found to play a pivotal role in nanofluid. Interestingly, some works centering on the application of copper oxide nanofluid on the performance of various materials have been tackled by numerous authors [36-43]. Swetapadma et al [44], discussed the mass and heat transfer of copper hybrid nanofluid over a stretching sheet. From their report, they considered water and aluminum oxide (Al2O3) as the base fluid and copper oxide as the nanoparticle. Souayeh et al [45], investigated the functions of alumina and copper oxide for heat transfer in a nanofluid. Swain and Mishra [46], analyzed water-based copper nanofluid over a stretching linear sheet. Also, three-dimensional transfer of heat of a copper hybrid nanofluid with slip and heating effect over a wedge was looked at by Rena et al [47]. In nanofluids study, the twin concepts of Brownian motion and thermophoresis, result in rapid enhancement of thermal conductivity. The interplay of the two principles is vital in the manufacturing of communication engineering silicon and germanium (iv) oxide optical fibres. Works such as [48 - 53], tackled the twin effect of Brownian motion and thermophoresis and deduced that increase in the thermophoresis parameter, escalate the temperature of the nanofluids but decreases the specie diffusion while increase in the Brownian motion, raises the heat and mass diffusion in the nanofluids. Magnetic field exist everywhere in the universe and its effect in classical and quantum systems cannot be overemphasized. Its presence usually inhibits the flow of nanofluids and rigorous studies are ongoing on how to use the magnetic field in transporting heat away from nuclear power stations. Some studies such as [54 - 57] highlighted the effects of magnetic field on the nanofluids flow geometry. Radiation which is the flow of energy also plays a crucial role in heat and mass transfer of nanofluids. Hajizadeh et al [58] and other studies such as [59 - 62], examined the presence of radiation and other parameters in the study of nanofluids and reported that an increase in the radiation parameter, depreciated the temperature profiles of nanofluids. In all the listed studies, the flow of copper nanofluid in spherical enclosure with interplay of Brownian motion and thermophoresis in addition to a fixed fractal model for predicting the effective thermal conductivity of nanofluid is yet to be considered. Therefore, the main aim of this research is to examine the effect of Hartmann number on the flow configuration and the relationship between Brownian motion and thermophoresis on copper nanofluid.     
Mathematical Formulation
The equation of motion depicting the character and direction of the flow are governed by the equation of continuity, the momentum equation, the energy equation and the specie concentration equation in spherical coordinate system and are stated respectively as 
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Transforming the governing equations (1), (2), (3) and (4) into nanofluid model and simplify, result into
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where r is the radius of the spherical enclosure,  is dynamic nanofluid viscosity,  is the magnetic induction,  is the electrical conductivity,  is the velocity of the nanofluid,  is the nanofluid volumetric coefficient of thermal expansion due to temperature,  is the nanofluid volumetric coefficient of thermal expansion due to concentration, g is the acceleration due to gravity, T is the temperature,  is the characteristic temperature,  is the concentration of nanofluid,  is the characteristic concentration,  is the thermal conductivity of nanofluid,  is the specific heat at constant pressure of nanofluid,  is mass diffusivity,  is the thermal diffusion ratio,  is the mean nanofluid temperature,  is concentration susceptibility,  is the radiation term,  is the nanofluid density, D is the molecular diffusivity and t is the time.
Subject to the boundary conditions [63] 
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According to [64], a fractional model based on the multi – component Maxwell model for the ratio of thermal conductivity of particle clusters is given as 
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The study assumed that the thermal conductivity of the particle clusters is fixed, therefore equation (11) reduced to 

                                                                                                                    (12)
Also, the Robinson [65] ratio of viscosity model is stated as 
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In the works of [66 - 67], the density, thermal expansion coefficients due to temperature and concentration and heat capacitance of nanofluids are respectively stated as 
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where   is the  nanoparticle volume fraction,  is the density of the base fluid,  is the nanoparticle,  is the volumetric coefficient of  thermal expansion due to temperature of base fluid,  is the volumetric coefficient of  thermal expansion due to temperature of nanoparticle,  is the volumetric coefficient of thermal expansion due to concentration of base fluid,  is the volumetric coefficient due to concentration of nanoparticle,   is the specific heat at constant pressure of the base fluid and    is the specific heat at constant pressure of the nanoparticle

According to [68], the radiative heat flux as described by the Rosseland approximation for optically thick medium is given by 

                                                                                                                                (18)


where  is the Stefan – Boltzmann constant and  is the mean absorption coefficient.


Using Taylor series expansion of  about  and neglecting higher order terms, result into 

                                                                                                                             (19)
Dimensional Analysis
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Using the dimensionless variables in addition to the under listed expressions
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equations (5) – (8) can be rewritten as 
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With the boundary conditions
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where Re is Reynolds number, Ha is Hartmann number, Gr is Grashof number, Gc is modified Grashof number, Pr is Prandtl number,  is dimensionless Brownian motion term, N is dimensionless radiation term, Le is Lewis number,  is Dimensionless thermophoresis term, v is dimensionless velocity, r is dimensionless radius of the spherical enclosure,    is the dimensionless temperature and C is the dimensionless concentration.
Since the nanofluid under consideration is incompressible, then equation (20) results in 
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where  is a constant of integration.
Since the flow situation continues for long, steady state is assumed and the resulting model equations (21) – (23) with the use of equation (26), as well as simplification, transformed into 
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Method of Solution
The following Laplace transform techniques 
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are stated. 

 where is the Gamma function.

Applying the above stated Laplace transform techniques to equations (28) – (29) and simplify, the expressions take the form
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where      ,    ,      
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Equations (30) and (31) can be written in matrix form of the type

                                                                                                           (32)
Solution to equation (32), using determinant method [69], result in 
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Putting back the values of the expressions in equations (33) and (34) and simplify, they take the form

                                                                                               (35)

                                                                             (36)
where



The numerator and denominator of equations (35) and (36) are multiplied by  and having used the numerical values of the parameters under consideration (ie the first values of the parameters in Table 2) and the thermo physical properties of water and copper (Table 1) as well as resolving the resulting expressions into partial fractions using Mathematica 12.3, give the Laplace transforms of the dimensionless specie concentration and dimensionless temperature equations respectively as 
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                             (38)

The inverse Laplace transform  of equations (37) and (38) are respectively stated as 
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         (40)

Equations (39) and (40) are put into equation (27) and simplify, the resulting expression having multiplied by  is given as 

(41)
Using the first numerical values of the parameters under consideration and taking the Laplace transform of equation (41), convert the expression into the form
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Simplification of equation (42), for the purpose of determining the inverse Laplace transform, results in 



(43)

The inverse Laplace transform  of equation (43) is given as 

(44)
Shear stress

The shear stress   is determined by the relation 


Skin friction


Skin friction at the surface of the enclosure for and  from [70] are given as 


,  
Coefficient of friction
The mean nanofluid flow velocity for the study following [70] is 




The coefficient of friction  corresponding to is 




Similarly, the coefficient of friction  corresponding to is 



The mean  is used in describing the energy losses at the walls past the nanofluid flow
Nusselt number (Nu)
The dimensionless heat transfer coefficient is given by 


Sherwood number (Sh)
The dimensionless mass transfer coefficient is given by 




Table 1: Thermophysical properties of water and copper [71]
	
	
            
	
                                  
	
                           
	

                          
	

	Pure water
	
	
	     0.61
	
	

	Copper
	
	
	      401
	
	




Table 2: Varying values of the material parameters under investigation
	Parameters
	1st value
	2nd value
	3rd value

	
	
	
	

	Prandtl number (Pr)
	0.71
	0.81
	0.91

	Radiation (N)
	0.21
	0.31
	0.41

	Lewis number (Le) 
	0.63
	0.73
	0.83

	Thermophoresis (Tm) 
	0.35
	0.45
	0.55

	Brownian motion (Bm)
	0.10
	0.20
	0.30

	
	
	
	

	
Constant 
	1
	
	

	Grashof number (Gr)
	0.92
	1.02
	1.05

	Modified Grashof number (Gc)
	0.44
	0.46
	0.48

	Hartmann number (Ha)
	0.12
	0.14
	0.16

	
Nanoparticle size 
	0.001
	0.002
	0.003

	Reynolds number (Re)
	       100
	      200
	      300
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Figure 1: Plot of concentration against radius of sphere with nanoparticle volume fraction varying
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Figure 2: Plot of concentration against radius of sphere with Lewis number varying
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Figure 3: Plot of concentration against radius of sphere with Prandtl number varying
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Figure 4: Plot of concentration against radius of sphere with Brownian motion term varying
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Figure 5: Plot of concentration against radius of sphere with thermophoresis term varying
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Figure 6: Plot of concentration against radius of sphere with radiation term varying
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Figure 7: Plot of temperature against radius of sphere with nanoparticle volume fraction varying
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Figure 8: Plot of temperature against radius of sphere with Lewis number varying
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Figure 9: Plot of temperature against radius of sphere with Prandtl number varying
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Figure 10: Plot of temperature against radius of sphere with Brownian motion term varying 
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Figure 11: Plot of temperature against radius of sphere with thermophoresis term varying
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Figure 12: Plot of temperature against radius of sphere with radiation term varying

[image: ]
Figure 13: Plot of velocity against radius of sphere with nanoparticle volume fraction varying
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Figure 14: Plot of velocity against radius of sphere with Hartmann number varying
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Figure 15: Plot of velocity against radius of sphere with Reynolds number varying
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Figure 16: Plot of velocity against radius of sphere with modified Grashofs number varying
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Figure 17: Plot of velocity against radius of sphere with Grashofs number varying
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Figure 18: Plot of velocity against radius of sphere with Lewis number varying
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Figure 19: Plot of velocity against radius of sphere with Prandtl number varying
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Figure 20: Plot of velocity against radius of sphere with Brownian motion term varying
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Figure 21: Plot of velocity against radius of sphere with thermophoresis term varying
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Figure 22: Plot of velocity against radius of sphere with radiation term varying

Discussion
Figure 1 shows that an increase in the nanoparticle volume fraction decreased the concentration of the nanofluid and later attain saturation point. An increase in the Lewis number as depicted in Figure 2 reveals a sharp decrease likened to the behavior of superconductor curve of the concentration of the copper nanofluid. This observation is consistent with the studies of [53-54]. As the Prandtl number increases, a corresponding decrease in the concentration of the copper nanofluid is observed as shown in Figure 3. As the Brownian motion and thermophoresis parameter are enhanced as shown in figures 4 and 5 respectively, the concentration of the nanofluid depreciated in the both cases. However, for the case of the thermophoresis parameter, saturation point is reached in the concentration of the nanofluid and these observations are in agreement with the works of [50-51]. The energy flow curve as shown in Figure 6, depreciated and later attained saturation point as radiation parameter is enhanced. As the nanoparticle volume fraction and Lewis number are enhanced as shown in Figures 7 and 8 respectively, it is observed that temperature rises and later reached saturation point as shown in Figure 7. The temperature is raised and later marginally as the Prandtl number is increased, this is the observation shown in Figure 9. Increase in the Brownian motion term led to an increase in the temperature and later attained saturation point as shown in Figure 10. This observation is in line with the works of [49, 52] where temperature rises marginally over a prolong increase in the Brownian motion. Figure 11 shows clearly that as the thermophoresis term is enhanced, the temperature rises too and the observation is in agreement with the works of [51-52]. The impact of radiative heat on the temperature distribution of copper nanofluid is presented in Figure 12. It is evident that as the radiation term is enhanced the temperature rises and later attained saturation point. As the nanoparticle size is increased, the velocity of the copper nanofluid appears to increase initially and later normalizes by decreasing as presented in Figure 13. The magnetic Hartmann number is a resistive force term and its presence decreased the velocity of the copper nanofluid though later increase is shown in Figure 14. As the Reynolds number increases, the velocity of the copper nanofluid is enhanced though seen to decrease later as presented in Figure 15. Increase in the modified Grashof number, takes the velocity of the nanofluid to saturation point and later fluctuates about the origin as shown in Figure 16. As the Grashof number is enhanced, the velocity of the copper nanofluid fluctuates between up and down about the origin 0 as presented in Figure 17. An increase in the Lewis number, brings about a corresponding sharp increase similar to the shape of a superconductor in the velocity of the copper nanofluid as shown in Figure 18. This behavior is synonymous with abnormal thermal conductivity of nanofluid and is consistent with the study of [50]. Figure 19, displayed the relationship between the radius of the spherical enclosure and the velocity of the copper nanofluid. It is observed that as the Prandtl number is enhanced, the velocity decreases with initial attainment of saturation point. This observation is in line with the study of [55]. Figure 20 shows that, an increase in the Brownian motion term brings about a corresponding fluctuation of the velocity about the origin of the curve. This view is corroborated by the study of [51]. Increase in the thermophoresis term results in the enhancement of the velocity of the nanofluid as shown in Figure 21 and this is consistent with the works of [54]. As the radiation parameter increases, the velocity depreciated with initial saturation as shown in Figure 22. This observation is in agreement with the study of [58]. 
Conclusion
The solutions of the study, discarded the complex part of the solution of the velocity, temperature and concentration profiles of the copper nanofluid. This is because, only real quantities are measurable with physical instruments. Some authors [53 -54] are of the view that temperature does not affect the Brownian motion of nanofluid, others [50 - 51] are of the opinion that a marginal rise in temperature is observed. Results of this study incorporates the divergent views of the different authors position by revealing that an increase is observed and later attained saturation or stability. Generally, the behavior of the velocity profiles on the increase of the material parameters under investigation in Figures 13, 14 and 15 are in agreement at the early stage but changes slightly later, may be due to approximations. The abnormal behavior of copper nanofluid may also be a possibility. However, it has been observed that to identify an established theory or model to predict accurately the heat transfer characteristics of nanofluid is a challenge.
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